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ABSTRACT
In this paper, Navier-Stokes equations were solved with high-order accurate schemes to investigate the basic structure and regularity of the
flow field during the interaction of a supersonic jet and a codirectional supersonic incoming flow. A double backward-facing step model was
proposed to investigate the interaction between the jet/supersonic incoming flow shear layers. The two shear layers interact to produce a
secondary jet. The secondary jet produced by the action has a unique periodicity that is related to the overall oscillation of the shear layer.
The secondary jet is generated when the horizontal angle of the jet shear layer reaches a certain value. This paper focused on the analysis
and discussion of the periodicity of the secondary jet. When the aspect ratio is different, the period of the secondary jet changes significantly.
However, when the static pressure ratio is different, the period of the secondary jet does not change much.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5083986

I. INTRODUCTION

The interaction between the jet and supersonic incoming flow
is an important flow phenomenon in aerodynamics. For example,
in a typical dual-mode scramjet engine, a fuel injection strut is used
in the combustion chamber to improve the mixing of the fuel with
the supersonic airflow.1 During a rocket launch, a supersonic jet is
formed in the nozzle tail and interacts with the airflow around the
rocket body; different types of jet flows are formed with increas-
ing height.2–4 During the flight of a supersonic cruise missile, the
jet formed by the engine nozzle interacts with the airflow around the
projectile.5 Therefore, the interaction of the jet and supersonic flow
is very important from a practical engineering perspective and for
scientific research.

To date, studies of the shear layer have mainly focused on
the use of models of the cavity and the backward-facing steps. Ma
and Schröder6 conducted an experimental investigation on the flap-
ping motion of the turbulent reattaching shear layer downstream
of a backward-facing step. The purpose of their study was to ana-
lyze the flapping motion, which is characterized by the instability

of the reattached shear layer and its interaction with the recircu-
lation zone. The maximum reverse flow and the unsteady motion
of the reconnection point are correlated with the tapping motion.
Therefore, in the latter half of the reattachment length, the flapping
motion contributes most of the Reynolds shear stress and the tur-
bulent kinetic energy within the shear layer. Park and Jeon7 used
tabs located at the edge of the backward-facing step to investigate
mixing enhancement. By creating counter-rotating flow vortices and
bringing the high momentum fluid into the recirculation zone, the
tabs introduced a strong disturbance to the separation shear layer.
Velocity fluctuations in the shear layer increased almost everywhere,
and these fluctuations continue until downstream. As a result, by
increasing the entrained high momentum fluid entering the recir-
culation zone, the reattachment length at all spanwise position loca-
tions was reduced. In experiments, Kegerise et al.8 discovered large-
scale entrapped vortex structures with supersonic shear layers in
an unstable mode. It was considered that the modes coexisted or
that mode switching led to the pressure fluctuation inside the cav-
ity; therefore, several peaks occurred in the power spectral density
and it was concluded that a strong correlation existed between the
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dominant Rossiter mode and the cavity shear-layer structure. Sheu
and Rani9 investigated eddy structures and their interactions in a
three-dimensional channel with a backward-facing step numerically.
Strong interactions between shear layer instability provided clear
indications. The simulation provides evidence that the strong sen-
sitivity of the flow in the recirculation zone was a specific change
in the evolution of the vortex structure within the separated inter-
nal shear layer due to disturbance. The event could enhance the
flapping motion of the inner shear layer. It was found that the
Kelvin-Helmholtz-like instability developed near the step wall inter-
face caused the rolling up of the downstream shear layer. Hall et al.10

investigated the vortex structures and the shear layer behind the step.
The main vortex-shear interaction may be the most important in the
backward-facing step flow. The shear layer provides additional mass
and momentum to the primary vortex through viscosity, turbulent
mixing, and mass transfer. In contrast, the low pressure created by
the primary eddy current is responsible for the downward bending
of the shear layer.

Research on shear layers mainly focus on the investiga-
tion of the interaction between the shear layer and the shock
wave/expansion wave and the shear layer and the boundary layer.
However, there are no suitable models to study the interaction
between two different shear layers. Génin and Menon11 studied the
interaction between two oblique shocks and a turbulent shear layer.
Research indicated that the turbulence evolution is mainly affected
by two competing phenomena. The interaction of the shear layer
and the shock wave causes a scattering of the closure coefficients at
the edge of the mixing layer with less turbulent motion. However,
their behavior has not been strongly modified within the layer thick-
ness. Suzuki and Lele12 used the geometric acoustic theory and direct
numerical simulation (DNS) to investigate the interaction between
a two-dimensional supersonic shear layer and an expansion wave. It
was found that the compressible wave occurred at the saddle point
between the shear layer vortices where leakage occurred. Cohen and
Bennett13 used a laser tester to measure the velocity field of the
backward-facing step perturbed by the pulsation of the incoming
gas flow. The interaction between the shear layer and the bound-
ary layer was determined, and the results showed that changes in the
disturbance frequency resulted in periodic increases and decreases in
the recirculation zone downstream of the step and the flow behavior
deviated significantly from a quasisteady performance.

There have also been a few studies recently focusing on the
phenomena between two shear layers. Weidman and Wang14 pre-
sented solutions for the boundary layer between two shear flows of
different strengths in the same direction. Similarity transformations
reduced the boundary-layer equations to a pair of ordinary differen-
tial equations governed by three dimensionless parameters: the shear
strength ratio, the density ratio, and the viscosity ratio. The solution
to the original boundary value problem showed consistency with the
initial value integration, but using this method could find additional
dual and quadruple solutions. They found that these additional solu-
tions are not feasible through physical reasons and disagreement
analyses.

In this study, for the first time, we develop a double backward-
facing step model to simulate the interaction between the two
shear layers. The interaction between the jet shear layer and super-
sonic incoming flow shear layer is simulated by using the fifth-
order weighted essentially nonoscillatory (WENO)15 scheme and the

sixth-order central difference discretization16 for the convective and
viscous terms. The solution in time is advanced with the third-order
Runge-Kutta scheme,17 and the parallel computation is performed
by using the message passing interface (MPI) for the nonblocking
communication.

II. THEORETICAL APPROACH
A. The physical model

The physical model of the jet and codirectional supersonic
incoming flow is shown in Fig. 1(a). In this study, a double
backward-facing step model is developed; it consists of two steps
that were calibrated as shown in Fig. 1(a). Above the wall BC, super-
sonic incoming flow occurs; when the supersonic incoming flow
flows through the back steps, a shear layer is formed at the corner
of the backward-facing step, and this layer is called the supersonic
incoming flow shear layer. The jet flow originates from the left end
of the second step. Above the jet, another shear layer is created
and is called the jet shear layer. The area between the supersonic
incoming flow shear layer and the jet shear layer is called the mixing
zone. The interaction between the two shear layers causes a com-
plex phenomenon in the mixing zone; the details will be explained in
Secs. III A–III D.

The experimental investigation will be conducted in supersonic
and hypersonic tunnels by cooperating with other teams. The tun-
nels with rectangular nozzle exits were chosen for the experiments
and cooperation. The experimental model was designed as a rectan-
gular exit for the jet after the backward-facing step. Hence, the three-
dimensional effects can be weakened in the experiments, and the
two-dimensional Navier-Stokes equation was adopted as the gov-
erning equation for such a preliminary investigation. By weakening
the three-dimensional effects, the investigations on the formation
and evolution of the strong structures in the flow field can be focused
in this paper, including the shear layers, shock waves, and jets, so that
factors such as pressure ratio and geometrical shape can be discussed
in this paper independently and respectively. In the future, the three-
dimensional effects will be gradually introduced into numerical
investigations by the two-dimensional axisymmetric Navier-Stokes
equation for two concentric flows and three-dimensional Navier-
Stokes equations for nonconcentric flows. Meanwhile, the experi-
ments will be carried out for other models with more complex geo-
metrical shapes. Then, the three-dimensional effects might play an
important role for the formation and evolution of the structures,
beside the factors investigated in this paper. So the two-dimensional
Navier-Stokes equation was adopted as the governing equation for
this preliminary investigation.

For the primary stage, the strong structures, such as shear lay-
ers, jets, secondary jets, and secondary shock waves, were dominated
by the large scale of the flow field, rather than small or detailed struc-
tures. Comparing with the effect of the strong structures, the effect of
small eddies or turbulence for the flow nearby the backward-facing
steps might not be significant enough. The evolution and dissipation
of the flow in the downstream might be dominated by eddies and
turbulence, which is a little far from the interaction between the two
shear layers. However, for supersonic or hypersonic flows, the per-
turbations or disturbances, propagating at sonic speed, are unable
to spread to the upstream. Therefore, the interaction between shear
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FIG. 1. The physical model and the calculative region: (a) basic physical structure,
(b) calculation domain and CPU division, and (c) the mesh diagram of the flow
field.

layers cannot be affected by the flow downstream, even if it is dom-
inated by small eddies or turbulences. So the laminar assumption is
used to study the phenomenon of shear layer interaction.

The calculation domain is shown in Fig. 1(b). A double
backward-facing step model was used in this numerical simula-
tion. Above the first back step at BC, supersonic incoming flow
with Ma = 3 occurs. A high-temperature and high-pressure jet with
Ma = 2 occurs on the right side of the second backward-facing step

at EF. When the jet pressure at EF is higher than the ambient pres-
sure, the jet is called an under-expanded jet. When the jet pressure
at EF is lower than the ambient pressure, the jet is called an over-
expanded jet. The interaction between the supersonic jet and the
codirectional supersonic flow occurs at the second backward facing
step and a complex flow field structure is formed. In this study, five
different flow conditions were evaluated, and for each condition, the
boundary conditions were set as shown in Table I.

1605 × 1203 grids and 168 CPU cores were used running on a
supercomputer in Guangzhou (Tianhe II). Figure 1(c) is a schematic
diagram of the flow field with grid points marked on each side. The
entire flow field used rectangular orthogonal grids. Grid compres-
sion arithmetic was used near the wall to ensure the accuracy of the
flow field and observe the physical structure well. The bottom grid
scale is 0.001 corresponding to the characteristic length EF.

Changes in the ratio of the jet static pressure to the supersonic
incoming flow static pressure may result in different flow fields and
parameter changes. The parameters used for the five tests, such as
density, pressure, Re, and Ma of the supersonic incoming flow and
jet under different static pressure ratios are listed in Tables II and III.
The static pressure ratios are 0.6, 1.2, 2.5, 10, and 30. The component
of the supersonic incoming flow and the jet flow is air.

B. Governing equations
In this study, the nondimensional compressible Navier-Stokes

equation is used as the governing equation,

∂U
∂t

+
∂F
∂x

+
∂G
∂y

= 1
Re

(∂Fv
∂x

+
∂Gv

∂y
). (1)

The vector forms are as follows:

U =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ρ
ρu
ρv
E

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, F =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ρu
ρu2 + p
ρuv

(E + p)u

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, G =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ρv
ρuv

ρv2 + p
(E + p)v

⎤⎥⎥⎥⎥⎥⎥⎥⎦

,

Fv =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
τxx
τxy

uτxx + vτxy − qx

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, Gv =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
τyx
τyy

uτyx + vτyy − qy

⎤⎥⎥⎥⎥⎥⎥⎥⎦

.

ρ and p denote the density and pressure of the gas, respectively.
u, v denote the velocity components in the x, y directions, respec-
tively. The total energy of the unit volume is denoted as E = p

γ−1

+ 1
2 ρ(u

2 + v2). The state equation of an ideal gas is used: p = ρRT,
where R = R0/Mair, R0 = 8.314 J/(mol K), and Mair denotes the molar
mass of the gas.

The viscous stress components are as follows:

τxx = µ(
4
3
∂u
∂x
− 2

3
∂v
∂y

), τyy = µ(
4
3
∂v
∂y
− 2

3
∂u
∂x

).

The compositions of heat flow are as follows:

qx = −
µ

Pr(γ − 1)M2
∞

∂T
∂x

, qy = −
µ

Pr(γ − 1)M2
∞

∂T
∂y

.
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TABLE I. Boundary condition.

Boundary AB EF BC/CD/DE HG AH FG

Condition Incoming flow Jet Wall Extrapolated No-reflection Symmetry

TABLE II. Parameters of supersonic incoming flow.

Component Ma Temperature (K) Static pressure (Pa) Density (kg m−3) Re

Air 3.0 216.65 5.529 × 103 8.9 × 10−2 5.542 × 106

After a Jacobian transformation, the two-dimensional Navier-Stokes
equation in the curvilinear coordinate system is

∂Ũ
∂t

+
∂F̃
∂ξ

+
∂G̃
∂η

= 1
Re

(∂F̃v

∂ξ
+
∂G̃v

∂η
). (2)

The vector forms are as follows:

Ũ = 1
J
U, F̃ = 1

J
(ξxF + ξyG), G̃ = 1

J
(ηxF + ηyG),

F̃v =
1
J
(ξxFv + ξyGv), G̃v =

1
J
(ηxFv + ηyGv).

The Jacobian determinant is

J = ∣∂(ξ, η)
∂(x, y) ∣ =

1
xξyη − xηyξ

.

C. Numerical method
The discrete scheme of the convective term is

CONVn
i,j =

(F̃n
i+ 1

2 ,j
− F̃n

i− 1
2 ,j
)

∆x
+

(G̃n
i,j+ 1

2
− G̃n

i,j− 1
2
)

∆y
. (3)

The flux vectors are as follows:
⎧⎪⎪⎪⎨⎪⎪⎪⎩

F̃
i+ 1

2 ,j
= F̃+

i+ 1
2 ,j

+ F̃−
i+ 1

2 ,j
,

G̃
i,j+ 1

2
= G̃+

i,j+ 1
2

+ G̃−
i,j+ 1

2
.

The F̃±
i+ 1

2 ,j
and G̃±

i+ 1
2 ,j

were configured by the fifth order WENO

scheme

F̃±
i+ 1

2 ,j
=

2
∑
k=0
ω±xkq

±

xk,

G̃±
i+ 1

2 ,j
=

2
∑
k=0
ω±ykq

±

yk.

The weighting factor suggested by Jiang and Shu15 was used in this
paper. The method of Jiang and Shu is given in the Appendix.

The viscous terms are as follows:

VISCn
i,j =

∂F̃vni,j
∂x

+
∂G̃vni,j
∂y

. (4)

The derivative terms can be discretely expressed by the sixth order
central difference scheme as follows:

∂fi
∂x

= 1
60∆x

[ fi+3 − fi−3 − 9( fi+2 − fi−2) + 45( fi+1 − fi−1)].

In this study, the third-order precision Runge-Kutta method was
used to calculate the time integral and the Courant-Friedrichs-Lewy
(CFL) number is 0.1,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

yn+1 = yn + h(λ1K1 + λ2K2 + λ3K3),

K1 = f (xn, yn),

K2 = f (xn + ph, yn + phK1),

K3 = f (xn + qh, yn + qh(rK1 + sK2)).

(5)

TABLE III. Parameters of the jet.

Temperature Static pressure ratio Static pressure Density
No. (K) (pjet/p∞) (Pa) (kg m−3) Ma Rejet

1 1000 0.6 3.314 × 103 1.16 × 10−2 2.0 1.034 × 106

2 1000 1.2 6.635 × 103 2.314 × 10−2 2.0 2.063 × 106

3 1000 2.5 1.382 × 104 4.82 × 10−2 2.0 4.297 × 106

4 1000 10 5.529 × 104 0.1928 2.0 1.719 × 107

5 1000 30 1.659 × 105 0.3216 2.0 2.867 × 107
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FIG. 2. Density of the supersonic flow on the plate.

D. Algorithm verification and verification
of grid independence

The case of supersonic flow on the plate was used to verify the
correctness of the calculation method. The supersonic flow Mach
number is 7, and the Reynolds number is 1.233 × 106. As shown in
Fig. 2, the density of the supersonic flow becomes smaller after the
front edge shock and the boundary layer gradually thickens along the
direction of the supersonic incoming flow. This is consistent with the
actual situation of supersonic flow on the plate.

The self-similar solution for the compressible boundary layer
was used for comparison. The self-similar solution for the compress-
ible boundary layer is a semianalytical solution. In this paper, a fifth
order Runge-Kutta method combined with a shooting method was
adopted to solve the self-similar solution. Hence, the comparisons
between the semianalytical solution and numerical solution were
carried out to validate the code and algebraic method of the numer-
ical simulations. As shown in Fig. 3, the curve of the numerical
simulation agrees well with the curve of the semianalytical solution.
This shows that the algorithm is reliable.

Grid independence tests were conducted to determine the suit-
able computational mesh for the supersonic flow and jet interaction
problems. The static pressure ratio pjet/p∞ = 2.5, and the aspect ratio
DE/CD = 2:1. Data on y = 0 are chosen to verify grid-independence.

FIG. 3. Velocity profile in the boundary layer.

FIG. 4. Static pressure profile of the jet for different grids (y = 0, DE/CD = 2:1,
pjet/p∞ = 2.5, and t = 0.015 s).

The static pressure profile and temperature profile of the symmetri-
cal line position are determined for t = 0.015 s. Three different grids
are used (1605 × 1203, 2405 × 1805, and 4005 × 3005).

Figures 4 and 5 show the pressure profile and temperature pro-
file, respectively, for the different grids. The results of the 3 sets of
grids are in good agreement. Thus, the grid independence has been
verified and we choose 1605× 1203 grids for the following numerical
simulation.

FIG. 5. Temperature profile of the jet for different grids (y = 0, DE/CD = 2:1, pjet/p∞
= 2.5, and t = 0.015 s).
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III. RESULTS AND DISCUSSION
A. Basic flow field structure

The double backward-facing steps are used to simulate the
interaction of the two shear layers. The DE is twice as long as CD
as shown in Fig. 6. We use the length of CD as the dimensionless
unit of length.

Above the first backward-facing step at BC, the supersonic
incoming flow occurs with Ma = 3. The supersonic incoming flow
is separated from the vertical plane of the first back step. The exten-
sion of the wall boundary layer in the direction of the flow forms a
shear layer over the first backward-facing step, which is named the
supersonic incoming flow shear layer.

A high-temperature and high-pressure jet with Ma = 2 occurs
on the right side of the second backward-facing step at EF. The
jet passes through the triangle-shaped constant velocity core zone,
where the temperature, density, etc., are constant. The jet is sepa-
rated at the corner of the steps and rapid expansion occurs near the
steps at the corner. Because the outlet static pressure and the ambi-
ent static pressure do not match, an expansion sector is formed at
the beginning of the jet. The streamline gradually changes direction
in the expansion sector until the fluid exits the expansion sector. A
shear layer, called a jet shear layer, is formed outside the expansion
sector.

A mixing zone is formed between the jet shear layer and the
supersonic incoming flow shear layer. The flow velocity of the air-
flow in this area is small and the kinetic energy is converted into
internal energy. As a result of the complex interactions between the
jet shear layer and the supersonic incoming flow shear layer, com-
plex wave structures such as vortices and oscillation shock waves are
formed as shown in Fig. 7. The temperature is higher in the mixing
zone than in the other regions.

Due to the interaction between the jet shear layer and the super-
sonic incoming shear layer, a jet impinges on the recirculation zone
between the two shear layers; the jet is named as the secondary
jet. The secondary jet is ejected periodically; this phenomenon is

FIG. 6. Density gradient of the fundamental phenomenon (DE/CD = 2:1, pjet/p∞
= 2.5).

FIG. 7. The secondary jet flow and the secondary shock wave (DE/CD = 2:1,
pjet/p∞ = 2.5).

explained in Secs. III B–III D. The periodicity of the secondary jet
is related to the fluctuation of the shear layers. When the horizon-
tal inclination of the jet shear layer reaches a certain level, a new
secondary jet is ejected.

The secondary jet is generated by the interaction between the
supersonic incoming flow shear layer and the jet shear layer; a weak
shock wave, called a secondary shock wave, is produced in front of
the secondary jet as shown in Fig. 7. The secondary shock wave oscil-
lates in the mixing zone as shown in Fig. 8. The secondary shock
wave moves to the right and reflects off the wall CD and then moves
to the left to react with substances that have been injected. Hence
the secondary shock wave has a certain effect on the diffusion of the
secondary jet in the mixing zone. In other words, the secondary jet
produces the secondary shock wave, which, in turn, affects the sec-
ondary jet. Due to the periodicity of the secondary jet, the secondary
shock wave also occurs periodically. This means that the secondary
shock wave oscillates regularly in the mixing zone.

The movement of the secondary shock waves also affects the
morphology of the supersonic incoming flow shear layer. If the sec-
ondary shock wave moves to the right, the incoming flow shear layer
in front of the secondary shock wave will be raised. On the other
hand, if the secondary shock wave moves to the left, the incoming
flow shear layer in front of the secondary shock wave will be lowered.
On the other side of the incoming flow shear layer, the secondary
shock wave also produces its own transmit shock.

There are shocklets in the boundary layer as shown in Fig. 8(a).
As the supersonic incoming flow shear layer passes over the
backward-facing step, a mixing zone is formed, and the flow in the
mixing zone is subsonic. Disturbance is transmitted from the place
below the speed of sound to the boundary layer on the step. Shocklets
are generated by these disturbances.

After the interaction between the two shear layers, they con-
verge into a shear layer called a mixed shear layer. The mixed shear
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FIG. 8. The process of secondary shock wave reflection on the wall (DE/CD
= 2:1, pjet/p∞ = 2.5): (a) the secondary shock wave moving toward the wall
(t = 0.016 s), (b) interaction between the secondary shock wave and the wall inter-
action (t = 0.017 s), and (c) the secondary shock wave moving away from the wall
(t = 0.018 s).

layer is broken because of instability, and irregular and unpaired
vortex structures are formed as shown in Fig. 9. The vortices are
formed in the mixed shear layer, which results in the fragmenta-
tion of the mixed shear layer. Two shock waves are formed on both
sides of the mixed shear layer. Because the static pressure and density
of the vortices are lower than those of the surrounding environ-
ment, a pressure difference is created. The fluctuation in the pressure
causes a disturbance to the shear layer and shocklets appear on both
sides of the mixed shear layer. Strong compression waves are formed
on both sides of the vortex structure, and the compression effect

FIG. 9. Vortices created by the interaction of the layers (DE/CD = 2:1, pjet/p∞
= 2.5).

causes the compression wave system to gradually aggregate to form
shocklets.

At the same time, due to the effect of the secondary shock
wave and the lower wall boundary layer as shown in Fig. 10, there
are initial disturbances at the interface of the two different fluids.
After the shock waves accelerate, the perturbations at the interface
will increase over time. The secondary shock wave provides initial
velocity to the jet shear layer, and the secondary shock wave begins
to move in the direction of the secondary shock wave. The inter-
facial perturbations increase and gradually develop into a classical

FIG. 10. Mushroom structure in the mixing zone (DE/CD = 2:1, pjet/p∞ = 2.5).
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FIG. 11. The secondary jet emerges at
(a) 0.016 s, (b) 0.042 s, (c) 0.066 s, and
(d) 0.089 s (DE/CD = 2:1, pjet/p∞ = 10).

mushroom structure under the action of the shock-induced pressure
gradient. The mushroom structures are observed at the junction of
the walls CD and DE. These mushroom structures are components
of the jet shear layer that are accelerated by the secondary shock
wave.

B. Fluctuations of the shear layers
Owing to the relationship between the periodicity of the sec-

ondary shock wave and the fluctuations of the shear layers, it is
necessary to determine the fluctuations of the shear layers first. The
angle between the jet shear layer and the x-axis is defined as a
horizontal angle.

The shear layer oscillation is investigated at a static pressure
ratio of 10. At t = 0.036 s, the minimum horizontal angle is 29○,
and at t = 0.045 s, the maximum horizontal angle is 48○. The com-
ponent calibration method is used to observe the secondary jet.
The horizontal angle of the jet shear layer periodically increases
and decreases, causing the secondary jet to emerge periodically. In
the first cycle, when the horizontal angle is greater than 40○, the
secondary jet emerges. When the horizontal angle decreases, the
secondary jet begins to weaken until it stops.

During 0.1 s, the secondary jet emerges 4 times, i.e., at 0.016 s,
0.042 s, 0.066 s, and 0.089 s. As shown in Fig. 11, the phenomenon

that the secondary jet enters the mixing zone at these four moments
can be clearly observed. The component calibration method is used
to observe the secondary jet. Because we consider the jet and super-
sonic flow of air, we can use the component calibration method.
Since the components of the jet and supersonic flow are the same.
We define s1 = ρ1/(ρ1 + ρ2) and s2 = ρ2/(ρ1 + ρ2). If s1 = 1 and
s2 = 0, this means that the flow is the jet. If s1 = 0 and s2 = 1, the flow
is the supersonic incoming flow completely. If s1 = 0 and s2 = 1, the
flow is the supersonic incoming flow completely. If 0 < s1 < 1 and
0 < s2 < 1, it means that mixing has occurred in the flow. This
method can well observe the generation and evolution of secondary

TABLE IV. Horizontal angles of the jet shear layer when the secondary jet is
produced.

1 (deg) 2 (deg) 3 (deg) 4 (deg)

1.2 33.9 35.6 34.2 34.4
2.5 40.8 41.0 38.2 39.0
10 43.9 41.0 38.5 39.2
30 55.7 54.2 54.2 54.1
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FIG. 12. Density gradient of the fundamental phenomenon (DE/CD = 2:1, pjet/p∞
= 0.6).

jets, and hence, it is used to visualize the injection process of the
secondary jets.

As shown in Table IV, the horizontal angles of the jet shear
at a static pressure ratio of 2.5 are 40.8○, 41.0○, 38.2○, and 39.0○

FIG. 14. Five pressure points near the wall (DE/CD = 2:1, pjet/p∞ = 2.5).

at 0.016 s, 0.042 s, 0.066 s, and 0.089 s. This demonstrates that
the secondary jet emerges when the horizontal angle is greater
than a certain value, and this is similar for both static pressure
ratios.

FIG. 13. Generation and disappearance of the secondary jet: (a) 0.024 s, (b) 0.026 s, (c) 0.027 s, (d) 0.028 s, (e) 0.030 s, and (f) 0.036 s (DE/CD = 2:1, pjet/p∞ = 2.5).
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FIG. 15. The distribution of the five pressure points over time (DE/CD = 2:1, pjet/p∞
= 2.5).

If the pressure is relatively small, especially pjet/p∞ = 2.5 and
10, the horizontal shear angle when the secondary jet is produced
grows slow and is almost the same. However, overall, the hor-
izontal shear angle when secondary jet is produced increases as
the static pressure ratio increases as shown in Table IV. The hor-
izontal angles of the jet shear at a static pressure ratio of 10 are
55.7○, 54.2○, 54.2○, and 54.1○; these horizontal angles are obvi-
ously larger than the horizontal angles at other static pressure
ratios.

C. Over-expanded jet
A shear layer oscillating at a static pressure ratio of 0.6 was

investigated. In this case, the pressure of the jet is lower than the
pressure of the surroundings, i.e., the jet is an over-expanded jet.
The jet and supersonic flow interact at the second step to form a
complex flow field structure. At 0.1 s, even though the jet shear layer
oscillates, there is no secondary jet between the jet shear layer and
the supersonic incoming flow shear layer. This indicates that a sec-
ondary jet is not generated in the case of an over-expanded jet. Due
to the periodical fluctuations of the shear layers, the shock waves
oscillate in the mixing zone. In this condition, the jet shear layer
oscillates irregularly and aperiodically. As Fig. 12 shows, because
there are irregular fluctuations in the jet shear layer, shock waves

FIG. 16. Density gradients for different
static pressure ratios: (a) pjet/p∞ = 1.2,
(b) pjet/p∞ = 2.5, (c) pjet/p∞ = 10, and
(d) pjet/p∞ = 30 (DE/CD = 2:1).
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generate in the mixing zone. These shock waves accelerate the com-
ponents of the jet shear layer, and these components begin to move
along the secondary shock wave’s direction. The interfacial per-
turbations increase and gradually develop into a classical mush-
room structure under the action of the shock-induced pressure
gradient.

Mushroom structures are observed in the jet shear layer as
shown in Fig. 12. They are the result of the jet shear layer that is
accelerated by the shock waves due to the periodical fluctuation of
the shear layers. The impact force, especially the shock wave that
affects the shear layer, causes small perturbations. Over time, these
small perturbations develop into flow mixing. As the disturbance
increases, a nail-shaped structure is observed at the shear layer of
the jet.

D. Under-expanded jet
The shear layer oscillations are investigated at static pressure

ratios of 1.2, 2.5, 10, and 30. In these five cases, the pressure of the jet
is higher than the pressure of the surroundings. This indicates that
the jet is an under-expanded jet.

The example of the static pressure ratio of 2.5 is analyzed in
this section. From 0.01 s to 0.1 s, four periods are observed and

each period lasts about 0.025 s. The case of secondary jet injection
is selected between 0.024 s and 0.036 s.

The component calibration method is used to observe the sec-
ondary jet. Figure 13 shows the statuses of different times in the
first period. The jet that is ejected from the left end of the sec-
ond step is shown in red. The supersonic incoming flow above
the first step is shown in blue. If the color between the jet shear
layer and the supersonic flow shear layer is golden, the compo-
nents of both layers have been mixed. This demonstrates the pro-
cess of production of the secondary jet, which occurs at 0.027 s.
We can clearly see the gold components between the jet shear
layer and the supersonic flow shear in the mixed zone. From
0.024 s to 0.026 s, the components of the jet are rolling back-
ward due to the fluctuation of the jet shear layer. Subsequently,
from 0.026 s to 0.036 s, as the jet shear layer rises upward, the
new secondary jet appears at 0.027 s. Between the jet shear layer
and the supersonic flow shear layer, this new jet appears in blue.
After the secondary jet occurs, the horizontal portion of the jet
shear layer declines and the jet shear layer is depressed; the com-
ponents that were previously ejected are rolled backward again.
Subsequently, a new period begins and the process starts from the
beginning.

FIG. 17. Static pressure near the wall
changes with time for different static
pressure ratios (a) pjet/p∞ = 1.2, (b)
pjet/p∞ = 2.5, (c) pjet/p∞ = 10, and (d)
pjet/p∞ = 30 (DE/CD = 2:1).
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IV. ANALYSIS OF THE PERIOD
OF THE SECONDARY JET
A. Pressure changes in the mixed zone

The component calibration method is well suited to visualize
the injection process of the secondary jet, but the process cannot
be evaluated qualitatively. Therefore, other convenient and effective
methods are needed to detect the secondary jets. We noticed that
during the creation of the secondary jet, the secondary shock wave
oscillates in the mixed zone. It is well known that the pressure before
and after the shock wave differs. Due to the influences of the sec-
ondary shock wave on the pressure and the oscillatory motion of the
secondary shock wave in the area in the mixed zone, we can easily
quantify the process of injection of the secondary jet by detecting
the pressure changes at certain points.

Five points are selected at a distance of 0.01 from the wall and
the pressure changes are measured at these five points as shown
in Fig. 14. The static pressure ratio of 2.5 is used as an example.
The pressure changes at the five points are almost the same fre-
quency, and they all exhibit 4 periods from 0.01 s to 0.1 s as shown in
Fig. 15. This is in agreement with the results of the component cali-
bration, where four periods were also detected during the same time.
This proves that we can use pressure points to detect the secondary

jet mathematically and accurately when the static pressure ratio
is 2.5.

However, the secondary shock wave is not the only reason for
the pressure changes in the mixing zone. There are other reasons
that cannot be ignored. After careful observation, we conclude that
there are three reasons for the pressure changes in the mixed zone:

First, owing to the interaction of the jet shear layer and the
supersonic incoming flow shear layer, the jet shear layer compre-
hensive shakes up and down and the secondary jet shoots into the
mixed zone. As mentioned earlier, the secondary jet produces the
secondary shock wave, which changes the pressure in the mixed
zone.

Second, not only the jet shear layer comprehensively shakes up
but also the jet shear layer shakes up partly. Because of the local per-
turbations of the jet shear layer, weak shock waves are produced,
which may influence the pressure changes in the mixed zone.

Finally, the supersonic incoming flow shear layer is also an
important factor affecting the pressure changes in the mixed zone.
Our observations indicated that the supersonic incoming flow shear
layer may become unstable early on. This instability leads to the
deformation of the supersonic flow shear layer, which results in weak
shock waves. These shock waves also affect the pressure changes in
the mixed zone.

FIG. 18. Density gradients for differ-
ent aspect ratios: (a) DE/CD = 1:1, (b)
DE/CD = 2:1, (c) DE/CD = 3:1, and (d)
DE/CD = 4:1 (pjet/p∞ = 10).
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B. Different static pressure ratios

In order to determine the influence of different static pressure
ratios on the secondary jet, static pressure ratios of 1.2, 2.5, 10, and
30 are used and the pressure changes are measured at the five points
which are mentioned in Sec. IV A.

As shown in Fig. 16, the flow field structures of different static
pressure ratios are similar.

However, as the static pressure ratio increases, the horizontal
angle of the secondary jet increases significantly. In addition, the
amount of material injected into the recirculation zone by the sec-
ondary jet is also significantly increased. The disturbance on the
secondary jet is also significantly more, and more shocks can be
observed in Fig. 16(d).

Four cycles are observed in the time period as shown in Fig. 17.
The cycle is approximately 0.025 s, and the frequency of the period
is around 40 Hz. This means that the frequency of the overall peri-
odic fluctuation exhibits almost no change when the static pressure
ratios increase. This occurs because the jet shear layer is partially
perturbed. We observe that there are weak fluctuations in the main
period. When the static pressure ratio is small, the overall periodic
fluctuations of the jet shear layer are dominant. On the other hand,

the effect of the weak periodic fluctuations of the jet shear layer is
small but it exists. We did not observe the instability of the incoming
shear layer. The supersonic incoming flow shear layer is stable under
the two operating conditions. In the case of an under-expanded jet,
the supersonic flow shear layer is stable if the static pressure ratio is
small.

However, as Fig. 17(d) shows, when the static pressure ratio
is 30, there are many fluctuations in each of the four cycles. Each
of the four cycles lasts about 0.025 s. These results indicate that
even if the static pressure ratio changes, the period of the pressure
point does not change. The comprehensive disturbance of the jet
shear layer produces the main cycles. In addition, partial distur-
bances of the jet shear layer and the supersonic flow shear layer may
cause destabilization and also lead to pressure changes in the mixed
zone. As the static pressure ratio increases, the interaction between
the jet shear layer and the supersonic incoming flow shear layer
also becomes stronger. This increases the instability of the shear
layer. When the static pressure ratio is large, the influences of the
partial perturbations of the jet shear layer and the destabilization
of the supersonic incoming flow shear layer are larger. Therefore,
more fluctuations are observed in each cycle. However, we can still
observe the complete cycles, as shown in Fig. 17(d). Even though the

FIG. 19. Wall pressure distribution for dif-
ferent aspect ratios: (a) DE/CD = 1:1, (b)
DE/CD = 2:1, (c) DE/CD = 3:1, and (d)
DE/CD = 4:1 (pjet/p∞ = 10).
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pressure ratio changes, the main cycle is still approximately 0.025 s
and the frequency of the period is about 40 Hz.

There is a little correlation between the periodicity of the sec-
ondary jet and the change in the static pressure ratio. However, a
larger static pressure ratio results in greater instability of the shear
layer, which, in turn, leads to a larger influence of the partial per-
turbation of the jet shear layer and the destabilization of the super-
sonic incoming flow shear layer. It is evident that there are more
fluctuations in the four cycles at a static pressure ratio of 30.

C. Different aspect ratios of DE/CD
The effects of the following aspect ratios are investigated:

DE/CD = 1:1, 2:1, 3:1, and 4:1. The ratio of the jet’s static pressure
to the incoming flow’s static pressure is 10. Five pressure points are
selected near CD and their changes are observed.

The density gradient map is shown in Fig. 18. The flow field
structure is similar for the four conditions. When the DE/CD of
the recirculation zone wall is 1:1, the recirculation zone is small and
the injected secondary jet can directly interact with the wall surface.
Under the other conditions, the secondary jet is not in direct contact
with the wall.

As Fig. 19(a) shows, several cycles in the interval are observed.
At DE/CD = 1:1, the cycle time is very short and ranges from 0.01 s
to 0.015 s. As the DE/CD ratio increases, the cycle time increases.
At DE/CD = 2:1, the cycle time is approximately 0.02 s; at DE/CD
= 3:1, the cycle time is about 0.03 s; and at DE/CD = 4:1, the cycle
time is about 0.04 s. This indicates that the frequency of the overall
periodic fluctuations decreases with an increase in the static pressure
ratios.

V. CONCLUSION
1. The interaction between the jet shear layer and the supersonic

incoming flow shear layer results in the secondary jet flow and
a mixed shear layer. Two weak shock waves occur on both sides
of the mixed shear layer. Due to differences in the speeds on
both sides of the mixed shear layer, the mixing shear layer is
unstable and forms some vortex structures.

2. The secondary jet has unique periodicity. The periodicity is
related to the overall oscillation of the shear layer. The pres-
sure of the mixed zone is influenced by three factors, i.e., the
comprehensive perturbation of the jet shear layer, the partial
perturbation of the jet shear layer, and the instability of the
supersonic shear layer. The comprehensive perturbation of the
jet shear layer is the main factor affecting the pressure changes
in the mixed zone. As the static pressure ratio increases, the
effects of the other two factors intensify. This means that the
increase in the pressure is caused by the increased interaction
between the two shear layers.

3. When DE/CD = 2:1 and the static pressure ratio pjet/p∞ is
changed, the period of the secondary jet is almost the same
of about 0.025 s and the frequency is about 40 Hz. Thus,
the period of the secondary jet does not change as the static
pressure ratio changes. Different ratios of DE/CD in the wall
area of the recirculation zone affect the period of the sec-
ondary jet. The larger the ratio, the weaker the effect of the
two shear layers and the longer the period of the secondary
jet are.
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APPENDIX: DISCRETE CONVECTION TERM
The discrete scheme of the convective term is
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The best weighting factor suggested by Jiang and Shu15 is
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n (k = 0, 1, 2).

p is an integer, usually greater than 2, as suggested by Jiang and Shu.
The coefficients and formula can be shown as follows:

C+
x0 =

1
10

, C+
x1 =

3
5

, C+
x2 =

3
10

,

C−x0 =
3

10
, C−x1 =

3
5

, C−x2 =
1

10
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

IS+
x0 =

13
12

(F+
i−2,j − 2F+

i−1,j + F+
i,j)

2 +
1
4
(F+

i−2,j − 4F+
i−1,j + 3F+

i,j)
2,

IS+
x1 =

13
12

(F+
i−1,j − 2F+

i,j + F+
i+1,j)

2 +
1
4
(F+

i−1,j − F+
i+1,j)

2,

IS+
x2 =

13
12

(F+
i,j − 2F+

i+1,j + F+
i+2,j)

2 +
1
4
(3F+

i,j − 4F+
i+1,j + F+

i+2,j)
2,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

IS−x0 =
13
12

(F−i−1,j − 2F−i,j + F−i+1,j)
2 +

1
4
(F−i−1,j − 4F−i,j + 3F−i+1,j)

2,

IS−x0 =
13
12

(F−i,j − 2F−i+1,j + F−i+2,j)
2 +

1
4
(F−i,j − F−i+2,j)

2,

IS−x0 =
13
12

(F−i+1,j − 2F−i+2,j + F−i+3,j)
2 +

1
4
(3F−i+1,j − 4F−i+2,j + F−i+3,j)

2,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q+
x0 =

1
3
F+
i−2,j −

7
6
F+
i−1,j +

11
6
F+
i,j,

q+
x1 = −

1
6
F+
i−1,j +

5
6
F+
i,j +

1
3
F+
i+1,j,

q+
x2 =

1
3
F+
i,j +

5
6
F+
i+1,j −

1
6
F+
i+2,j,

Phys. Fluids 31, 056106 (2019); doi: 10.1063/1.5083986 31, 056106-14

Published under license by AIP Publishing

https://scitation.org/journal/phf


Physics of Fluids ARTICLE scitation.org/journal/phf

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q−x0 = −
1
6
F−i−1,j +

5
6
F−i,j +

1
3
F−i+1,j,

q−x1 =
1
3
F−i,j +

5
6
F−i+1,j +

1
6
F−i+2,j,

q−x2 =
11
6
F−i+1,j −

7
6
F−i+2,j +

1
3
F−i+3,j,

where F±i,j stands for the Steger-Warming flux vector splitting. Fur-
thermore, the calculation formula for the other coordinate can be
operated by symmetricity.
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