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A B S T R A C T   

In this paper, the new local approach model (NLAM) is first adopted to predict the cleavage fracture probability- 
load curves of notched round bar tensile specimens of ferritic steel 20MnMoNi55 at the temperatures of 123 K 
and 223 K. Then, based on the obtained curve, the probability density function, and the extreme value theorem of 
function, two significant cleavage fracture probabilities are proposed. Finally, the proposed probabilities are 
employed to predict the load which is most likely to cause cleavage fracture of 20MnMoNi55 steel. The results 
show that when the value of cleavage fracture probability is 45.29%, the corresponding predicted load is 
basically equal to the average fracture load of the specimens. Besides, the load corresponding to the cleavage 
fracture probability of 59.7% is the most likely one to induce cleavage fracture of the structure.   

1. Introduction 

Ferritic steels are commonly used to make nuclear pressure vessels. 
Due to the hostile service environment, ferritic steels are prone to 
cleavage fracture [1,2], which will lead to many serious accidents [3]. In 
order to further study cleavage fracture, French Beremin group proposed 
a local approach model (LAM) of cleavage fracture [4], which was called 
the Beremin model [5]. It has been adopted by the famous specification 
for assessment of structural integrity with defects-R6 [6]. From the 
perspective of micromechanics, the Beremin model quantitatively gives 
the relationship between the external load of the structure and the 
cleavage fracture probability. The cleavage fracture probability is 
expressed as a two-parameter Weibull distribution based on the 
weakest-link theory [7–9]: 

P¼ 1 � exp
�
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(1)  

where P is the cleavage fracture probability, m and σ0 are the charac-
teristic parameters of the local approach (LA) of cleavage fracture. m 

denotes the Weibull modulus, σ0 denotes the Weibull scale parameter. 
The Weibull stress σW is the driving stress of cleavage fracture and is 
defined as follows: 
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where Vpl is the volume of the fracture process zone for calculating σW. 
The element of the fracture process zone satisfies σ1 � λσys(λ � 1) [10], 
where σys is the yield stress, λ is the threshold coefficient in the fracture 
process zone. σ1 is the maximum principal stress of the element, dV is the 
volume of an element, V0 denotes the reference volume reflecting the 
microstructure of the material. σW is generally obtained by 
post-processing program of finite element analysis. When calculating the 
values of m and σ0, it is required to have a set of measured cleavage 
fracture experimental data with a certain algorithm, such as the classical 
Minami calibration method [11]. It is worth noting that the Beremin 
model is still immature so far. Although m and σ0 were considered as 
material constants when the Beremin model was first established, sub-
sequent studies showed that the parameters of the Beremin model vary 
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greatly and even contradict each other (e.g. Refs. [12–15]). To address 
the problem above, scholars studied and revised the Beremin model. For 
example, Bakker et al. [16], introduced threshold stress σth in Eq. (1). 
Similarly, Gao et al. [17], introduced threshold Weibull stress σW� min in 
Eq. (1). However, most of these revisions are lack of deep theoretical 
proofs. Aiming at this problem, Lei [18], grasped the characteristic that 
plastic yield is the prerequisite of cleavage fracture and then proposed a 
NLAM of cleavage fracture based on the Beremin model. The new model 
mainly modifies the solution formula of the Weibull stress: 

P¼ 1 � exp
�

�
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�m�

(3)  

where σW;new is the newly defined Weibull stress, and its expression is as 
follows: 

σW;new ¼
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with σ1;0 is the maximum principal stress of the element entering the 
initial yield. As described in detail in Lei, [19]; when plastic deformation 
is a prerequisite for cleavage fracture, there must be threshold stress 
equal to σ1;0. It is traditionally considered that the threshold stress of 
cleavage fracture is a constant, which is a wrong concept. Because the 
cleavage fracture is premised on plastic yield, while for a given material 
(microstructure unchanged), the yield itself is still affected by the stress 
state (geometric shape of the sample), temperature, loading rate and so 
on. So σ1;0 is recommended as threshold stress, it is the value of 
maximum principal stress calculated according to the Mises yield cri-
terion but not a fixed value. Note that the main difference between the 
new model and the Beremin model lies in the introduction of σ1;0. As 
mentioned in Qian et al. [3], and Lei, [19]; in the Beremin model, σW is 
calculated by σ1. According to Eqs. (1) and (2), it can be seen that when 
the cleavage fracture does not occur, the minimum value of the failure 
probability is non-zero. Clearly, this doesn’t make sense in terms of both 
probability theory and physics. In other words, the minimum probability 
of non-fracture must be zero. Conversely, in the new model, ðσ1 � σ1;0Þ is 
used to replace σ1 in the original Beremin model. In this way, it can not 
only guarantee that the prerequisite for cleavage fracture of any element 

is plastic yield, but also ensure that the formula conforms to the 
normalization of probability theory [20]. Eq. (3) can be transformed 
into the following form: 

LnLnð1 = ð1 � PÞÞ¼mLnðσW;newÞ � mLnðσ0Þ (5) 

The main function of Eq. (5) is to calibrate the two Weibull param-
eters ðm;σ0Þ. For such linear equation, there has been a relatively perfect 
calibration method [21]. When the values of Weibull parameters are 
known, the cleavage fracture probability can be calculated via Eq. (3). 
Since the LA can be used to predict the cleavage fracture probability of a 
structure (such as piping and pressure vessel steel) under a given load 
[22], the load corresponding to any cleavage fracture probability can be 
obtained from the cleavage fracture probability-load curve of a fracture 
test sample. In the case of fracture toughness test specimen, the fracture 
toughness corresponding to a certain load can be obtained by the re-
lations between fracture toughness and external load, so as to predict the 
fracture toughness value of the material at any cleavage fracture prob-
ability. Then the questions arise, which fracture probability corre-
sponding to load is more practical, and what is the physical meaning of a 
specific probability and its corresponding load? These questions need to 
be further studied. To tackle the above problems, Hui et al. [23], 
investigated the low temperature fracture notched bar specimens based 
on the Beremin model and proposed a significant cleavage fracture 
probability. On the basis of the above work, this study aims to employ 
the NLAM to predict the cleavage fracture probability-load curves of a 
certain structure under two different temperatures, and derive the for-
mula of the cleavage fracture probability model to predict the external 
load which is most likely to cause the cleavage fracture of 20MnMoNi55 
steel. 

2. Predicted cleavage fracture probability-load curves of 
20MnMoNi55 steel 

In this work, notched round bar tensile specimens of 20MnMoNi55 
steel are used and the dimension parameters of the specimens are shown 
in Fig. 1 (all units are in mm). 20MnMoNi55 steel is a kind of pressure 
vessel steel that contains the following trace elements: C 0.21%, Si 
0.21%, Mn 1.3%, S 0.001%, P 0.009%, Ni 0.68%, Cr 0.05%, Mo 0.494%, 
V 0.01%, Al 0.029% and Fe balance. The mechanical properties are 
given in Table 1 and the true stress-plastic strain curves at 123 K and 
223 K are shown in Fig. 2 [20,24,25]. 

It is noteworthy that the present study is a follow-up work of the 
research presented in Shen et al., [24]. According to the previous cali-
bration results of Weibull parameters of 20MnMoNi55 steel, it can be 
seen that the two parameters are temperature-independent, and the 
values of m of 20MnMoNi55 steel at both 123 K and 223 K are all about 
11. Readers can refer to Chakraborti et al., [25]; for more details about 
the method and process used to calibrate the Weibull parameters in the 
NLAM, here it will not be enumerated. Thus, in this work, the results of 
Weibull parameters ðm; σ0Þ obtained by Shen et al. [24], ð11:16;1743:6Þ
at 123 K and ð10:581;1662:73Þ at 223 K) are directly used to calculate 
the cleavage fracture probability in combination with Eq. (3). It can be 
seen from Eq. (3) that a Weibull stress corresponds to a failure proba-
bility, whereas, Eq. (4) shows that the calculation of Weibull stress de-
pends on σ1, while σ1 depends on external load. Thereby, a Weibull 
stress corresponds to an external load. Hence, the relationship curve 
between the cleavage fracture probability and the external load can be 
obtained. Consequently, the predicted cleavage fracture 
probability-load curves of the notched round bar tensile specimen of the 
20MnMoNi55 at two temperatures above are displayed in Fig. 3. 

It is worth mentioning that Fig. 3 has two functions. One is to predict 
the failure probability of the structure under a given external load. The 
other is to predict the external load subjected by the structure under a 
certain failure probability. Although the cleavage fracture probability 
corresponding to the load can be determined through Fig. 3, yet, as 
stated in Section 1, it remains a challenging issue to choose reasonably 

Nomenclature 

dV differential volume (mm3) 
LA local approach 
LAM local approach model 
m Weibull modulus 
NLAM new local approach model 
P cleavage fracture probability 
P average cleavage fracture probability 
dPðσW;newÞ density function of cleavage fracture probability 
Vpl volume of the fracture process zone (mm3) 
λ threshold coefficient in the fracture process zone 
σ0 Weibull scale parameter (MPa) 
σ1 maximum principal stress of the element (MPa) 
σ1;0 maximum principal stress of the element entering the 

initial yield (MPa) 
σth threshold stress (MPa) 
σW Weibull stress (MPa) 
σW� min threshold Weibull stress (MPa) 
σW;new newly defined Weibull stress (MPa) 
σW;new average Weibull stress (MPa) 
σys yield stress (MPa)  
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which probability corresponding to the load to conduct the study. For 
this reason, based on the significant cleavage fracture probability model 
presented by Hui et al., [23]; two significant cleavage fracture proba-
bilities are proposed by using the NLAM. Under multiaxial loading, the 
fracture probability is not yet calculated [26–28]. 

3. Two significant cleavage fracture probabilities 

3.1. The first significant cleavage fracture probability 

As previously mentioned, Eq. (3) gives the relationship between the 
cleavage fracture probability P and the Weibull stress σW;new. Taking the 
derivative of both sides of Eq. (3) with respect to σW;new leads to 

dPðσW;newÞ¼
mσm� 1

W;new

σm
0

exp
�

�

�
σW;new

σ0

�m�

(6)  

where dPðσW;newÞ is the density function of cleavage fracture probability. 

Based on dPðσW;newÞ, it is possible to obtain its expectation, that is, the 
average Weibull stress σW;new as 

σW;new¼
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To calculate σW;new, let us set 
�
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¼ t (8) 

According to Eq. (8), 
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Combining Eqs. (7)–(9) produces 
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where Γ is the Gamma function. Substituting Eq. (10) into Eq. (3) arrives 
at 

P¼ 1 � exp
�

�

�

Γ
�

1
m
þ 1
��m�

(11) 

From Eq. (11), it can be seen that the average cleavage fracture 

Fig. 1. Notched round bar used for tensile tests [24].  

Table 1 
Material properties of 20MnMoNi55 steel.  

Young’s modulus E  200 GPa 
Poisson’s ratio ν  0.3 
Temperature Yield stress σys  

123K 685 MPa 
223K 537 MPa  

Fig. 2. True stress-plastic strain curves of 20MnMoNi55 steel at 123 K 
and 223 K. 

Fig. 3. Predicted cleavage fracture probability-external load curves of notched 
specimens of 20MnMoNi55 steel at 123 K and 223 K. (by using the NLAM). 
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probability P is only related to m. The relation curve of P with respect to 
m obtained from Eq. (11) is illustrated in Fig. 4. 

3.2. The second significant cleavage fracture probability 

Taking the derivative of Eq. (6) leads to 

d’
pðσW;newÞ¼

�

m � 1 � m
�

σW;new

σ0

�m�

⋅ m
σm� 2

W;new
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0
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(12) 

According to the extreme value theorem of function in calculus, let 
d0PðσW;newÞ ¼ 0, the extreme value point is obtained as 

σW;new ¼ σ0

�
m � 1

m

�1
m

(13) 

Substituting Eq. (13) into Eq. (3) yields 

P¼ 1 � exp
�

1 � m
m

�

(14) 

Under the conditions of Eqs. (13) and (14), there is a need for further 
judging the cleavage fracture probability density dPðσW;newÞwill reach its 
maximum value or minimum one. To this end, one can take the second 
derivative of Eq. (6). That is, 

d00PðσW;newÞ ¼
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Recalling Eq. (13) holds true at the extreme value point, equating Eq. 
(15) with Eq. (13) gives 

d00PðσW;newÞ¼ �
m2ðm � 1Þ
�

m� 1
m

�1=3 exp
�

1 � m
m

�

(16) 

As can be seen from Eq. (16), there is always d00PðσW;newÞ < 0 as long as 
m > 1. That is to say, the cleavage fracture probability density will reach 
the maximum value when the Weibull stress satisfies Eq. (13). In this 
situation, the corresponding cleavage fracture probability shall obey Eq. 
(14). On the basis of Eq. (14), the cleavage fracture probability P is 
plotted against the Weibull modulus m in Fig. 5. 

Through Figs. 4 and 5, it can be clearly seen that the relationship 
curves between P and m in both situations, and then these two 

significant cleavage fracture probabilities can be applied to the practical 
case of 20MnMoNi55 steel in the next section. 

4. Results and discussion 

In Section 2, the curves of predicted cleavage fracture probability 
versus external loads of 20MnMoNi55 steel at 123 K and 223 K are 
represented in Fig. 3. And two significant cleavage fracture probabilities 
are shown in Figs. 4 and 5 in Section 3. In this section, it is analyzed in 
conjunction with Figs. 3–5, and the obtained results are illustrated in 
Fig. 6 and Table 2. 

As mentioned above, the Weibull modulus of 20MnMoNi55 steel at 
both two temperatures are all about 11. According to Eq. (11), it is 
known that the average cleavage fracture probability corresponding to 
m ¼ 11 is 45.29%. Then, it can be determined from Fig. 6 that the cor-
responding predicted load at 123 K is around 76.2 kN if the cleavage 
fracture probability is taken as the above average value 45.29%. Ac-
cording to the 10 groups of loads values selected for the finite element 
simulation at two temperatures in Shen et al., [24]; the average fracture 
load of the 10 groups is 76.37 kN when the temperature is 123 K. 
Likewise, as for the case of 223 K presented in Fig. 6, the corresponding 
predicted load of 45.29% cleavage fracture probability is about 67.7 kN. 
This compares favorably with the average experimental fracture load 
(67.49  kN at 223 K by Ref. [24]. The above results indicate that the 
corresponding predicted load is almost equal to the average fracture 
load of the specimens when the cleavage fracture probability is taken as 
the average value. 

Besides, it can be seen from Eq. (14) that the cleavage fracture 
probability is 59.7% when m ¼ 11. This implies that when the density 
function of cleavage fracture probability reaches maximum, the corre-
sponding cleavage fracture probability is about 59.7%. As a result, the 
predicted load corresponding to this probability shall be the most likely 
load to cause cleavage fracture of the structure. As can be seen from 
Fig. 6, the corresponding predicted load is about 79.1  kN at 123 K, and 
70  kN at 223 K when the cleavage fracture probability is 59.7%. That is 
to say, when the temperature is 123 K, 79.1 kN is the most likely load to 
cause cleavage fracture in 20MnMoNi55, while, as for 223 K, 70 kN is 
the most likely load to cause cleavage fracture. For the benefit of the 
readers, the results of predicted loads corresponding to the two signifi-
cant cleavage fracture probabilities of 20MnMoNi55 steel at two tem-
peratures are summarized in Table 2. 

Fig. 4. Average fracture probability P versus Weibull modulus m.  
Fig. 5. Cleavage fracture probability P versus Weibull modulus m (when 
dPðσW;newÞ reaches maximum). 
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5. Conclusions 

The cleavage fracture probability-load curves of 20MnMoNi55 steel 
at two temperatures are predicted, and two important cleavage fracture 
probabilities are proposed. Loads which are most likely to cause cleav-
age fractures of the structure at two temperatures are predicted. The 
main conclusions of the present study are summarized as follows:  

(1) For 20MnMoNi55 ferric steel, the load corresponding to 45.29% 
of the cleavage fracture probability is basically equal to the 
average fracture load of the specimen. 

(2) When the cleavage fracture probability is 59.7%, the corre-
sponding load of this probability is the load which is most likely 
to cause the cleavage fracture of the structure of 20MnMoNi55 
steel. 

(3) At 123 K, 79.1 kN is the load most likely to cause cleavage frac-
ture of 20MnMoNi55 steel, whereas, 70 kN is the load most likely 
to cause cleavage fracture of 20MnMoNi55 steel at 223 K. 

Note that the application of the two cleavage fracture probability 
formulae proposed in this work to 20MnMoNi55 is novel, they can also 
be applicable to other types of ferritic steels. 
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