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Abstract
In this paper, we present a new model for the elasto-plastic conformal contact between cylinders. By using finite element
simulation, it is observed that the transition of elasto-plastic contact in conformal case is different from the transition in
Hertz contact. The plastic contact of conformal case can be physically represented by the plastic-Winkler model.
The new model provides an explicit solution for the normal force–displacement relation of elasto-plastic conformal
contact. Compared to other elastic contact models of conformal contact, the advantages of our model are: (1) it can be
used for high load contact and (2) plasticity is taken into account by using the plastic-Winkler model. Our model,
therefore, is capable of dealing with realistic engineering problem with high load and plasticity.
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Introduction
Clearance in the cylindrical joints plays a critical role
in the performance of a mechanical system. A proper
description of cylindrical joints mechanical behaviors
requires a conformal contact model between cylinders
where, especially, the normal force–displacement
(NFD) relation is provided. The need for the conformal contact model has captured considerable attention of a large number of researchers, and several
theoretical and experimental works have been carried
out to study the mechanical behavior of cylindrical
joints with clearances.1–3
Theoretical studies of two-dimensional conformal
contact have been carried out to ﬁnd the proper NFD
relation in the past decade. It started from Persson4
who provided a closed form for the conformal contact
(details can be found in Appendix 1). However, the
formulation of Persson model in equation (13) is
extremely complex and the normal force cannot be
obtained with the geometrical boundary conditions
explicitly. This hinders the application of the model
in engineering. By revisiting Persson’s solution,
Ciavarella and Decuzzi5 provided a closed form relation between the normal load and the contact angle in
the case of elastic similarity. More general case with
elastic dissimilarity has been further studied,6 and
numerical analysis was performed to conﬁrm the
accuracy of the closed form results. More recently,
Fang et al.7 numerically ﬁtted the expression of the

pressure distribution and further proposed a universal
solution for the conformal contact. However, the provided NFD relation, which is crucial for solving the
clearance contact problem, was still not explicit. As a
result, the numerical iteration is required to evaluate
the contact force which increases the numerical complexity in the computational analysis.
There are some explicit NFD models for dynamic
analysis of cylindrical joints. One of them is Johnson
model8: this model has a logarithmic expression of the
NFD relationship, which imposes some mathematical
and physical limitations on the contact analysis. Other
models9–11 (e.g. Goldsmith, Lankarani–Nikravesh,
and Radzimovsky models) have other limitations.
For example, by comparative assessments, Pereira
et al.12,13 concluded that in the condition of conformal
contact between cylinders, Goldsmith model and
Lankarani–Nikravesh model are not appropriate for
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modeling contact with low clearance. Instead, the use
of Johnson and Radzimovsky contact model is recommended. Then, Pereira et al.14 introduced an
enhanced cylindrical contact model based on the
Johnson contact model, and this model is still only
suitable within the scope of Johnson model (for low
contact loads). Liu et al.15,16 proposed a simpliﬁed
model for cylindrical joints with clearances; however,
this model is not self-consistent, the assumption of the
stress distribution they used largely deviates from the
conformal contact condition. Other numerical models
are used to obtain NFD for conformal contact.
Blanco-Lorenzo et al.17 studied the NFD under different conformity levels by carrying out a frictionless
contact in the framework of ﬁnite element method
(FEM). They demonstrated that the Hertzian distribution could not provide precise contact pressure
when the contact angle is high. Boundary element
method (BEM) has also been used for the analysis
of conformal contact of spherical and cylindrical inclusions,18 in which the contact stress distribution was
studied as a function of the material properties, contact
geometry, and interfacial conditions. However, the
accuracy of numerical results strongly depends on the
selection of simulation parameters, and a uniﬁed NFD
relation is obscure.
The NFD relation in these previous models has
some limitations in common: (1) NFD relation is
expressed in a form that penetration is the function
of the contact force; however, in general (both in the
experiments and simulations), penetration/displacement is an easier measurable quantity, and therefore
an NFD where the contact force is a function of penetration is desired. (2) These models are supposed to be
only available for simple elastic case, thus cannot be
used for the contact with plasticity. (3) Some of these
models which have a load limit for the clearance are
not applicable for high loads.
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In this paper, we aim to develop an explicit NFD
relation for the conformal contact that is eﬀective for
the high load and plasticity without the loss of accuracy. The paper is organized as follows: in the next
section, we ﬁrstly revisit the assumption of the Hertz
pressure distribution for the conformal contact, we
propose a new pressure distribution model and veriﬁed by FEM result. Then, a contact model with explicit NFD relation is proposed. The proposed model is
compared with FEM results and other contact
models. Next, we extend the model for elasto-plastic
deformation, and the model results are compared with
FEM simulation results. Details of other contact
models and our FEM simulations can be found in
Appendices 1 to 3.

Contact pressure distribution in
conformal contact
The conformal contact between two cylindrical bodies
is illustrated in Figure 1(a). The geometric and material parameters are listed in the notation. In a previous
model,7 the contact force distribution in the projection plane is expressed as

n
r2
pðrÞ ¼ p0 1  2
a

ð1Þ

where p0 is the max contact pressure, a is the radius of
the contact area, r is the distance to the center of the
contact, and n is the pressure distribution exponent.
The value of n was numerically ﬁtted by Fang et al.7
However, the exponent has a complicated expression
so that an explicit NFD cannot be obtained.
Another contact force model for conformal contact
is proposed by Steuermann (see Noble and Hussain19).
The model provides the pressureP
distribution for the
surface proﬁle with the form of n An r2n (An and n

Figure 1. (a) Schematic of the cylindrical joints with clearance. (b) Winkler contact model for joints with clearance.
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are ﬁtting parameters depending on the contact proﬁle).
This model could be more accurate than that of Hertz
because it includes high-order term of geometric proﬁle.
However, as pointed in contact mechanics by Johnson,8
the Steuermann model would also bring unacceptable
errors for high contact angle (tanð"=2Þ 4 0:4, where " is
the semi-angle of contact).
Winkler elastic foundation model is another model
for the conformal contact of cylindrical joints.15,16,20,21
In this model, as shown in Figure 1(b), the inner cylinder is assumed to be equivalent to a rigid wedge.
Instead of using the projection plane as in the above
mentioned models,7,19 the contact force model is built
along the chord of the rigid wedge. Liu et al.’s
model15,20 used Hertz distribution for the contact pressure, which has an elliptic form

1
x2 2
py ¼ p0 1  2
l

ð2Þ

However, it is not clear whether the above distribution is a good approximation when compared to
Persson’s analytical solution (see Appendix 1).
We performed the ﬁnite element calculation (details
in Appendix 3) to obtain the contact pressure py distribution along the chord, and the comparison with
Persson’s solution and Hertz solution is shown in
Figure 2. The ﬁnite element results for diﬀerent compressive displacements ( ¼ 0:5R : 2R) agree well
with Persson’s solution. The Hertz distribution used
in literature15,16,20 deviates largely from both solutions
(FEM and Persson’s solution) as the location factor x=l
exceeds 0.5.
We propose a parabolic formula to present the contact pressure distribution in terms of the semi-chord
length l and the maximum pressure p0 at the center


x2
py ¼ p0 1  2
l

ð3Þ

It can be seen from Figure 2 that the parabolic
distribution (solid line) agrees relatively well with
FEM results and Persson’s solution along the cord.
Therefore, we will propose the explicit NFD relationship based on the parabolic distribution.

NFD relation for elastic conformal
contact
Based on the previous analysis, the parabolic model is
adopted to describe the contact pressure py distribution along the chord, and then the NFD relation can
be derived by combining the boundary conditions.
The displacement boundary condition in the contact
of cylindrical joints should satisfy the geometrical
relationship (see Figure 1)
u1  u2 ¼  cos   ðR2  R1 Þð1  cos Þ

Here, u1 and u2 are radial displacements of the
cylinder and the hole at the point of angle , respectively.  is the compressive displacement. The semiangle of contact " is obtained by taking u1  u2 ¼ 0;
therefore, the semi-chord length l and contact angle "
can be expressed as
"
R
l ¼ 2R sin , cos " ¼
2
R þ 

ð5Þ

Here, small clearance (i.e. R1 ¼ R2) assumption is
taken, so that R can take the value of R2. The maximum pressure p0 is determined from the Winkler
model21 as follows
p0 ¼ k

E 
R

ð6Þ

where k is a dimensionless coeﬃcient required to be
determined/ﬁtted. Johnson model8 also gives the maximum contact pressure p0 as the function of the contact force as
  12
2E  P
p0 ¼
R

Figure 2. The distribution of the contact pressure py along
the chord by different models and FEM calculation.

ð4Þ

ð7Þ

where E* is the equivalent
and

 modulus

 can be
expressed as 1=E ¼ 1  21 =E1 þ 1  22 =E2 .
We carry out FEM simulations to study the
maximum pressure p0 under diﬀerent compressive
displacements. Comparison between the Winkler
model and Johnson model is shown in Figure 3.
The pressure in the Johnson model equation (7) is
only consistent with the FEM results at small displacements, while the Winkler model matches well
with the numerical results in a much broader
range. By combining with the geometrical relationship in equation (5), an explicit solution for NFD
is obtained for the cylindrical conformal contact.
The external load is obtained by integrating the

4
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for Johnson and Radzimovsky models is approximately
1.71E R and 2.41E R, respectively. Also, it can be
seen from Figure 4 that the deviation of these two
models from the FEM results becomes evident as the
penetration displacement  is larger than 0:5R. In contrast, the normal force evaluated by the proposed model
equation (9) is consistent with the FEM results for the
penetration up to 2R.

An elasto-plastic contact model

Figure 3. The maximum contact pressure as a function of the
compressive displacement.

Figure 4. Normal force as a function of the compressive
displacement.

parabolic distribution equation (3)
Z

l

P¼2
0



x2
p0 1  2 dx
l

ð8Þ

Using equations (5) and (6), the NFD can be
obtained as
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8 

P ¼ kE 
3
2ðR þ Þ

ð9Þ

here, k is ﬁtted in Figure 3 with a value of 0.85.
We compare our NFD relationship with the two commonly used models (Johnson8 and Radzimovsky,11 and
model details can be found in Appendix 2). As shown in
Figure 4, the NFD relations in these two models exhibit
a parabolic relation between the load and displacement;
this may lead to unphysical characteristics when the
loading displacement/load is large. Thus, the load limit

In the previous section, it has been shown that the
proposed model can predict the NFD relation better
than the classical models, especially in the high load
range. However, for elasto-plastic material, plasticity
will get involved in the contact problem even when the
compressive displacement is small. The critical displacement 0 when plasticity emerges can be obtained
by the expression 0 =R ¼ Y =ðkE Þ, where Y is the
yield stress. The normalized loading displacement
(strain) 0 =R for traditional metals, e.g. copper, aluminum, and iron, is around 0.1% to 0.2% which is
smaller than the deformation strain of joints in engineering; therefore, plasticity needs to be taken into
account for the NFD relation of conformal contact.
Regarding the contact pressure (threshold value) in
the plastic zone when considering perfect plasticity,
Song et al.22 have shown that for asperity ﬂattening
(non-conformal contact), the contact pressure
approaches the material hardness 3Y . More recently,
Ghaednia et al.23 in a review concluded that the ratio
between the contact pressure and Y is not always
around 3, but varies according to the boundary conditions and deformation geometry. This ratio has not
been reported for conformal contact so far. Therefore,
we carried out FEM simulations with perfect plasticity, R=R ¼ 0:5% and  Y /E* ¼ 0.2%. The pressure
is shown as a function of the distance to the contact
center at a depth of 2R in Figure 5(a). It is clearly
seen that there is an apparent yield zone in the middle
of the contact. Also, it is shown in Figure 5(b) for the
conformal contact that the average contact pressure is
around/slightly below than Y , it is much less than the
value of material hardness 3Y as in non-conformal
contact. Therefore, for simplicity, we take the contact
pressure to be Y in the plastic zone, as shown in
Figure 6. We assume that the contact pressure distribution (solid line) still follows the parabolic distribution in the elastic contact zone. In the plastic zone
(width of 2ap ), the parabolic contact pressure is truncated by a threshold Y .
Similar to the purely elastic case, the external load
can be obtained by integrating the pressure distribution as


Z
x2
l
P¼2
p0 1  2 dx þ 2 Y ap
ð10Þ
ap
l
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Here, ap can be calculated by ap ¼ l 1  Y =p0 and
p0 is given by the Winkler model as in equation (6).
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Figure 5. (a) Ratio of the local contact pressure to Y as a function of the distance to the contact center at the penetration depth
of 2R. (b) Average contact pressure as a function of penetration depth. P is the indentation force, P=Apro has the unit of pressure.

Figure 6. Profile of pressure distribution in the contact area
considering plasticity.

From equations (5), (6), and (10), an explicit NFD
relation is obtained
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

ﬃ
R
þ1
2

8
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ð11Þ
Compared to the elastic case with NFD expressed
in equation (9), we can also write equation (11) in a
more physical version; in the plastic region with penetration displacement  is larger than Y R=ðkE Þ, the
normal force can be expressed as
(

"




 #
2
Y R 1=2 1
Y R 3=2
P ¼ kE   1  
1 
þ
3
kE 
3
kE 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
s
)


Y R 1=2
8
þ RY 1  
kE 
ðR þ Þ


ð12Þ

In the elastic case, the normal force has a linear
monotonic function of modulus E as in equation
(9). However, in the plastic case, the dependence of
normal force on modulus E is rather complicated as
shown in equation (12). The dependence on yield
strength Y is also not obvious.
We perform FEM calculations to validate the elastoplastic NFD relation in equation (11). In the FEM
model, the perfect plasticity with the yield strength Y
is used, and all the other parameters can be found in
Appendix 3. The accuracy of the NFD model is veriﬁed
by using diﬀerent yield strengths, i.e.  Y =E varies from
0.1% to 0.6%. Diﬀerent values of the clearance
(R=R ¼ 0:1%, 0:5%, 1:0%) are also checked.
It can be seen in Figure 7 that the NFD relation proposed here matches well with the FEM numerical
results for diﬀerent yield strengths and clearances.
For conformal contact, the transition of elastic to
elasto-plastic contact is diﬀerent from the transition in
Hertz contact. In conformal contact, it can be seen in
Figure 8 that the ﬁrst yield occurs at the surface of the
contact, as shown in left-down part of Figure 8.
In Figure 8, the yield zone nucleated at ‘‘A’’, and
the yielded area expands as the penetration displacement increases, as shown in ‘‘B’’ and ‘‘C’’. The distribution of contact pressure at ‘‘C’’ is similar to the
case as shown in Figure 5(a); it clearly shows a
ﬂat yield zone in the middle surrounded with the
elastic zone. This further conﬁrms the point that
the pressure distribution can be physically represented
by the plastic-Winkler model with proﬁle as shown
in Figure 6.
For the case of Hertz contact between an elastic–
perfectly plastic cylinder and a rigid ﬂat, the yield
point ﬁrstly appears in the position at a distance
(about 0.7 times of the contact radius8) below the
contact surface. This transition is diﬀerent from
the conformal case, in which the ﬁrst yielding occurs
at the surface. And apparently, the plastic contact of

6
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non-conformal case cannot be represented by the
plastic-Winkler model as shown in Figure 6.
The transition point predicted by the model can be
calculated by giving correct value of EY and R
R , and in
this case, the transition displacement is found to be
0 =R ¼ 1.18. It can be seen from ﬁnite element results
in Figure 8 that the yield zone starts to appear after the

displacement =R is larger than 1.18. This point is
also consistent with the branch between elastic and
elasto-plastic curves in Figure 8.
Furthermore, the normal force is also studied as a
function of the semi-angle of contact as shown in
Figure 9, where Persson model (equation (13)) is
also presented. It can be seen that our model agrees

Figure 7. Normal force as a function of the compressive
displacement for elasto-plastic contact.

Figure 9. Relationship between the normal force and the
contact angle.

Figure 8. The elasto-plastic transition in conformal contact (R=R ¼ 0:1%,  Y E ¼ 0.1%). The black crosses ‘‘A’’, ‘‘B’’, ‘‘C’’ in the left
upper figure corresponding to the different stages of contact as shown in the rest figures. The distribution of equivalent plastic strain is
shown here to indicate evolution of plastic zone. The legend equivalent plastic strain (PEEQ) is equivalent to the plastic strain, the yield
zone is indicated by the area with PEEQ large than zero. The transition displacement predicted by the model is =R ¼ 1.18.
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well with Persson’s
 solution and FEM results in the
elastic regime (tan 2" 5 0:4). However, Persson model
is not able to predict the normal force in the plastic
regime, while our model matches the FEM results
very well in the elasto-plastic regime.

Conclusions
In this paper, we introduced a parabolic contact pressure distribution for the conformal contact between
cylindrical joints; the parabolic assumption matches
well with Persson’s solution and FEM simulation
results. Through the Winkler model, we obtain an explicit formula of the NFD relationship. The obtained
NFD relationship is compared with two conventional
contact models for elastic deformation (i.e. Johnson
model and Radzimovsky model). The comparison
shows that the NFD relations predicted by the two
models have a clear load limit which hinders the application, while our model matches the FEM results very
well within the load range considered in this work. By
using ﬁnite element simulation, it is observed that the
transition of elasto-plastic contact in conformal case is
diﬀerent from the transition in Hertz contact. The
plastic contact of conformal case can be physically
represented by the plastic-Winkler model. Based on
this assumption considering perfect plasticity, we also
extend our contact model to the elasto-plastic regime
and provide an explicit NFD relationship. The
proposed NFD relationship matches FEM simulation
results well for various material parameters and
loadings.
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Appendix
Notation
Young’s modulus of the inner cylinder
Young’s modulus of the outer cylinder
semi-chord length corresponding to the
angle "
radius of the internal cylinder
radius of the outer circular hole

E1
E2
l
R1
R2


0
R
"
v1
v2

angle from the points on the interface
departure from the centric axis
compressive displacement
critical penetration when plasticity
emerges, 0 ¼ RY =ðkE Þ
radial clearance of joints, R ¼ R2  R1
semi-angle of contact corresponding to
the whole contact arc
Poisson’s ratio for the inner cylinder
Poisson’s ratio for the outer cylinder

Appendix 1. Persson’s solution
References5,6 provide a completely closed form solution (i.e. Persson’s solution) for the contact problem
of cylindrical joints, in which the contact pressure has
been derived as a function of the contact angle 
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  t2
R  pðtÞ
2
¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P
 b2 þ 1 1 þ t 2

Then the projection of the pressure in the y-direction as shown in Figure 1 can be expressed as
pðtÞ  cos   cos2

py ¼
cos 2"

"
2




ð15Þ

Appendix 2. Johnson and Radzimovsky
contact model
Two NFD models proposed by Johnson and
Radzimovsky are presented here, respectively. Based
on the Hertz theory, Johnson8 developed a contact
model in which the relationship between the compression displacement  and the external load P can be
calculated by
¼



P
4E R
ln
1
E
P

ð16Þ

For the contact between external cylinders, formulas from Radzimovsky11 have been used to derive
the NFD relationship




P 2
4R1
4R2
¼
þ ln
þ ln
E 3
d
d

ð17Þ

Here, for cylinders with diﬀerent elastic material
properties, the parameter d in equation (17) is evaluated by
  12
R P
d ¼ 1:6
E

ð18Þ

where R* is the relative curvature of conformal contact and is calculated by

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
b2 þ 1 þ b2  t 2
1
log pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
þ
2
2
2b ð1 þ b Þ
b2 þ 1  b2  t 2

R ¼

R1 R2
R

ð19Þ

ð13Þ
Here, P is the external load and R is the curvature
of the contact surface. b and t are the contact parameters and expressed as
"

b ¼ tan
, t ¼ tan
2
2

ð14Þ

Appendix 3. FEM simulations
FEM simulations are carried out to obtain the contact
pressure distribution in the contact of cylindrical
joints with small clearances. The contact force distribution on the chord is calculated by projecting the
contact pressure from the circular arc to the chord.
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Figure 11. FEM mesh for the simulation (element size in the
contact zone is set to be 0.1%R).
Figure 10. FEM model for cylindrical joints with clearance.

The FEM numerical model is performed by the commercial software ABAQUS.24 The inner cylinder has a
radius R, and the radius of the hole is set as R þ DR.
Due to the symmetry of the cylindrical joints, a quarter is modeled as shown in Figure 10. The symmetric
boundary is applied on the middle dotted line.
The top surface of the outer body is ﬁxed, and the
inner cylinder is displaced with ﬁxed displacement uy
in the vertical direction from the top. The dimensions
of the outer body in the horizontal direction and

vertical direction (deﬁned as W and H, respectively)
are set to 100R in order to eliminate the boundary
eﬀect. The bottom and the right side of the outer
body in Figure 10 are set as free. The mesh in the
FEM model, as shown in Figure 11, is applied with
suitable element size in the contact area between the
cylinder and hole. Plane strain element is used to
simulate inﬁnite long cylinders. The mesh size in the
cylinder is in gradient distribution. Element dimensions with 1%R and 0.1%R are both tested, and the
results show negligible diﬀerence. Thus, element size is
set to 0.1%R in the subsequent FEM calculations.

