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ABSTRACT
A stagnation streamline model incorporating quantum-state-resolved chemistry is proposed to study hypersonic nonequilibrium flows along
the stagnation streamline. This model is developed by reducing the full Navier–Stokes equations to the stagnation streamline with proper
approximations for equation closure. The thermochemical nonequilibrium is described by either the state-to-state approach for detailed
analysis or conventional two-temperature models for comparison purpose. The model is validated against various data, and nearly identical
results are obtained as compared with those from full field computational fluid dynamics data. In addition, the calculated distributions agree
well with the measurement data of a shock tube experiment for the dissociation and vibrational relaxation of O2, including the distributions
of species mole fractions and vibrational temperature of the first excited state of O2 molecules. Furthermore, the results with the state-
resolved chemistry show that the flow within a shock layer exhibits a strong thermochemical nonequilibrium behavior, which is beyond
the capability of commonly used two-temperature models to correctly evaluate the dissociation rate and the associated reaction energy. The
present model is also employed to calculate the nonequilibrium re-entry flow along the stagnation streamline for a five-species air mixture
as an example to demonstrate the model capability. It is found that both species and internal energy are in a nonequilibrium state, especially
the vibrational distributions are strongly deviated from the Boltzmann distribution right behind the bow shock and near the wall surface. The
results demonstrate that the proposed stagnation streamline model is very useful to understand thermochemical nonequilibrium phenomena
in hypersonic flows.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0003247., s

I. INTRODUCTION

Thermochemical nonequilibrium phenomena are very com-
mon in hypersonic flows, and a detailed analysis is still challeng-
ing.1–3 To design next generation hypersonic vehicles, it is impor-
tant to develop reliable and fast computational tools to predict the
flow characteristics. An accurate modeling requires one to handle
detailed processes of chemical reactions and internal energy relax-
ations in the flow field. Parametric studies for engineering design
demand extensive calculations over a wide range of flow condi-
tions along the flight trajectory, and thus, numerical tools must be
efficient.

For the past three decades, great efforts have been devoted
to developing accurate models for thermochemical nonequilibrium

hypersonic flows, and extraordinary progress has been achieved.3

The multi-temperature models have been the main tool to
treat thermal nonequilibrium in hypersonic flows.4,5 In a multi-
temperature model, each internal energy mode follows a Boltz-
mann distribution with its equilibrium temperature, considering
fast intramode transitions; thus, the model’s applicability is lim-
ited to the situation where the intramode distribution is only
slightly deviated from its own equilibrium. Unfortunately, this
is often not the case for hypersonic flows.3 In order to extend
the applicability of multi-temperature models, various correc-
tions have been applied for reaction rate calculation.5–8 How-
ever, the model accuracy depends strongly on the choice of
the empirical parameters in the corrections. More importantly,
corrections in the multi-temperature models are not universally
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applicable when a flow is in a moderate or strong nonequilibrium
state.

In order to describe strong nonequilibrium processes in hyper-
sonic flows, state-to-state (STS) based models have been devel-
oped.9–15 In a model based on STS kinetics, each internal energy level
is treated as a pseudo-species, and thereby non-Boltzmann distribu-
tion can be represented. The transition processes between internal
energy levels and chemical reactions are treated as elementary reac-
tion processes. The key for STS simulations is to get the correct
values of rate coefficients for the state transitions and chemical reac-
tions. These coefficients are usually obtained from quasi-classical
trajectory (QCT) calculations, which depend on the availability of
the ab initio potential energy surface (PES) for the molecular pairs
of interest. While a database of ab initio based rate coefficients
for many elementary reactions of nitrogen and oxygen has been
established,16–22 many reaction data are still missing. For reactions
without ab initio data, one usually resorts to approximate mod-
els, e.g., the Landau–Teller model,23,24 Schwartz–Slawsky–Herzfeld
(SSH) theory,25 Forced Harmonic Oscillator (FHO) model, and its
variations.26–28 A typical simulation with a STS model needs to
solve a system of hundreds of equations simultaneously because the
number of state-to-state transitions is very large. Due to consider-
able computational cost, STS based applications are so far limited
to simple one-dimensional (1D) geometries, including post-shock
flows,29,30 nozzle flows,31 and boundary layer flows.14,32,33

In contrast to the considerable amount of work on ther-
mochemical nonequilibrium models, development of high fidelity
reduced models attracts much less attention. In fact, the nonequi-
librium flow along the stagnation streamline usually contains ther-
mochemical characteristics for the flow over blunt bodies because
key physics such as the shock wave, shock layer, and boundary layer
are all involved. One attempt was made by Klomfass and Müller,
who proposed a dimension-reduced model for the fast assessment
of hypersonic flow properties along the stagnation streamline.34 A
coarse-grained rovibrational collisional model was later incorpo-
rated into the reduced model to study the nonequilibrium pop-
ulation of N2 along the stagnation streamline.35 The main draw-
back of this model is that a newtonian-like pressure is assumed
along the streamline, so it holds only for high Mach flows or within
small shock stand-off distances. Recently, Chen and Sun developed a
quasi-one-dimensional model to predict flows along the stagnation
streamline.36 That model solves a set of partial differential equations
derived from full Navier–Stokes (NS) equations, and its solution is
nearly identical to full-field computational fluid dynamics (CFD)
calculation. However, equations derived by Chen and Sun36 are
based on perfect gas, which needs to be extended to nonequilibrium
gas mixture.

The present study extends the quasi-one-dimensional model
developed by Chen and Sun36 to hypersonic thermochemical
nonequilibrium flows of gas mixture by integrating both multi-
temperature models and quantum based STS kinetics. The new
model coupling with the STS approach is then employed to inves-
tigate hypersonic thermochemical nonequilibrium flows of O2–O
and N2/N/O2/O/NO gas mixtures along the stagnation streamline.
The rest of the paper is organized as follows. First, nonequilibrium
three-dimensional Navier–Stokes equations are described, and then
the reduced model along the stagnation streamline for nonequilib-
rium flows is proposed in Sec. II. The model is validated in Sec. III,

where full field CFD results and experimental data are compared.
In Sec. IV, a couple of applications are presented, which shows
detailed vibrational distributions of molecules along the streamline
and reveals limitations of two-temperature models. Section V gives
some concluding remarks.

II. STAGNATION STREAMLINE MODEL
FOR NONEQUILIBRIUM FLOW

When the Knudsen number is sufficiently small, the Navier–
Stokes equations are adequate to describe thermochemical nonequi-
librium flows if real gas effects are properly taken into account. The
thermochemical processes can be modeled by either the state-to-
state (STS) approach or multi-temperature models. In this section,
the governing equations of three-dimensional nonequilibrium flows
will be first described, and a reduced model will then be presented
for the flow along the stagnation streamline.

A. Nonequilibrium three-dimensional Navier–Stokes
equations

In the NS framework, the nonequilibrium thermochemical pro-
cesses are best described using the STS approach where each internal
energy level is treated as a pseudo-species. In the present work, the
STS approach is only applied to the vibrational energy mode because
vibrational nonequilibrium plays the most important role in many
hypersonic flows. There is no difficulty in principle to apply the
STS approach to other energy modes. The governing equations for
three-dimensional (3D) nonequilibrium system can be written as9

∂Q
∂t

+
∂(F − Fv)

∂x
+
∂(G −Gv)

∂y
+
∂(W −Wv)

∂z
= S, (1)

where

Q =

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ρci
ρu
ρv
ρw
E

⎫⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎭

, S =

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ω̇ci
0
0
0
0

⎫⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎭

, and F =

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ρciu
ρu2 + p
ρuv
ρuw
(E + p)u

⎫⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎭

, (2)

Fv =

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−Jx,ci
τxx
τxy
τxz
τxxu + τxyv + τxzw − qtr,x −∑ci Jx,cihci

⎫⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎭

. (3)

In these expressions, ρci is the mass density of molecular species c at
the ith vibrational level (for atomic species, ρci is replaced with ρc),
u, v, and w are three bulk velocity components, and E and hci are the
total energy and species enthalpy per unit mass, respectively. ω̇ci is
the mass production rate of species c at the ith vibrational level due
to inelastic collisions and chemical reactions. Moreover, p denotes
the pressure calculated by Dalton’s law, i.e., p = RT∑ns

j=1
ρj
Mj

, where

R is the universal gas constant and Mj is the molecular weight of
species j. τij is the ij component of viscous stress and qtr ,x is the
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translational–rotational heat flux in the xth direction, and their
expressions can be found in Ref. 9 where the modified Chapman–
Enskog approximation was used. Jx ,ci is the species diffusion flux
in the x-direction. The flux vectors in the other two directions are
similar, which is omitted here.

The essence of the STS approach is to calculate the value of mass
production rate ω̇ci in Eq. (2) for every internal energy level based on
the master equation, which can be expressed as

ω̇ci = ω̇vib
ci + ω̇2⇌2

ci + ω̇2⇌3
ci , (4)

where ω̇vib
ci , ω̇2⇌2

ci , and ω̇2⇌3
ci are the mass productions due to

the vibration–translation (V–T) and vibration–vibration (V–V)
transitions, the exchange reactions (EXs), and the dissociation–
recombination (D–R) reactions, respectively. Details are given as
follows:9

ω̇vib
ci = ∑

dki′k′
(nci′ndk′k

d,k′k
c,i′i − ncindkk

d,kk′
c,ii′ ), (5)

ω̇2⇌2
ci = ∑

dc′d′
∑
ki′k′
(nc′i′nd′k′k

d′k′ ,dk
c′i′ ,ci − ncindkk

dk,d′k′
ci,c′i′ ), (6)

ω̇2⇌3
ci =∑

dk
ndk(nc′nf ′k

dk
rec,ci − ncik

dk
dis,ci). (7)

In Eqs. (5)–(7), kd,k′k
c,i′i is the rate coefficient for the transitions between

vibrational energy levels (including V–T and V–V); kd
′k′ ,dk

c′i′ ,ci , kdkdis,ci,
and kdkrec,ci are the rate coefficients for the exchange, dissociation, and
recombination reactions, respectively. The state-specific rate coeffi-
cients of these transitions and chemical reactions are usually taken
from the results of quasi-classical17,18 and semi-classical37,38 numer-
ical trajectory calculations or analytic methods (such as the FHO
model28).

The number of vibrational levels for a molecule can be several
tens or even hundreds, and then the number of possible state-to-
state transitions can be as high as tens of thousands. This means
that one may have to solve hundreds of master equations involving
tens of thousands reactions if the STS approach is employed. There-
fore, a full 3D STS NS simulation is prohibitively computationally
expensive even with the most powerful supercomputer. To alleviate
the extremely high cost of full STS simulations, one has to resort to
simplified models.

Multi-temperature models [especially two-temperature (2T)
models5–7] are more effective computationally than the STS
approach. In a multi-temperature model, it is assumed that the inter-
nal energy levels follow a quasi-stationary distribution. Specifically,
the two-temperature model of Park5 assumes that the translational
energy and rotational energy of a gas mixture are at an equilibrium
distribution of a temperature Ttr , whereas the vibrational energy and
electronic energy are described with another temperature Tve. In a
simulation using the two-temperature model, one does not need to
resolve every single vibrational energy state but need to solve only
one equation for the vibrational–electronic energy instead. Then, the
terms in the governing equations, Eq. (1), become39

Q =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρc
ρu
ρv
ρw
E
Eve

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, S =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ω̇c
0
0
0
0

Ωve

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, and F =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρcu
ρu2 + p
ρuv
ρuw
(E + p)u
Eveu

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (8)

Fv =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−Jx,c
τxx
τxy
τxz
τxxu + τxyv + τxzw − qtr,x − qve,x −∑c Jx,chc
−qve,x −∑c Jx,ceve,c

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (9)

where Eve is the vibrational–electronic energy per unit volume of
mixture. Ωve is the vibrational–electronic energy source term. qtr ,x
and qve ,x are the translational–rotational and vibrational–electronic
heat fluxes in the xth direction, respectively. The flux vectors in the
other two directions are similar. It should be mentioned that the
energy source terms Ωve

5–7 includes the relaxation energy source
terms (Ωv–t , Ωe–t) and reactive source term (Ωv–d, Ωe–I). The details
of Park’s two-temperature model are described in Appendix A.

Despite their success in many applications, two-temperature
models suffer from several deficiencies. A two-temperature model
usually includes case-dependent empirical tuning parameters.
Moreover, the assumption of Boltzmann distribution is question-
able for flows with strong vibrational excitations and dissocia-
tion. Therefore, the STS approach is required if one’s top pri-
ority is the high accuracy of numerical results for strongly ther-
mochemical nonequilibrium flows. As a 3D full-field STS simu-
lation is too expensive computationally to be realized for prac-
tical engineering applications, a high-fidelity reduced model is,
therefore, preferred for nonequilibrium flow along the stagnation
streamline.

B. Nonequilibrium stagnation streamline model
As mentioned in Sec. II A, it is very expensive numerically to

apply the STS approach to study the entire flow field around a hyper-
sonic vehicle. Then, the strategy is to find an important part of the
flow for the STS approach to investigate. For hypersonic flow over a
blunt body, the variation of flow properties is probably most promi-
nent along the stagnation streamline. It has been shown that the
flow along the stagnation streamline of a blunt body can be stud-
ied using the quasi-one-dimensional Navier–Stokes equations.36 It
is then beneficial to develop a stagnation streamline model with
the STS approach; thus, the major thermochemical nonequilibrium
processes can be well studied for hypersonic flow over blunt bodies.

In order to derive the governing equation along the stagnation
streamline, the three-dimensional nonequilibrium Navier–Stokes
equations are first rewritten in spherical coordinates (r, θ, φ; see
Fig. 1). Then, considering the feature of spherical–symmetric in the
vicinity of the stagnation streamline, on the stagnation line (θ→ 0),
we have

u = sin θ
∂u
∂θ

,
∂ϕ
∂θ
∣
ϕ≠u
= 0, (10)
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FIG. 1. Schematic diagram of hypersonic flow over a blunt body in the spherical
coordinate.

where u is the velocity along the θ direction. Moreover, it is reason-
able to assume that

1
r2

∂2v
∂θ2 ≪

∂2v
∂r2 ,

1
r2

∂2Ttr,ve

∂θ2 ≪
∂2Ttr,ve

∂r2 , (11)

where v is the velocity along the r direction and Ttr ,ve are
translational–rotational and vibrational–electronic temperatures,
respectively.4 Under these assumptions and steady state condition,
a set of ordinary differential equations can be derived from the
full nonequilibrium Navier–Stokes equations [Eq. (1)]. Specifically,
the equations of the stagnation streamline model based on the
two-temperature model are written as follows:

Continuity equation:

∂v
∂r

+
v
ρ
∂ρ
∂r

+
2
r
∂u
∂θ

+
2
r
v = 0. (12)

Mass conservation equation for each species:

ρv
∂yc
∂r
−

∂

∂r
(ρDc

∂yc
∂r
) −

2ρDc

r
∂yc
∂r
= ω̇c, c = 1, . . . ,ns, (13)

where yc = ρc/ρ is the mass fraction of species c, ns is the total number
of species, and Dc is the diffusion coefficient of species c in Fick’s
law.40

Momentum equation along the r direction:

ρv
∂v
∂r

+
∂p
∂r
= 2

∂μ
∂r
(
∂v
∂r

+
v

3ρ
∂ρ
∂r
) + μ(

∂2v
∂r2 +

2
r2

∂2v
∂θ2 +

4
r
∂v
∂r

+
2v
r2

−
1

3ρ
∂v
∂r

∂ρ
∂r

+
2v
rρ

∂ρ
∂r
−

v
3ρ

∂2ρ
∂r2 +

v
3ρ2

∂ρ
∂r

∂ρ
∂r
), (14)

where μ is the viscosity of the mixture.
Momentum equation along the θ direction:

ρ[v
∂

∂r
(r

∂u
∂θ
) +

∂u
∂θ

∂u
∂θ
] = r2 ∂

∂r
(
∂u
r∂θ
)
∂μ
∂r

+ μ(r
∂2

∂r2
∂u
∂θ

+ 2
∂

∂r
∂u
∂θ
−

1
r
∂u
∂θ
) −

∂2p
∂θ2 . (15)

The conservation equation of enthalpy is

ρv
∂h
∂r
− v

∂p
∂r
= μ(3

∂v
∂r

∂v
∂r

+
2v
ρ
∂v
∂r

∂ρ
∂r

+
v2

3ρ2
∂ρ
∂r

∂ρ
∂r
)

+ ∑
i=tr,ve
(ki

∂2Ti

∂r2 + ki
2
r
∂Ti

∂r
+
∂ki
∂r

∂Ti

∂r
)

+(
∂

∂r
+

2
r
)
⎛

⎝
∑

c=species
hcρDc

∂yc
∂r
⎞

⎠
, (16)

where ktr is the thermal conductivity ascribed to translational and
rotational energy modes and kve is the thermal conductivity ascribed
to vibrational and electronic energy modes.

The equation of vibrational–electronic energy is

ρv
∂eve
∂r
=

∂

∂r
(kve

∂Tve

∂r
) +

2kve
r

∂Tve

∂r

+(
∂

∂r
+

2
r
)
⎛

⎝
∑

c=species
hc,veρDc

∂yc
∂r
⎞

⎠
+ Ωve, (17)

where hc ,ve is the vibrational–electronic enthalpy per unit mass of
species c.

So far, the complete set of reduced order equations for the two-
temperature model is described. When it comes to the STS approach,
there is no need to solve a separate vibrational energy equation since
each quantized state is treated as a separate chemical species. The
source terms in the species continuity equations are more com-
plicated and time-consuming than those in two-temperature mod-
els. Other treatments for the STS based model are, however, sim-
ilar. Details of state-specific quasi-one-dimensional equations are
provided in Appendix B.

As the flow near the stagnation line is axial symmetric, the cir-
cumferential velocity is zero on the stagnation line. The radial veloc-
ity might be derived using the continuity equation [i.e., Eq. (12)],
where ∂u/∂θ is to be estimated using the momentum equation in
the circumferential direction [i.e., Eq. (15)]. However, it is difficult
to evaluate those involved second order gradients along the circum-
ferential direction in Eq. (15), simplifications should be made to
close the equations. For instance, in order to estimate the second
order circumferential derivative of pressure, many attempts have
been done.34,35,41,42 Nevertheless, the involved second order gradi-
ents should not be simply ignored or replaced by approximation
theories such as the variable separation method and Newtonian the-
ory34,35,41,43 as the results have obvious deviation from CFD data.
Fortunately, the radial mass flux along the stagnation streamline
is found to decrease linearly from the bow shock to the stagnation
point.42 This observation can be expressed as

ρv = ρsvsr/Δ, (18)
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where Δ is the shock stand-off distance and subscript s denotes
the values immediately behind the shock wave. The shock wave is
assumed to be infinitely thin, and the shock stand-off distance has
to be estimated to close the equations. There have been many stud-
ies on the shock stand-off distance,44,45 and the formula proposed
by Wen and Hornung44 is found to work well for inviscid reacting
flows. For viscous flows, the thickness of the boundary layer (δ) can
be estimated using the expression suggested by Wang.46 Then, the
shock stand-off distance for the viscous flow is given as

Δ
2R0
= 0.41

ρ∞
ρ

+ c1(1 +
Tb

T0
)

ω/2 Maω∞
√
Re∞

, (19)

where ρ is the average density from the bow shock to the stagnation
point, R0 is the nose radius of the blunt body, ω is the temperature
index of viscosity, Tb is the surface temperature, T0 is the total tem-
perature of free stream, and c1 equals to 0.12. It should be mentioned
that thermochemical effects have been included in Eq. (19) through
the average density. With Eq. (19), there is no need to solve the
momentum equation along the circumferential direction. Then, the
governing equations along the stagnation streamline become ordi-
nary differential equations, which can be discretized using the finite
difference method and be easily solved.

To obtain the solution along the stagnation streamline, bound-
ary conditions are to be set. On the surface of the blunt body
(namely, the stagnation point), the non-slip condition for velocity,
zero gradient of pressure, and isothermal assumption are applied.
For surface reactions, non-catalytic or fully catalytic wall condi-
tions can be set according to surface physics. On the bow shock,
the Rankine–Hugonoit relation can be used to set the post-shock
conditions. However, considering the flow gradients along the stag-
nation streamline, the shock slip conditions are applied to determine
the boundary condition behind the shock wave.47 The dimensionless
shock slip conditions are

v∗s = 1/ρ∗s , (20)

p∗s = p
∗
∞ + (1 −

1
ρ∗s
) + ε2 4

3
(μ∗s

∂v∗s
∂r∗
), (21)
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2
(1 − v∗2
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⎝
∑

c=species
h∗tr,cD

∗
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⎠
s

+
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∗
s
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, (22)

h∗ve,∞ − h
∗
ve,s = ε

2ρ∗s
⎛

⎝
∑

c=species
h∗c,veD

∗
c
∂yc
∂r∗
⎞

⎠
s

+ ε2k∗ve,s
∂T∗ve,s

∂r∗
, (23)

where ∗ represents dimensionless quantity, ε2
= 1

Re∞
, and Re∞ is

the free stream Reynolds number. The above expressions take into
account the viscous effects and give more accurate post-shock flow
conditions than the Rankine–Hugoniot relation does.

III. VALIDATION
The present stagnation streamline model can be solved numer-

ically with very high spatial resolution within several minutes on

a current personal computer. The solution using this model is
expected to agree with the corresponding results obtained from a
full-field CFD solution along the stagnation streamline. Such com-
parisons are made extensively where the CFD data are obtained
either using an in-house CFD solver or from the literature.48 Other
comparisons are also made with the results from the dimension-
ally reduced Navier–Stokes equations (DRNSEs)34 and with the
measurement data49 of a shock tube experiment.

For full-field CFD solution using the in-house CFD code, the
nonequilibrium Euler or Navier–Stokes equations are discretized on
multi-block structured meshes using the finite volume method. The
inviscid fluxes are evaluated using Roe’s upwind scheme with second
order MUSCL (monotonic upstream scheme for scalar conserva-
tion law) reconstruction and minmod limiter, and the viscous fluxes
are calculated using the second order central difference scheme.
The Data-Parallel Line Relaxation (DPLR) method is employed for
time marching. For Navier–Stokes solutions, the viscosity of each
species is calculated using kinetic theory with collision integral,
whereas the thermal conductivity is calculated using the modified
Eucken relation. Fick’s law is assumed for mass diffusion, and the
Lewis number is fixed at 1.4. The reaction rate constants are calcu-
lated according to the Arrhenius-type correlations of Park.4 Over-
all, same thermochemical models and transport models are set for
both full CFD simulations and stagnation streamline modeling. For
each comparison, mesh independent results are obtained by refin-
ing structured meshes for CFD simulation, whereas over 1000 grid
points are used for the stagnation streamline model to obtain fine
results.

In the following test cases, the air mixture of O2 and N2 flows
over a sphere with a radius of 0.1 m at a Mach number of 10 (Ma
= 10). The free stream conditions are set according to the stan-
dard atmospheric condition at different altitudes, and five species
(O2, N2, NO, O, and N) are considered to account for the thermo-
chemical nonequilibrium processes. Figure 2 shows the comparison
between the stagnation streamline model and CFD simulation for
the inviscid flow at a height of 40 km (H = 40 km) and 53 km (H
= 53 km), respectively. For both cases, the translational–rotational
temperature T decreases after the shock due to the conversion from
translational to vibrational energy and the dissociation reaction. The
vibrational temperature Tv increases from the shock and approaches
to the translational–rotational temperature along the streamline.
The mass fraction of O (yO) also increases along the streamline
due to the dissociation of O2. It is found that the shock stand-off
distance predicted by Eq. (19) agrees well with the value from the
CFD results. Moreover, Fig. 2 clearly shows that the present model
predicts nearly identical flow properties as the full field CFD simu-
lations, which indicates the validity of the present model for inviscid
thermo-chemical nonequilibrium flows.

Figure 3 shows the comparison of viscous flow properties along
the stagnation streamline for above two typical cases. Herein, the
wall surface is non-catalytic and remains at 300 K. Different from
the inviscid cases, there is a thin boundary layer in the viscous case,
where the temperature drops quickly to the surface temperature and
the density rises accordingly. It is found that there is a maximum
of O mass fraction in viscous flow, which is due to the recombina-
tion reactions dominated in the boundary layer. As the influence of
the boundary layer has been taken into account, the empirical for-
mula Eq. (19) predicts the shock stand-off distance very well in the
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FIG. 2. Comparison of flow properties
along the stagnation streamline for invis-
cid flow results at Ma = 10 between
the present model and CFD simulation.
(a) H = 40 km and (b) H = 53 km.

FIG. 3. Comparison of flow properties
along the stagnation streamline for vis-
cous flow results at Ma = 10 between
the present model and CFD simulation.
(a) H = 40 km and (b) H = 53 km.

viscous flow. Again, Fig. 3 clearly shows that the present model
predicts nearly identical flow properties as the full field CFD sim-
ulations. The present model is found to be valid for viscous thermo-
chemical nonequilibrium flows.

In addition to comparisons with the results of the in-house
CFD solver, detailed comparisons between the present model and
the results of 3D full-field CFD in Ref. 48 are conducted. In Ref. 48,
the following cases of hypersonic flow over a sphere with a radius
of 1 m are investigated: (1) h∞ = 7.2 MJ/kg, u∞ = 3750 m/s,
p∞ = 8.188 Pa, T∞ = 220 K, yN2 ,∞ = 0.7381, yO2 ,∞ = 0.2619
and (2) h∞ = 25 MJ/kg, u∞ = 7070 m/s, p∞ = 10.11 Pa, T∞
= 220 K, yN2 ,∞ = 0.7381, yO2 ,∞ = 0.2619. In order to make
the comparisons, the same thermochemical models and transport
models in Ref. 48 are intentionally used for the calculation of

the stagnation streamline model. As shown in Fig. 4, where the
translational–rotational temperature T, vibrational temperature Tv,
and the mass fraction of oxygen atom yO are plotted along the stag-
nation streamline, the agreement between the present model results
and the full field CFD simulations in Ref. 48 is satisfactory. Small dis-
crepancies near the shock front are mainly caused by the shock cap-
ture method used in the full-field CFD simulation and insufficient
grid resolution for shock wave in Ref. 48.

The validations discussed above demonstrate that one can con-
fidently use the present stagnation streamline model to accurately
reproduce 3D full field CFD results along the stagnation streamline.
Moreover, the outperformance of the present stagnation stream-
line model is assessed by comparing with the results of Klomfass’s
dimensionally reduced Navier–Stokes equations (DRNSEs),34,35,43

FIG. 4. Comparison of flow properties
along the stagnation streamline for vis-
cous flow between the present model
and Gokcen’s results.48 (a) The case
of enthalpy 7.2 MJ/kg. (b) The case of
enthalpy 25 MJ/kg.
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FIG. 5. Comparison of the tempera-
ture profile along the stagnation stream-
line between the present model and the
results from Ref. 34: (a) Case 2.3 in
Ref. 34 and (b) case 2.4 in Ref. 34.

which is also a reduced-order model along the stagnation stream-
line. Figure 5 shows the results (of test cases 2.3 and 2.4 in Ref. 34)
for the temperature obtained by different methods including the
present model, Klomfass’s model, and CFD. It is observed that the
present stagnation streamline model gives results that are very close
to the CFD results in Ref. 34 for both cases, whereas the DRNSE34

fails to predict both the temperature profile and the shock stand-off
distance. The deviation of DRNSE results may be attributed to, as
mentioned in Ref. 34, the assumption of a newtonian-like pressure
distribution, which holds for high Mach numbers or small shock
stand-off distances only. The outperformance of the present model
than that of DRNSE suggests that the assumptions adopted in the
present model are more reasonable and accurate.

The above results demonstrate the capability of the present
model in simulating nonequilibrium flows using the two-temperature
model. Furthermore, the stagnation streamline model coupled with
the state-to-state approach is to be examined. The test case is
adopted from ground experiments on the dissociation and vibra-
tional relaxation of shock heated oxygen.49 Therein, vibrational tem-
perature and concentration profiles of O behind shock front were
measured via absorption spectroscopy studies in the Schumann
Runge band with the post-shock translational temperature ranging
from 4000 K to 10 800 K.49 In our simulation, the flow past a blunt
body is simulated using the stagnation streamline model and the wall
is placed at the far-enough downstream. This is usually named as
a blunt-body analogue of the 1D shock.50,51 In the simulation, the
radius of the blunt body with a temperature of 300 K is set to be

0.1 m, which is long enough to have a large shock stand-off distance.
A total of 47 vibrational levels proposed in Ref. 52 are considered
for molecular oxygen in the ground electronic state. As for chemical
kinetics, the O2–O2 dissociation and V–T reaction rates are calcu-
lated using the FHO model as done in Ref. 30, the O2–O dissociation
and V–T reaction rates are calculated using the fitted QCT data for-
mula,17 and finally, the V–V–T reaction rates are obtained using the
simplified analytical FHO model.28

The profiles of temperatures and species mole fractions of O2(0
→ 46) and O are shown in Fig. 6 for the case of highest total enthalpy
in the experiment,49 i.e., V∞ = 4440 m/s, P∞ = 106.658 Pa, and T∞
= 295 K. The evolution process of each vibrational state is depicted
in detail in Fig. 6. On the upper panel, the vibrational temperature
distributions of 1st, 10th, 20th, 30th, and 40th excited states are given
along the stagnation streamline. The vibrational temperature of the
particular excited state is defined as the number density ratio of this
excited state to the ground state, i.e.,

Tv,i =
evib(i) − evib(0)

kB ln([O2(i)]/[O2(0)])
. (24)

In Fig. 6(a), the average vibrational temperature is also plotted,
representing the average energy under equilibrium, and is defined as

∑i niei,vib
∑i ni

=
∑i ei,vib exp(−ei,vib/kTv)

∑i exp(−ei,vib/kTv)
. (25)

It is seen from Fig. 6 that both mole fraction of O and vibra-
tional temperature of the first excited state match well with the

FIG. 6. Profiles of temperatures and
species mole fractions of various vibra-
tional energy levels along the stag-
nation streamline. (a) Vibrational tem-
peratures of various excited vibra-
tional levels, and translational and
energy-presentative vibrational tempera-
tures are also shown. (b) Mole fraction of
O2(0→ 46) and O.
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experimental measurements. It further validates the present stag-
nation streamline model. Further detailed analysis of thermochem-
ical nonequilibrium in O2/O binary mixture will be presented in
Sec. IV.

IV. APPLICATIONS
Regarding hypersonic nonequilibrium flows, thermochemical

behaviors are always associated with compressibility, viscous effect,
and surface temperature. Individual simulations are required to
understand each specific flow case, and a large number of simu-
lations are desired to analyze the nature of thermochemical flows.
Therefore, the stagnation streamline model is preferred as it is effi-
cient and can be incorporated with advanced thermochemical mod-
els. In this section, two examples of hypersonic flows over a sphere
are presented to demonstrate the capability of the stagnation stream-
line model for thermochemical analysis. The gas mixture in the first
case is O2/O, and the profiles of temperature and mole fraction of O
have been discussed in Sec. III. The number density distribution of
vibrational energy levels is presented in this section, which is used
to check the validity of the two-temperature model.5 The gas mix-
ture in the second case is five-species air mixture (N2/N/O2/O/NO).
The flow condition is set at the altitude of 40 km with the Mach
number of 10. In this case, detailed thermal chemistry is solved for
hypersonic flow by resolving 157 vibrational states through 15 201
state-to-state transitions along the stagnation streamline.

A. Detailed analysis of thermochemical
nonequilibrium in O2/O mixture

Following the case of the O2/O binary mixture shown in Sec. III,
the behavior of vibrational levels is analyzed here. As shown in
Fig. 6, the level-specific vibrational temperatures increase rapidly
after the bow shock due to the energy transferred from the trans-
lational energy (V–T energy transfer), and the excited vibrational
levels make the number density of high levels increase. The mole
fraction of O is also increased as the molecules keep dissociating.
Furthermore, molecular dissociation is vibrationally favored; thus,
the number density with a higher vibrational level decreases more
rapidly. Therefore, a competition exists between the V–T energy
transfer and molecular dissociation on the level-specific vibrational
temperature, which results in a peak in the vibrational temperature

at a certain distance downstream the bow shock. It is also observed
from the temperature profile that molecules with lower vibrational
levels are easier to reach the equilibrium state with the translational
temperature although it takes longer time to reach their own peak.
On the other side of the shock layer that is close to the wall sur-
face, the low translational temperature leads to strong molecular
recombination, which increases significantly the number density of
molecules with high vibrational level. Thus, the level-specific vibra-
tional temperatures of high energy levels rise again near the wall.
The average vibrational temperature, however, decreases because the
molecules with low vibrational energy are overwhelming due to the
V–T energy transfer from vibrational energy to low translational
energy. This overall behavior of the vibrational nonequilibrium is
similar to the normal shock case in Ref. 53 at the post-shock end and
to the boundary layer case in Ref. 53 at the stagnation end.

In order to check the nonequilibrium deviation of the vibra-
tional energy distribution along the stagnation streamline, several
locations behind the shock front and close to the wall surface are
selected, and the number density distribution of the vibrational
levels is plotted in Fig. 7. Behind the shock front [see Fig. 7(a),
r = −6.3 mm], the number density of high vibrational levels is sig-
nificantly larger than the corresponding Boltzmann distribution in
the logarithmic chart, which displays a state of “over-population.”
That is, a large number of molecules from low vibrational levels
are transited to high vibrational levels via the V–T energy trans-
fer. Meanwhile, molecular dissociation reduces the number density
of molecules with very high vibrational energy. As the dissocia-
tion has not last long up to r = −6.3 mm, it is still dominated by
the V–T energy transfer. When the contribution from the vibra-
tional temperature increase is overtaken by the dissociation rate,
the number density of high vibrational levels drops below the corre-
sponding Boltzmann distribution, which displays a state of “under-
population” [as shown in the red and blue lines in Fig. 7(a), i.e.,
r = −6.0 mm and r = −5.0 mm, respectively].

Close to the wall surface [see Fig. 7(b)], the recombination reac-
tion occurs significantly because of the cold surface. At r = −3.0 mm,
the vibrational level distribution is close to the Boltzmann distribu-
tion except that the number density of high level is a little higher.
At r = −2.0 mm, the high level number density is much larger than
the corresponding Boltzmann distribution, which indicates that the
recombination reaction is dominated because molecules born from
the recombination reaction is typically at very high vibrational level.

FIG. 7. Number density distributions of
vibrational energy levels along the stag-
nation streamline. (a) Behind the shock
front. (b) Close to the wall surface.
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The molecules having high vibrational energy will later be de-excited
to lower vibrational level via molecular collisions. The de-excitation
rate, however, is lower than the recombination rate; thus, the num-
ber density of molecules having very high vibrational level keeps
increasing as the flow approaches the stagnation point. Moreover,
there exists a plateau in the near wall vibrational distribution func-
tions as a result of competition between de-excitation and recombi-
nation, which agrees with the results from the theoretical analysis in
Ref. 33.

Based on the vibrational level resolved results of the state-to-
state approach, the nonequilibrium dissociation rates and vibra-
tional energy losses in dissociation are plotted along the stagnation
streamline in Fig. 8. In Fig. 8(a), the macroscopic dissociation rate
of O2–O2 and O2–O is obtained as the sum of dissociation rate of
each vibrational state for the state-to-state results [Eq. (B9)], and
they are calculated using Eq. (A4) with q = 0.5 for the Park model.5

As Fig. 8(a) shows, the results of Eq. (A4) are different from those
of Eq. (B9) not only in order of magnitude but also in the trend
along the stagnation streamline. The non-monotonic behavior of the
results of Eq. (B9) within the boundary layer comes from the fact
that the very high energy states born from recombination reactions
make great contributions to the nonequilibrium dissociation rate.
The control temperature (Ta = Tq

trT
1−q
ve )5 for dissociation defined

in the Park model accounts for the vibration–dissociation coupling5

only in two temperatures instead of nonequilibrium details, which
fails to predict the dissociation rate phenomelogically. The vibra-
tional energy losses in dissociation are presented in Fig. 8(b). For the
Park model, it is too low to estimate the source term when assum-
ing eeff as the average vibrational energy evib because the dissocia-
tion reaction tends to occur at high vibrational states. It seems that
the Park results agree well with the state-to-state results [Eq. (B10)]
when the modeled vibrational energy in dissociation is assumed as
0.3 times of the molecular dissociation energy, which may explain
the success of the Park model in some cases.

B. State-to-state analysis of five-component
air-mixture flow

The previous case is about the flow of an O2/O mixture. For the
realistic re-entry problem, the gas is air that is usually modeled as
a five-component N2/O2/N/O/NO mixture. A state-to-state calcula-
tion of five-component air mixture for full field simulation would
require large computational efforts that are not favorable for CFD
solvers at the current stage. It is advantageous to employ the present
stagnation streamline model to perform the state-specific simulation
of air mixture and study related thermochemical nonequilibrium
processes. In the present calculation, vibrational levels of diatomic
molecules are taken from Ref. 54, i.e., O2(0 → 45), N2(0 → 60),
and NO(0 → 47). The numbers in the parentheses are the vibra-
tional states to be considered. Electronically excited states and free
electrons are neglected because the focus of this paper is on the
nonequilibrium of vibrational levels. The test case is similar to the
previous case except the gas mixture, and the free stream condition
is Ma = 10 and H = 40 km.

For state-to-state simulation, three different categories of
chemical processes [Eq. (4)] are included in the state-specific source
term: the vibration–translation (V–T) energy transfer, dissociation–
recombination (D–R), and Zeldovich exchange reaction (EX). The
state-specific rates for above processes are mainly taken from the
STELLAR database.55 Specifically, the results from QCT calculations
are employed for V–T and D–R rates of N2(v) + N56 and O2(v) + O;57

the results from FHO model54,58 are employed for V–T and D–R
rates of N2(v) + N2, N2(v) + O2, O2(v) + O2, O2(v) + N2, and NO(v)
+ N2; the results from QCT calculations59,60 are employed for rates
of two Zeldovich exchange reactions: N2(v) + O⇄ NO(w) + N and
O2(v) + N⇄ NO(w) + O. For the remaining processes whose state-
specific rates are not available, the classical model of Landau–Teller
relaxation is employed for the V–T data, and the Marrone–Treanor
model6 is employed for the D–R data. The approach adopted herein
was detailed in Ref. 61.

FIG. 8. Nonequilibrium dissociation rates and the vibrational energy losses due to dissociation along the stagnation streamline. (a) Dissociation rates. (b) Vibrational energy
losses in dissociation.
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The simulation gives the detailed distributions of macroscopic
properties and vibrational levels along the stagnation streamline.
Figure 9 shows the profiles of species mole fractions including all
vibrational states of O2, N2, and NO. It is found that the mole frac-
tions of high vibrational levels of O2 and N2 get rapidly increased
behind the shock wave via the V–T energy transfer, whereas those
of NO increase slowly because NO is formed via the Zeldovich
exchange reactions after N and O are accumulated. Particularly,
the profiles of O, N, and NO are in a similar trend except that the
mole fraction of O is much larger than that of N; this is because
O2 requires lower activation energy for dissociation. Close to the
wall surface, the translational temperature is low due to the cold
wall (wall temperature is 300 K), and then, the vibrational temper-
ature decreases toward to the surface by transferring the vibrational
energy to the translational energy. As a result, low-temperature
recombination reactions are enhanced near the surface and the
formed molecules have very high vibrational energy, which increases
the mole fractions of very high level vibrational states.

The state-specific calculation also provides information on the
vibrational distributions of molecules along the stagnation stream-
line. Figures 10 and 11 show the normalized vibrational distribu-
tions at typical locations along the stagnation streamline. Behind the
shock wave [Fig. 10(a)], the vibrational distributions show nonequi-
librium both in species and vibrational levels. For O2 and N2, the
vibrational distribution functions feature a large over-population in
the high vibrational levels due to multiquanta V–T energy transfer.
For NO species, the distribution is even complex, which is over-
population in the middle levels and under-population in high levels.
Along the streamline, vibrationally favored dissociation proceeds
gradually depend on the value of dissociation energy of specific

species. It is found that the high-level O2 molecules get significantly
dissociated at 1.5 mm behind shock front [Fig. 10(b)] and that of N2
occurs at 7.0 mm [Fig. 10(c)], which results in under-population of
high level in the vibrational level distributions of both O2 and N2.
Furthermore, the vibrational temperatures of three species get close
and nonequilibrium becomes weak as molecules collide along the
streamline.

It is also interesting to analyze the behavior of vibrational
ladders inside the thermal boundary layer. Figure 11 presents the
populations of O2, N2, and NO vibrational levels for three dis-
tances away from the wall surface. At 0.4 mm away from the wall,
the vibrational distributions [Fig. 11(a)] are similar to those of
Fig. 10(c), which means that weak nonequilibrium exists between
these locations. At 0.2 mm away from the wall, the O–O recombi-
nation leads to the over-population of high vibrational levels of O2
[Fig. 11(b)]. Then, very close to the wall, recombination reactions
perturb the vibrational level populations of all molecules appre-
ciably, and large over-population zones are observed in the high
level tails. It is also observed that there is a plateau in the distribu-
tion functions at the wall surface, which is related to the Treanor
distribution.9

It should be mentioned that this case has also been simulated
using the two-temperature model when the results from the stagna-
tion streamline model is compared with full CFD data in Sec. III. In
order to check the difference between the STS and 2T results, the
flow temperatures and mass fraction of O are compared in Fig. 12. It
shows that the 2T model predicts larger shock standoff distance. The
translational temperature predicted by the 2T model is also larger at
the shock end and inside the boundary layer. The vibrational tem-
perature in the 2T results is very close to the vibrational temperature

FIG. 9. Species mole fractions along the stagnation streamline. (a) The red line is the total mole fraction of O2, and the black line is the mole fraction of O. (b) The red line is
the total mole fraction of N2, and the black line is the mole fraction of N. (c) The black line is the total mole fraction of NO.
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FIG. 10. Vibrational distribution function of molecules at different locations along the stagnation streamline. The symbols are nonequilibrium distribution functions, and the
solid lines are Boltzmann distributions under equivalent vibrational temperature. (a) 0.2 mm behind shock front, (b) 1.5 mm behind shock front, and (c) 7.0 mm behind shock
front.

of the first excited state [defined in Eq. (24)] of N2 outside of the
boundary layer, which is far different from the vibrational temper-
atures of the first excited state of O2 and NO in the STS results. In
addition, the STS model predicts a much larger dissociation of O2

behind the shock, whereas the 2T results show higher recombina-
tion of O2 inside the boundary layer. Because of the flow difference
between the two models, the heat flux at the wall shows obvious dis-
crepancy with 45.3 W/cm2 from the STS model and 53.9 W/cm2

FIG. 11. Vibrational distribution function of molecules at different locations along the stagnation streamline. The symbols are nonequilibrium distribution functions, and
the solid lines are Boltzmann distributions under equivalent vibrational temperature. (a) 0.4 mm away from the wall surface, (b) 0.2 mm away from the wall surface, and
(c) 0.0 mm away from the wall surface.
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FIG. 12. Comparison of macroscopic
flow parameters obtained by the 2T and
STS models (a) along the stagnation
streamline and (b) inside the boundary
layer.

from the 2T model. Given that the compared case is not under a
strong nonequilibrium situation (with Ma = 10 and H = 40 km), the
heat flux might not be correctly predicted using the 2T model for
nonequilibrium hypersonic flows.

V. CONCLUSIONS
In this work, a quasi-one-dimensional stagnation streamline

model was proposed to study the thermochemical nonequilibrium
flow along the stagnation streamline over a blunt body. The quan-
tum based state-to-state approach and classical multi-temperature
models were incorporated into the stagnation streamline model.
Detailed comparisons with full field CFD simulations demonstrated
that the present model was able to reproduce the thermochemical
nonequilibrium flow along the stagnation streamline with very good
accuracy. The simulation of N2/N/O2/O/NO air mixture with the
state-to-state vibrational kinetics was given as an example in this
paper. It turns out that the present model is very efficient and can
be employed to simulate the state-specific flow characteristics along
the stagnation streamline at various flight conditions.

The state-to-state simulation of flow over a blunt body shows
that the vibrational energy is in non-Boltzmann distributions both
in the vibrational levels and in species. Particularly, the high lev-
els display “over-population” behind the bow shock, and the very
high levels display “under-population” at a certain distance away
from the shock and “over-population” near the body surface. There-
fore, the dissociation rates and vibrational energy losses in dissoci-
ation depend on nonequilibrium vibrational distribution, which is
very difficult for multi-temperature models to predict. Thus, multi-
temperature models fail to predict thermochemical processes in
hypersonic flows in principle.

The present stagnation streamline model is both efficient and
accurate, which is very useful to understand the thermochemical
behavior of hypersonic flows. It can generate a large amount of
results by simulating flows at various conditions. It can also be
employed to adjust the empirical parameters used in available multi-
temperature models for full field simulations. It is also possible
to develop new multi-temperature models by introducing proper
nonequilibrium parameters.
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APPENDIX A: TWO-TEMPERATURE MODELS
The vibrational–translational energy exchange term is usually

described by the Landau–Teller equation,23

Ωv–t =∑
c
ρc
ec,vib(Ttr) − ec,vib(Tve)

τc
, (A1)

where ec ,vib(Ttr) and ec,vib(Tve) represent the local equilibrium value
and the physical value of the vibrational energy of species c, respec-
tively. τc is the vibrational–translational relaxation time of species
c and expressed by the formula of Millikan and White24 with high
temperature correction.4 In addition, dissociation and recombina-
tion reactions lead to the loss and gain of the vibrational energy
in the term Ωv–d, which reflects the effect of vibration–dissociation
coupling. Actually, the key for dealing with the term Ωv−d is how
to define the vibrational energy loss due to dissociation (i.e., the
effective vibrational energy evib ,eff ). Another important point of the
vibration–dissociation coupling effect is the nonequilibrium dissoci-
ation rate, which is quite different from the equilibrium dissociation
rate. Therefore, the nonequilibrium factor was usually introduced to
correct the vibration–dissociation coupling effect,53

Z(Ttr ,Tve) =
kf
kf ,eq

, (A2)

kf ,eq = CT
n exp(−

θd
T
), (A3)

where k denotes the reaction rate, subscript f denotes the forward
reaction (namely, dissociation reaction), subscript eq denotes the
state of equilibrium, and C, n, θd are the reaction parameters in the
Arrhenius law.

As a widely used two-temperature model, the Park model was
proposed in Ref. 5. Park proposed that the dissociation reaction is
controlled by the dissociation control temperature Ta = Tq

trT
1−q
ve ,5

where q is generally taken as 0.5 or 0.7. The nonequilibrium factor is

Z(Ttr ,Tve) = (TaT−1
tr )

n
exp(

−θd
Ta

+
θd
Ttr
). (A4)

Moreover, Park assumed that the vibrational energy loss due to
dissociation is equal to the average vibrational energy of a molecule
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or a constant time dissociation energy of a molecule.5 Namely,
evib,eff = evib and evib ,eff = αEd. Herein, evib is the average vibrational
energy, Ed is the dissociation energy, and α is a constant usually set to
0.3. Park’s model is found to give reasonable results except for con-
ditions of strong nonequilibrium (Ttr ≫ Tve or Tve ≫ Ttr), where
large errors in the dissociation rates are present.

APPENDIX B: GOVERNING EQUATIONS FOR
STATE-SPECIFIC QUASI-ONE-DIMENSIONAL
SIMULATION

The quasi-one-dimensional stagnation streamline model cou-
pled with the vibrational state-to-state approach is developed and
described in detail in this appendix. The main difference between the
state-to-state approach and two-temperature model (as presented in
Sec. II B) using the present stagnation streamline model is the species
continuity equations. Since each vibrational state is considered as an
individual state, the expression of the species continuity equation
then becomes

ρv
∂yci
∂r
−

∂

∂r
(ρDci

∂yci
∂r
) −

2ρDci

r
∂yci
∂r
= ω̇ci,

c = 1, . . . ,ns, i = 1, . . . , levels.
(B1)

yci = ρci/ρ is the mass fraction of species c (c = 1, . . ., ns, ns is the num-
ber of all species c) at the ith vibrational level, and Dci is the diffusion
coefficient of species c at the ith vibrational level (its expression
is derived using the modified Chapman–Enskog approximation in
Ref. 9). Apart form the species continuity equations, the momentum
equations and the conservation equation of total energy are similar
between the state-to-state approach and the two-temperature model,
as in Eqs. (14)–(16) of Sec. II B. Moreover, the conservation equa-
tions of internal energy [i.e., Eq. (17)] are no longer needed in the
frame of the state-to-state approach.

As an example, the theoretical details of state-specific quasi-
one-dimensional simulation of binary mixture O2/O are provided
as follows: Herein, each vibration energy level of O2 is treated as
an independent species, and the detailed vibrational distribution is
predicted using the master equation. From kinetic theory, we know
that each vibrational level of O2 has the opportunity to participate
in vibrational transition and dissociation–recombination reactions,
which includes vibration–translation (V–T) energy transfer,

O2(i) + O⇔ O2( f ) + O, (B2)

vibration–vibration–translation (V–V–T) energy transfer,

O2(i1) + O2(i2)⇔ O2( f1) + O2( f2), (B3)

and dissociation–recombination reactions,

O2(i) + M⇔ O + O + M. (B4)

Taking into account the above thermochemical processes
[Eqs. (B2)–(B4)], one can obtain the production rate of number
density for each vibrational level of oxygen as

∂[O2(i)]
∂t

=∑
f≠i
{kV–T( f → i)[O2( f )] − kV–T(i→ f )[O2(i)]}

+∑
i2
∑
f1
∑
f2

{
kV–V–T( f1, f2 → i, i2)[O2( f1)][O2( f2)]
−kV–V–T(i, i2 → f1, f2)[O2(i)][O2(i2)]

+ kO2
rcc(i)[O2][O]2 − kO2

dis(i)[O2(i)][O2]

+ kO
rec(i)[O]

3
− kO

dis(i)[O2(i)][O], (B5)

where kV–V–T and kV–T are the state-specific reaction rates of
V–V–T and V–T, respectively, and the forward and backward reac-
tion rates satisfy the microscopic detailed balance principle. kO2

dis(i)
and kO2

rec(i) are the state-specific dissociation and recombination
rates of the vibrational energy level i, respectively, [:] represents the
number density of a component (the oxygen energy level has been
regarded as an independent component), and mO2 is the mass of
oxygen molecules. Then, on the basis of the quasi-one-dimensional
model, the continuity equation of each vibrational level of O2 is

ρv
∂cO2(i)
∂r

− (
∂

∂r
+

2
r
)(ρDO2

ρO2(i)
ρO2

∂cO2

∂r
)

−(
∂

∂r
+

2
r
)[ρO2 D̃

∂

∂r
(
ρO2(i)
ρO2

)] = ω̇O2(i). (B6)

In the above expression, it should be noted that in addi-
tion to the diffusion between oxygen molecules and oxygen atoms,
the diffusion between different vibrational energy levels of oxygen
molecules is also included. The diffusion process between O2 and
O is described by the effective binary diffusion, and the effective
binary diffusion coefficient is calculated by Gupta’s mixing law.62

The effective diffusion coefficient between different vibration levels
of O2 is63

D̃ = (
xO2

ϑO2O2

+
xO

ϑO2O
)

−1

, (B7)

where x is the molar fraction of the species and ϑ is the collision
integral.

In addition to Eq. (B6), the continuity equation of the oxygen
atom is

ρv
∂co
∂r
−

∂

∂r
(ρODo

∂co
∂r
) −

2
r
ρoDo

∂co
∂r
= ω̇o. (B8)

The remaining equations in the quasi-one-dimensional model
for the conservation equation of momentum and total energy are
the same as discussed in Sec. II B. Again, it should be noted that the
conservation equation of vibrational energy is not needed because
the number density of each vibrational state has been solved via the
continuity equation based on the state-to-state approach.

Furthermore, from the state-to-state approach, the apparent
rate constant of O2 dissociation in nonequilibrium state can be
defined as

kdis =∑
i
kdis,i
[O2(i)]
[O2]

, (B9)

where kdis,i is the dissociation rate constant of O2 at the vibrational
level i. The added or removed vibrational energy is obtained as

Phys. Fluids 32, 046102 (2020); doi: 10.1063/5.0003247 32, 046102-13

Published under license by AIP Publishing

https://scitation.org/journal/phf


Physics of Fluids ARTICLE scitation.org/journal/phf

Ωv,v–d =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

d[O2]
dt evib,eff , multi-temperature model

∑i
d[O2(i)]

dt ei, state-to-state approach.
(B10)

The results of detailed state-specific quasi-one-dimensional
simulation for O2/O mixtures are given in Sec. IV A.
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