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ABSTRACT
We extend the vortex-surface field (VSF), a Lagrangian-based structure identification method, to investigate vortex dynamics in flows past a
plate simulated by the immersed boundary method. As an example, the VSF evolution characterizes the three-dimensional features of vortex
surfaces in the flow past a finite plate at the Reynolds number of 300, aspect ratio of 2, and angle of attack of 30○. The VSF isosurface displays
that near-plate vortex surfaces first roll up from plate edges and then evolve into hairpinlike structures near the leading edge and semiring
structures near plate tips and in the wake. We quantitatively distinguish two types of vortical structures by the vanishing streamwise vorticity
on VSF isosurfaces and refer them to as the leading edge vortex (LEV) and the tip vortex (TIV). Based on circulations through cross sections of
vortex surfaces, we demonstrate that the lift generated from the LEV is suppressed by the finite growth of TIVs. In the wake region, we quantify
the geometry of helical vortex lines in TIVs and the contribution of the helical vorticity component to the streamwise vortical impulse.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5134551., s

I. INTRODUCTION

The flow past low-aspect-ratio wings with low and moderate
Reynolds numbers is common in the application of micro air vehi-
cles and unmanned aerial vehicles and in the natural animal loco-
motion such as birds and insects.1 The high lift and efficiency in
unsteady flight relies on the generation of coherent vortical struc-
tures2–4 with strong three-dimensional features,5–9 e.g., the leading
edge vortex (LEV), tip vortex (TIV), and trailing edge vortex (TEV).
The flow past a finite plate is a useful model for understanding the
relationship between the vortical structures and forces and further
improving flow control techniques.10–15

The interaction of the LEV and TIV plays an important role
in unsteady flight of finite wings. Ellington et al.2 observed that the
spanwise spiral flow toward wing tips can stabilize the LEV in the
flow around wings of the hawkmoth using smoke visualization. The
flow visualizations based on the particle image velocimetry (PIV) for
flows past a rectangular plate16–18 indicated that the formation of the
compressed LEV and bulgelike structures is caused by the inward

spanwise flow of TIVs. Taira and Colonius19 carried out a system-
atic numerical study to analyze the effect of the angle of attack α
and aspect ratio RA on the vortex topology for impulsively trans-
lated flat plates at low Reynolds numbers. They observed that the
induced velocity from the TIV can keep the LEV attached to the
plate with RA = 1, but the weaker performance of TIVs along the
span cannot stabilize LEV for larger RA. From analysis of vorticity
dynamics, Lee et al.20 found that the LEV, TIV, and TEV form a
ringlike structure for an impulsively started finite plate with RA = 1
∼ 3 at low Reynolds numbers. For the three-dimensional wake topol-
ogy, double-loop vortices are generated for pitching-rolling plates21

or flapping plates22 and eventually form a bifurcating wake pattern.
From the numerical simulation of the flow past a pitching low-
aspect-ratio rectangular wing, Visbal23 found that the LEV evolves
into an arch-type vortex and postulated that the upstream prop-
agation of the arch vortex attributes to the self-induced velocity.
Eldredge and Jones24 summarized that the underlying physics of the
LEV formation and growth for a set of canonical wing motions is
affected by the TIV.
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In flow wakes, the TIV forms helical structures and propagates
downstream. The helical TIV can be generally quantified by swirl
and axial velocities, and the geometry of helical vortex lines on a
vortex tube can be characterized by the helix pitch and radius.25,26 In
addition, the TIV can be simplified by axisymmetric vortex mod-
els, e.g., the Lamb–Oseen vortex27 and the Batchelor vortex,28 to
examine the self-similarity of velocity profiles. Devenport et al.29

observed the self-similar wake spiral based on the velocity field in
the evolution of TIVs for a rectangular wing. Spalart30 summarized
the formation, motion, and persistence of airplane trailing vortices
and pointed out that the helical shape of vortex lines induces jetlike
axial flows at the wake. Okulov et al.31 studied the evolution of helical
TIVs generated by a rotor and elucidated the helical self-similarity
of the vortex cores and helical vortex development using the axial
vorticity and swirl velocity.

The development of the LEV and TIV is related to lift and
drag for finite wings. Wu et al. summarized fundamental theo-
ries of aerodynamic forces in viscous flows from the structure
level, such as the vortex-force theory and the impulse theory
based on velocity and vorticity fields.32 The Kutta–Joukowski the-
orem can estimate the circulatory lift force using the circulation
of the LEV on the spanwise cross section. Wang et al.33 devel-
oped a wake-sectional Kutta–Joukowski model to predict the lift
from wake velocity data. For a given vorticity field, the vorticity-
moment theory can be used to obtain the force acting on a body
using the vortical impulse in the entire flow field.34 Recently, the
minimum-domain impulse theory was developed to minimize the
integral domain for the vortical impulse,35 but the objective choice
of the integral domain for the LEV and TIV is still an open
issue. Moreover, the scaling relation between the propulsive per-
formance and Strouhal numbers is established to elucidate the flow
physics behind the thrust generation from the topology of shedding
vortices.36,37

In the previous studies, the LEV and TIV are usually not accu-
rately defined and their boundary is ambiguous, partially owing to
the issue of the vortex identification.38,39 Therefore, the quantitative
study on the evolution of the LEV and TIV and the characteri-
zation of their interaction is still lacking. Moreover, although the
helical vortex lines of the TIV have been observed, their implica-
tion on lift and drag forces has not been clearly quantified. Thus, we
need an effective tool to characterize the helical part of the TIV in
the wake and further elucidate its contribution to the aerodynamic
forces.

The Eulerian vortex identification methods based on the local
velocity gradient, such as Q-, Δ-, and λ2-criteria,40–42 are able to
identify instantaneous vortex cores, but, in principle, they cannot
ensure the time coherence identified structures. Furthermore, the
ambiguous boundary of the LEV and TIV results in the difficulty
for clarifying their interaction and contributions to lift and drag
forces.

In order to characterize the continuous evolution of vortical
structures, Yang and Pullin43,44 developed the vortex-surface field
(VSF), whose isosurface is a vortex surface consisting of vortex lines.
This method establishes a framework for the quantitative analysis
of Lagrangian-based vortex dynamics. As a flow diagnostic tool, the
VSF can be employed to the database of the numerical simulation
and has been applied to wall-bounded flows for elucidating transi-
tion mechanisms from the deformation and reconnection of vortex

surfaces.45–47 Other Lagrangian-based methods, e.g., the Lagrangian
finite-time Lyapunov exponent, were employed to illuminate the
formation and shedding of coherent structures in the flow past a
flat plate,48,49 though they are not directly related to the vortic-
ity and vortex forces. The Lagrangian-based methods appear to be
more natural to study evolving flow structures than the Eulerian
identification methods.

In this study, we extend the VSF method to the flow past a
finite plate. First, we develop the numerical method for construct-
ing VSFs in flows with an immersed boundary.50,51 Then, we char-
acterize three-dimensional features of vortex surfaces in the flow
evolution: (1) distinguish the LEV and TIV by introducing a math-
ematical definition of their boundary, (2) quantify the competi-
tion between the LEV and TIV and the streamwise development of
the LEV, and (3) quantify the helical degree of TIV tubes in the
wakes and elucidate the effect of helical vortex lines on drag and
lift.

The outline of this paper is as follows: In Sec. II, we extend the
two-time method44 to calculate VSFs in complex flows computed by
the immersed boundary method. In Sec. III, we describe the evolu-
tion of VSFs based on the morphology of vortex surfaces and lines.
Then, we quantify the competition between the LEV and TIV in
Sec. IV and the contribution of helical vortex lines in TIVs to vortical
impulses in Sec. V. Some conclusions are drawn in Sec. VI.

II. SIMULATION OVERVIEW
A. Immersed boundary method

The constant-density, incompressible flow past a finite plate is
governed by Navier-Stokes equations

∂u
∂t

+ u ⋅ ∇u = −∇p +
1
Re
∇

2u + f , (1)

∇ ⋅ u = 0, (2)

where u, p, and f denote the nondimensional velocity, pressure, and
Eulerian force, respectively, and Re = U∞c/ν denotes the Reynolds
number with the reference velocity U∞ of incoming flow, the
reference chord length c, and the kinematic viscosity ν.

The immersed boundary method with the discrete stream func-
tion51 is used to solve Eqs. (1) and (2). The immersed boundary is
represented by Lagrangian markers. The regularized delta function
δh50 is employed to interpolate and spread f between Eulerian points
and Lagrangian points, whose coordinates are denoted by x and X,
respectively. The Lagrangian points are uniformly distributed on
the immersed boundary, and the distance between two neighbor-
ing Lagrangian points is close to the spacing of the nearby Eulerian
mesh.

The Eulerian force in Eq. (1) is calculated as

f (x) = ∫
S
F(X)δh(x − X)dX, (3)

where F denotes the Lagrangian force at X and S is the domain of
the immersed boundary. The Lagrangian force F is exerted on the
immersed boundary to satisfy the no-slip condition, and the velocity
on the immersed boundary satisfies
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∫
Ω
u(x)δh(x − X)dx = Ub(X), (4)

where Ω denotes the entire fluid domain and Ub denotes a speci-
fied velocity at Lagrangian points. In this way, the information of the
force and velocity on Eulerian and Lagrangian points is exchanged
through Eqs. (3) and (4).

In the present simulation of the three-dimensional flow past a
stationary finite flat plate, we set parameters RA = 2, α = 30○, and
Re = 300. The uniform inflow velocity is specified at the inlet, and
the fixed pressure condition is prescribed at the outlet. The slip-wall
condition is used at the other four boundaries of Ω. The flow is uni-
form with u= (U∞, 0, 0) in Ω at t = 0 before the plate instantaneously
appears at t = 0+. Our in-house numerical code for simulating the
flow with an immersed boundary has been validated, including the
accuracy of the near-wall vorticity52 and the flow past an impulsively
started plate.53

As sketched in Fig. 1, two reference systems with the origin O
at the plate center are adopted in following analysis. In the natural
reference system O-xyz, the x-axis is aligned with the incoming flow,
the y-axis and the z-axis are aligned with the wing-span and ver-
tical directions, respectively. In the plate-oriented reference system
O-x1x2x3, x1, x2, and x3 are tangent, spanwise, and normal directions
to the plate, respectively. All the spatial coordinates in the two ref-
erence systems are nondimensionalized by the chord length c in the
following study.

As sketched in Fig. 2, the simulation is performed in a rectangu-
lar domain of Ω ∈ [−4, 6.4] × [−5, 5] × [−5, 5]. A locally refined mesh
with the minimum spacing Δx = 0.02 and the maximum spacing Δx
= 0.08 is applied around the plate to achieve the high spatial resolu-
tion near the immersed boundary. The total number of grid points
is 6.51 × 106. Our convergence test (not shown) for the immersed
boundary method indicates that both drag and lift coefficients are
converged on the present mesh, and Ω is large enough to avoid the
boundary effect.51

B. VSF method
The VSF ϕv is defined to satisfy the constraint

ω ⋅ ∇ϕv = 0 (5)

so that every isosurface of ϕv is a vortex surface consisting of vortex
lines.43 The calculation of VSFs is implemented as a postprocessing

FIG. 1. The schematic diagram of a flow past a finite plate with two coordinate
systems O-xyz and O-x1x2x3.

FIG. 2. The sketch of flow-field and VSF domains on the x–z plane at y = 0. The
red line represents the plate.

step based on a time series of velocity–vorticity fields obtained by
solving Eqs. (1) and (2).

The two-time method44 is used for calculating a Lagrangian-
like temporal evolution of VSFs. For each physical time step, this
method involves prediction and correction substeps. In the predic-
tion substep, the temporary VSF solution ϕ∗v is advanced in the
physical time as

∂ϕ∗v(x, t)
∂t

+ u(x, t) ⋅ ∇ϕ∗v(x, t) = 0, t ≥ 0, (6)

where u is the Eulerian velocity, and ϕ∗v can slightly deviate from
an accurate VSF. In the correction substep, the temporary VSF
solution ϕ∗v is transported along the frozen vorticity in pseudotime
as

∂ϕv(x, t; τ)
∂τ

+ ω(x, t) ⋅ ∇ϕv(x, t; τ) = 0, 0 ≤ τ ≤ Tτ , (7)

with the initial condition

ϕv(x, t; τ = 0) = ϕ∗v(x, t). (8)

Finally, ϕv is updated by ϕv(x, t; τ = Tτ) with pseudotime evolution,
where Tτ is the maximum value of pseudotime to ensure the con-
vergence of ϕv in Eq. (7), and it is typically less than 100 times of the
time step Δt for Eq. (6).

As sketched in Fig. 2, the VSF calculation is carried out within a
subdomain Ωϕ around the immersed body and the near-wake region
with strong vorticity. A high-resolution, uniform mesh is used for
VSF calculation, ensuring the smoothness of VSF solutions. In Ωϕ,
velocity and vorticity fields are interpolated from the unstructured
mesh in Ω by the quadratic Shepard method54 based on scattered
data interpolation. For balancing the VSF deviation and computa-
tional cost, we choose Ωϕ ∈ [−1, 6] × [−1.5, 1.5] × [−2, 1] and Δx
= 0.02. The mesh spacing in Ωϕ is equal to the minimum one for the
unstructured mesh in Ω.
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FIG. 3. Isosurface of ϕv0 = 0.5 color-
coded by the vorticity magnitude at t0
= 0.02. (a) Perspective view and (b) side
view.

C. Extension of VSF construction to the immersed
boundary method

We extend the VSF, which was only applied to flows with sim-
ple boundary conditions,46,55 to the immersed boundary condition,
which can have complex geometries. Since the normal vorticity on
the plate is vanishing owing to the no-slip condition, the plate is a
vortex surface with all the vortex lines attached on its surface. Thus,
we enforce constant ϕv = ϕBv on the plate, i.e., the Dirichlet boundary
condition for VSF.

Similar to the treatment of the temperature at the immersed
boundary in heat transfer problems,56,57 we add a source term to
Eq. (6) to satisfy ϕv = ϕBv at the immersed boundary as

∂ϕ∗v(x, t)
∂t

+ u(x, t) ⋅ ∇ϕ∗v(x, t) = q(x), (9)

where q(x) is the external VSF source term on Eulerian grid points.
Since the vorticity is generated from the plate surface and then con-
vected to wake flows, the immersed boundary can be considered as a
source of the VSF. The numerical implementation of solving Eq. (9)
and determining the value of q(x) is described in Appendix A in
detail. Similar to Eq. (9), we add a source term qτ(x) to Eq. (7) as

∂ϕv(x, t; τ)
∂τ

+ ω(x, t) ⋅ ∇ϕv(x, t; τ) = qτ(x). (10)

The interpolation and spreading operation between the
immersed boundary and the nearby Eulerian flow field are based on
the regularized delta function as

Q(X) = ∫
Ωϕ

q(x)δh(x − X)dx, (11)

q(x) = ∫
S
Q(X)δh(x − X)dX, (12)

where Q(X) is the VSF source defined on the Lagrangian points X at
the immersed boundary.

For solving Eqs. (9) and (10), the marching of t and τ is approx-
imated by the third-order total-variation-diminishing Runge–Kutta
method, and the time and pseudotime steps satisfy the CFL con-
ditions based on u and ω, respectively. The convection term is
approximated by the fifth-order weighted essentially nonoscillatory
scheme, where the numerical diffusion serves as a numerical dissipa-
tive regularization for smoothing nearly singular structures in VSF
solutions.

An initial VSF ϕv0 needs to be specified for solving Eq. (9), and
in general, exact ϕv0 satisfying Eq. (5) does not exist for an arbitrary
given vorticity field.43 The present flow has ω = 0 at t = 0, and then,
ω is immediately generated on the plate at t > 0. Since the vorticity
dominates in the spanwise direction and diffuses along the wall-
normal direction, it satisfies ω ⋅ ∇|ω| ≈ 0. From the VSF definition
[Eq. (5)], |ω| is close to an exact VSF at very early times, so we use
|ω| at t0 = 0.02 for constructing ϕv0. The pseudoevolution equation
(10) is applied with the pseudoinitial condition

ϕv0(x, t0; τ = 0) =

¿
Á
ÁÀ ∣ω(x)∣
∣ω(x)∣max

, (13)

where |ω(x)|max is the maximum vorticity magnitude in Ωϕ. Then,
the VSF at t0 is obtained as

ϕv0 = ϕv0(x, t0; τ = Tτ), (14)

and its isosurfaces are displayed in Fig. 3. We observe that all the
ringlike vortex lines are almost along the spanwise direction, and the
vortex surfaces with large |ω| warp up the plate.

The deviation of the numerical VSF solution from the exact
VSF is defined by the cosine of angle between the VSF gradient and
vorticity43 as

λω ≡
ω ⋅ ∇ϕv
∣ω∣∣∇ϕv ∣

. (15)

From the constructed initial VSF ϕv0, the VSF is evolved by the
two-time method with a source term. Our convergence test for
VSF solutions (not shown) demonstrated that ⟨∣λω∣⟩ is converged
at large pseudotimes, and the converged value decreases with the
VSF mesh resolution, consistent with the theoretical analysis.44 For
the present VSF mesh with Δx = 0.02, ⟨∣λω∣⟩ is controlled around
2% ∼ 3%, which is accurate enough for further characterization of
vortex surfaces.

III. TEMPORAL EVOLUTION OF THE VSF
A. Morphology of VSF isosurfaces

The temporal evolution of the VSF isosurface with ϕv = 0.5 is
shown in Fig. 4. At the early time t = t0, the vortex surface remains
flat and spanwise vortex lines are gradually curved and stretched
along the streamwise direction in Fig. 4(a). Then, near-wall vortex
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FIG. 4. Temporal evolution of isosurfaces
of ϕv = 0.5 and Q = 3. (a) ϕv , t = 0.1;
(b) Q, t = 0.1; (c) ϕv , t = 1; (d) Q, t = 1;
(e) ϕv , t = 3; (f) Q, t = 3; (g) ϕv , t = 5;
and (h) Q, t = 5. The VSF isosurface
is color-coded by the vorticity magnitude
with some vortex lines integrated on the
surface.

surfaces roll up at plate edges when the incoming flow moves around
the plate in Fig. 4(c). The vortex surface at the leading edge is lifted
from the plate and forms a bulgelike structure. At the meantime,
the vortex surface at the wake is stretched along the incoming flow
direction and forms a semiring structure in Fig. 4(e). At the later
time t = 5, the hairpinlike structure is formed in the middle of the
plate in Fig. 4(g). The semiring structure is significantly stretched

and twisted in the wake region, with attached helical vortex lines
interweaving with each other.

Compared with Eulerian vortex-identification methods, the
VSF rooted in the Helmholtz theorem44 has stronger time coherence
to display the temporal evolution of a particular vortex surface. In
the comparison of isosurfaces of ϕv = 0.5 and the Q-criterion Q = 3
in Fig. 4, we observe that the VSF displays complete vortex surfaces
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with perfectly attached vortex lines, whereas the isosurface of Q only
identifies vortex cores and loses some parts of vortex surfaces, which
can be important in the further quantification of vortex dynamics
and interaction.

In particular, we observe that a pair of concave structures with
relatively weak |ω| gradually forms and extends from corners of the
leading edge to the center of the plate. These structures can serve
as a boundary distinguishing vortical structures developed from the
leading edge and the tip region, which is elaborated in Sec. IV.
Near the wake, the VSF isosurface identifies twisted vortex tubes
in Figs. 4(g) and 4(h), and we find that the helical vortex lines on
VSF isosurfaces play an important role in the propulsion efficiency,
which is discussed in Sec. V.

Based on the morphology of vortex surfaces and lines in Fig. 4,
we divide the VSF evolution into three stages: (1) streamwise stretch-
ing of vortex lines on the plate, (2) rolling up of near-wall vortex
surfaces, and (3) formation of the hairpinlike vortex and helical
vortex tubes. The signature structures and transition processes dur-
ing these stages will be quantified by the VSF and attached vortex
lines.

B. Streamwise stretching of vortex lines
At the initial time t = t0, vortex surfaces are flat with vortex

lines along the spanwise direction, except in the tip regions. The evo-
lution of vortex surfaces/lines in the three-dimensional flow past a
plate at early times can be approximated by the combination of two-
dimensional potential flows58 on x1–x3 and x2–x3 planes, except for
the region near edges.

In Fig. 5, we decompose the incoming flow velocity U∞ = U∥ +
U� into velocities tangent and normal to the plate and approximate
the velocity close to edges as

u1(x1, x3 = ±0) = U∞ cosα ∓
x1U∞ sinα
√
(c/2)2 − x2

1

and

u2(x2, x3 = ±0) = ∓
x2U∞ sinα
√
c2 − x2

2

. (16)

Thus, the fluid flows inward to the suction side along edges of the
plate, and the spanwise velocity decreases from the near-tip region
to the middle of the plate. For the streamwise velocity, the velocity
gradient along x1 in Fig. 5(a) has

∂u1

∂x1
> 0, x3 < 0 and

∂u1

∂x1
< 0, x3 > 0. (17)

At t = t0, the vorticity is dominated by ω2 owing to the velocity
gradient ∂u1/∂x3 in the middle of the plate, as shown in Fig. 3(a).
Near the near-tip region, e.g., at x2 > 1, both u3 and u1 increase along
the x2-direction, so vorticity components can be approximated as

ω1 ≃
∂u3

∂x2
> 0 and ω3 ≃ −

∂u1

∂x2
< 0. (18)

Thus, vortex lines on the tip are tilting from the x1-direction in
Fig. 3(b).

At this stage, the velocity distribution in Eq. (17) on the plate
surface leads to the streamwise stretching of vortex lines shown in
Fig. 3. In Fig. 4(a), we observe that the spanwise vortex lines are
stretched toward upstream in the central region and near the trailing
edge, and the streamwise stretching of tilting vortex lines at the tips
is intensified.

C. Rolling up of near-wall vortex surfaces
After the strong vorticity is generated from the plate, the initial

wall-parallel vortex surfaces gradually roll up and lift, forming three-
dimensional vortical structures near plate edges. The rolling up of
an ideal vortex sheet and the finite growth of vortex-core radius in
a two-dimensional plane is characterized in the Kaden problem.59

In three-dimensional flows, the plate is wrapped up by VSF isosur-
faces with 0 ≤ ϕv ≤ 1, so the rolling up of vortex sheets is naturally
characterized by the evolution of VSF isosurfaces.

Figure 6(a) shows the rolling up of VSF isosurfaces around the
tip with intense swirl motion on the y–z plane at x = 0.3. We define
the maximum vertical displacement of an isosurface of ϕv as

Δz(ϕv) = max z(x,ϕv) − z0(x), (19)

where z0(x) denotes the z-coordinate of the plate on the y–z plane. In
Fig. 6(b), all the profiles of Δz(ϕv) for various ϕv increase with time
and reach a steady state at later times, indicating the finite growth
of vortex rolls near the tip, and the vortex surface close to the wall
with smaller ϕv is lifted higher with larger Δz(ϕv). The finite vortex
size implies that the intensity of vortical structures created from the
tip is limited, whose effect on the development of vortices generated
from the leading edge is explained in Sec. IV.

After the rolling up of vortex surfaces at edges, the initial wall-
parallel vortex surfaces evolve into a three-dimensional dustpan-
like structure at t = 1. In Fig. 4(c), the complex vortical structure,
except at plate corners, can be considered as a combination of vor-
tical structures in two cross sections in potential flows in Fig. 5.
The three-dimensional effect of the finite plate is manifested as the

FIG. 5. Two-dimensional flow patterns
on slices in the flow past a finite plate
at early times. (a) x1–x3 plane and (b)
x2–x3 plane.
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FIG. 6. Rolling up of VSF isosurfaces
around y = 1 on the y–z plane at x = 0.3.
(a) Contour lines of ϕv at t = 1.0 and (b)
the temporal evolution of the maximum
vertical displacement.

bulgelike structure at the leading edge and the streamwise stretching
of tilting vortex lines at the tips, which, respectively, evolve into the
hairpinlike structure and helical vortex tubes in the next stage.

D. Formation of the hairpinlike structure and helical
vortex tubes

After the rolling up of near-wall vortex surfaces, signature vor-
tical structures gradually form near plate edges. Near the leading
edge, the structures created from the leading edge and tips compete
with each other. Near the wake region, the structures generated from
the trailing edge and tips shed off and propagate downstream.

The three-dimensional effect of the finite plate becomes notable
after the rolling-up of vortex tubes. In Fig. 6(a), the velocity distribu-
tion in the tip region on the y–z plane indicates that the vortex tubes
rolled-up from the tips can inhibit the vertical growth of the vortical
structures created from the leading edge.20 The suppression of the
vortex tubes at the tips on the central bulgelike structures results in
a pair of slanting grooves extending from the corners at the leading
edge in Fig. 4(c), and typical vortex lines on the VSF isosurface are
reversed in the streamwise direction in Fig. 7. Thus, the isosurface of
ωx = 0 can distinguish the entire vortex surface into two parts. The

FIG. 7. The isosurface of ϕv = 0.5 is expressed by four typical vortex lines, and
the boundary of LEV and TIV with ωx = 0 is highlighted in the blue dashed box.

upstream part generated from the leading edge is referred to as the
leading edge vortex (LEV). Furthermore, a formal definition of the
LEV is given in Sec. IV.

At the downstream, names of wake vortices are not consistent
in the literature, e.g., the tip vortex (TIV)20 or the trailing edge vor-
tex (TEV).60 In this study, the TIV denotes the streamwise stretching
vortex tubes created from the tips; the TEV denotes the vortex tube
dominated by the spanwise vorticity, which sheds off from the trail-
ing edge and links two TIVs. Both TIV and TEV are parts of the
semivortex ring.

In Figs. 4(c) and 4(e), the LEV keeps lifting and evolves into a
hairpinlike structure. The growing curvature of the vortex lines tilt-
ing toward the x- and z-directions intensifies the self-induced veloc-
ity and enhances the elevation of the LEV. The development of the
LEV and the suppression of the TIV are described in detail in Sec. IV.
Then, the LEV gradually sheds off and propagates downstream, and
a secondary hairpinlike structure can form from the bulge for large
RA via the similar mechanism in transitional wall flows.45

The evolution of the TIV can be simplified by the horseshoe
vortex model in the finite wing theory.60 In the streamwise cross
section, the point vortex model with circulation ±Γ is applied to
approximate the vortex pairs in Fig. 8(a). The TIV induces the fluid
moving toward the minus z-direction, i.e., the downwash. The dis-
tance between neighboring VSF isosurfaces linking tip vortex pairs
decreases owing to the swirling motion of TIVs, and the size of TIVs
grows in Fig. 8(b). At later times, the semiring structure composed
of the TIVs and TEV gradually forms and moves downstream, and
the portion of the VSF isosurface linking TIVs becomes too thin to
be resolved in Fig. 4(e) using a finite grid resolution.

Within the TIV, the evolution of different VSF isosurfaces con-
sisting of helical vortex lines is nearly self-similar and axisymmetric.
In Figs. 4(e) and 4(g), the helical degree is intensified with the devel-
opment of TIV in the wake and the vortex tube is twisted with time.
The detailed quantification of the helical TIV is given in Sec. V.

In Appendix B, we investigate the evolution of VSFs in the flows
past a plate with various Re, α, and RA. In general, the vortical struc-
tures are similar for larger Re but with faster formation of LEV and
TIV. For the LEV formation, the hairpinlike structure does not form
with small α, and the suppression from the TIV is intensified with
smaller RA.
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FIG. 8. The VSF contour and velocity
vectors on the y–z plane at x = 2.0 (±Γ:
circulation of TIVs; r0: location of the vor-
tex core; rc : radius of the vortex core
radius; r : radial position). (a) t = 2.6 and
(b) t = 4.0.

IV. COMPETITION BETWEEN LEV AND TIV
A. Streamwise development of the LEV

The evolution of vortex surfaces in Fig. 4 illustrates that
the growing LEV and TIV compete with each other in the tip

region, but this three-dimensional feature lacks quantitative anal-
ysis and the boundary between the LEV and TIV identified by
Eulerian vortex-identification methods is ambiguous. Instead, the
VSF can effectively distinguish the LEV and TIV and quantify their
interaction.

FIG. 9. The evolution of the boundary
lineBLEV of the LEV on the x-y plane. (a)
The isosurface of ϕv = 0.5 color-coded
byωx withBLEV at t = 0.4. (b) The sketch
of BLEV at different times. (c) The tem-
poral evolution of BLEV in terms of (xb,
yb).
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As discussed in Sec. III D, the VSF isosurface of ωx = 0, as the
pair of slanting grooves in Fig. 4, distinguishes LEV and TIV. To
characterize the evolution of LEV, we project the boundary BLEV
between LEV and TIV onto the x–y plane in Fig. 9(a). Considering
a half of spanwise region with 0 ≤ yb ≤ 1 due to the symmetry, we
define

BLEV(0 ≤ yb ≤ 1) = {(xb, yb)∣xb = arg max
x

[ϕv(x, yb) ≥ Cϕ,ωx(x, yb) ≤ 0, x ≤ xLEV]},

(20)
where (xb, yb) denotes the coordinate of boundary points, and the
LEV location xLEV is the maximum streamwise coordinate on BLEV.
For example, we mark BLEV at t = 0.4 in Fig. 9(a) and sketch its evo-
lution in Fig. 9(b). It is noted that the VSF threshold is chosen as Cϕ
= 0.5 in Eq. (20). This intermediate Cϕ for 0 ≤ ϕv ≤ 1 can display
the vortex surfaces with large deformation44 as shown in Fig. 4 and,
in particular, can effectively characterize the LEV/TIV competition
and the helical TIV in the following discussions.

The evolution of BLEV in Fig. 9(c) quantifies that xb increases
with time for all yb and xb decreases with yb owing to the intensi-
fied suppression by the TIV. Specifically, the LEV stretches in the
streamwise direction and narrows in the spanwise direction, forming
a bulgelike structure in Fig. 4(e).

B. Suppression of growing LEV and TIV
We quantify the suppression of growing LEV and TIV by

each other via comparing the nondimensional circulations through
cross sections of vortex surfaces. The streamwise circulation
Γx = ∫AyzωxdA and the spanwise circulation Γy = ∫AxzωydA6 are,
respectively, defined on y–z and x–z planes with ϕv > Cϕ. The span-
wise circulation is proportional to the sectional lift force from the
Kutta–Joukowski theorem, and Ford and Babinsky61 approximated
the spanwise lift coefficient by

Cl(y) = 2Γy. (21)

In Fig. 10(a), the temporal growth of Γy within the LEV is
due to the persistent injection of vorticity from the shear layer and
contributes to the growth of Cl by Eq. (21). In Fig. 10(b), the TIV
grows to a matured state with a finite size, as Γx peaks at t = 2 ∼ 3.
The growth of Γx from x = −0.4 to x = 0.4 at t > 3.0 indicates
that TIVs evolve into conical structures along the tips in Figs. 4(e)
and 4(g).

To quantify the competition between LEV and TIV, we define
the ratio of spanwise and streamwise circulations through BLEV as

RΓ(BLEV) =
ΓLEV

ΓTIV
=
∫Axz

ωy(x < xb, yb)dA

∫Ayz
ωx(xb, y > yb)dA

. (22)

FIG. 10. Characterization of the compe-
tition between LEV and TIV. (a) Span-
wise circulation for LEV, (b) streamwise
circulation for TIV, and (c) the ratio of
spanwise and streamwise circulations
through BLEV.
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Figure 10(c) shows that RΓ(BLEV) decreases with yb, indicating the
suppression of LEV by intensified TIV near the tips. At the early
time t = 1.0, intensities of LEV and TIV are comparable, and they
compete with each other around BLEV. Subsequently, the LEV grows
faster than the TIV, as RΓ rises with time owing to the finite growth
of the TIV. In the late stage, the TIV is not strong enough to suppress
the growth of the LEV, as the thinning vortex tubes with diminishing
|ω| in Figs. 4(e) and 4(g), and BLEV spreads toward the tip region in
Fig. 9(c).

V. FORMATION OF HELICAL TIV
A. Characterization of the helical TIV

Since helical vortex lines are attached on the VSF isosurface in
Fig. 4, the VSF is useful to characterize the streamwise development
of helical TIVs in the wake. Based on the VSF, we define the vortex
center at specified x by

r0(x) = (yc(x), zc(x)), with (yc, zc) = arg max
y,z

ϕv(y, z), (23)

where r0 is marked in Fig. 8(b) and the radius rc of the vortex core is
defined by the distance from r0 to the location where the azimuthal
velocity on the y–z plane reaches its peak value.

Furthermore, as sketched in Fig. 11, a local cylindrical coordi-
nate system O-rθx is employed to analyze the generation of helical
vortex lines in TIV tubes. Here, we assume that the central axis of
the TIV tube is parallel to the x-direction from the observation in
Fig. 4.

In order to characterize the helical vortex lines observed in
wakes in Figs. 4(e) and 4(g), we define the circumferential average
of the helicity density along the radial direction on the y-z plane as

⟨h(r)⟩yz =
1

2π ∫
2π

0
ω(r, θ) ⋅ u(r, θ)dθ. (24)

Figure 12 plots the distribution of ⟨h(r)⟩yz against r at three stream-
wise locations at t = 4.0. The helicity magnitude diminishes along x
owing to the attenuation of the circumferential velocity and vortic-
ity. At each x, ⟨h(r)⟩yz peaks at r/rc ≃ 0.8 corresponding to ϕv ≃ 0.5.
Thus, the VSF threshold Cϕ = 0.5 chosen in this study displays the
typical twisting vortex lines on TIV tubes in the wake.

The generation mechanism of the helical TIV is explained as
follows: With the rolling up of the TIV in Fig. 4(c), the streamwise
velocity gradient ∇ux along the r-direction of TIV tubes generates
the circumferential vorticity ωθ on the y–z plane. Thus, the stretched
vortex lines in the streamwise direction accompanied by the helical
development around the vortex axis owing to finite ωθ and ωx, and
a sequence of helical vortex lines weave into the helical TIV in the
wake.

FIG. 12. The circumferential average of the helicity density along the radial
direction at four streamwise locations at t = 4.0.

B. Helical vortex model
As sketched in Fig. 11, we model the helical TIV tube along the

streamwise direction as a straight helical vortex tube. Assuming a
helical vortex line with constant pitch p owing to the self-similarity
of TIVs in the wake,31 the pitch angle β quantifies the helical degree
of the vortex line25 as

tanβ =
ωx

ωθ
=

p
2πr

, (25)

i.e., the helical degree of vortex lines is inversely proportional to β.
For qualitative analysis, the axial and circumferential vorticities are
approximated by Batchelor’s vortex model28,29 as

ωθ ∼ r exp(−B1r2
) and ωx ∼ exp(−B2r2

) (26)

with positive model constants B1 and B2. As r → 0, the vortex line
becomes rectilinear. For finite r, ωθ increases and ωx decreases with
r, contributing to the growth of the helical degree by Eq. (25).

Figure 13(a) plots that the helical degree increases with decreas-
ing ϕv or increasing r, consistent with the visualization in Fig. 13(b).
The nearly collapse of profiles of β against ϕv indicates that the heli-
cal degree of the TIV is similar from x = 1.5 to 3.0 at t = 4. On the
other hand, very different profiles of β are observed at x = 1 and x
= 3.5 owing to the influence of LEV and TEV. These two coordi-
nates can be considered as the start and end locations of the helical
TIV, so the length of the helical TIV is around 2.0. Considering the

FIG. 11. The local cylindrical coordinate
system O-rθx in the vortex model for
TIV tubes. The red line denotes a vor-
tex line attached on the vortex tube. (a)
Perspective view and (b) front view.
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FIG. 13. Characterization of the helical
TIV at t = 4. (a) Profiles of β against
ϕv at six streamwise locations. (b) Visu-
alization of helical vortex lines on VSF
isosurfaces. The black vortex line is inte-
grated on the isosurface of ϕv = 0.95,
and the other vortex lines are integrated
on the isosurface of ϕv = 0.5.

pitch p = 2πrϕ tan β ≈ 1.96 from Eq. (25), where rϕ is the radial dis-
tance from r0 to the isoline of ϕv = 0.5 on a y–z plane, the vortex
lines in TIV tubes constitute more than one complete helix.

The pitch angle β ≃ 60○ for the isosurface of ϕv = 0.5 implies
a high helical degree of vortex lines, as visualized in Fig. 13(b). The
helix of a vortex line is quantified by the rotation angle

γ(t) ∼ 2π
l(t)
p
=

l(t)
rϕ tanβ

(27)

around the vortex axis, where the length l(t) of the wake grows with
time. Hence, stronger helical degree of vortex lines with increasing γ
is observed with the streamwise development of the TIV in Fig. 4.

C. Effects of helical vortex lines on drag and lift forces
The downwash induced by TIVs has an impact on drag and lift

forces on the plate. Based on the VSF and the impulse theory, we
quantify the vortical impulse generated by the TIV enclosed by a
particular vortex surface. The streamwise and vertical vortical

FIG. 14. Decomposition of vortical impulses of the TIV.

impulses of the TIV are defined by58

Ix =
1
2 ∫V
(yωz − zωy) dV and Iz =

1
2 ∫V
(xωy − yωx) dV , (28)

where V is the total volume of the TIV with ϕv > Cϕ.
To quantify effects of the helical vortex lines on the vortical

impulse, we decompose the vorticity into the helical component ωθ
and the axial component ωx. Based on the vortex model in Fig. 11(b),
substituting

ωy = ωθ sin θ and ωz = −ωθ cos θ (29)

on the y–z plane into Eq. (28) yields the decomposition of Ix and Iz
in terms of ωθ and ωx as

Ix(ωθ) = −∫
V
πωθr dx dr and Ix(ωx) = 0, (30)

Iz(ωθ) =
1
2 ∫V

xωy dV = 0 and Iz(ωx) =
1
2 ∫V

−yωx dV . (31)

We calculate Ix and Iz by Eqs. (28) and (29), and the depen-
dence of Ix and Iz on ωθ and ωx is consistent with the approxima-
tions [Eqs. (30) and (31)] in Fig. 14. If we assume that the helical
TIVs are isolated from other vortical structures, drag and lift forces
are time derivatives of Ix and Iz , respectively, in the impulse theory.
Thus, Iz and the lift are dominated by the time history of ωx, and Ix
and the drag are determined by the time history of ωθ, which implies
that we can reduce the drag by suppressing the generation of ωθ.
On the other hand, the interaction of LEV and TIV can be complex,
and the effect of helical TIV on the forces should be scrutinized in
aerodynamic applications.

VI. CONCLUSIONS
We investigate the evolution of the VSF in the three-

dimensional flow past a finite plate at Re = 300, RA = 2, and α = 30○.
The immersed boundary method is applied to obtain the velocity-
vorticity field, and the two-time VSF method is extended to the
immersed boundary by adding a source term in the VSF evolution
equation. The numerical VSF solution with negligible VSF deviation
is effective to characterize the three-dimensional features of vortex
surfaces.
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The VSF evolution can be roughly divided into three stages
based on the morphology of vortex surfaces and lines. At the early
time, vortex surfaces keep flat and ringlike vortex lines are stretched
in the streamwise direction. Then, near-plate vortex surfaces roll up
from plate edges and form a dustpanlike structure. In the late stage, a
hairpinlike structure is generated near the leading edge and a semir-
ing structure is formed near plate tips and in the wake. We quan-
titatively distinguish the LEV and TIV by the vanishing streamwise
vorticity on the VSF isosurfaces, and the formally defined interface
is used for further quantitative analysis.

The competition between the LEV and TIV is characterized
based on the VSF. We quantify the streamwise development of the
LEV by tracking the vanishing streamwise vorticity on VSF isosur-
faces and find that the LEV is suppressed near the tip region. The
intensities of LEV and TIV are defined by the corresponding circu-
lations through cross sections enclosed by the VSF isosurface. Then,
we use the ratio of circulations of LEV and TIV to elucidate that
the development of the LEV near the tips is suppressed by the finite
growth of the TIV and the suppression is mitigated near the wake.

In the wake region, helical vortex lines are generated in TIV
tubes, and they are characterized by self-similar profiles of the pitch
angle of vortex lines on the VSF isosurface. We demonstrate that
the helical vorticity component dominates the streamwise vorti-
cal impulse, so the suppression of helical degree of TIV tubes can
facilitate the drag reduction.

In the future work, the VSF can be extended to analyze
the forces in various moving-boundary problems, particularly in
biofluid dynamics, which helps us to improve flow control tech-
niques through quantitative relations between forces and vortical
structures. For the minimum-domain impulse theory,35 a special
surface domain without cutting vorticity can be chosen to elimi-
nate surface integrals in the vortex-force formula. Thus, the integral
domain enclosed by the vortex surface is useful to simplify the calcu-
lation of vortex forces owing to the vanishing normal vorticity on the
domain boundary. Additionally, the VSF can be applied to tempo-
rally resolved PIV data for elucidating continuous vortex dynamics
through the experiment of flows past a plate.
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APPENDIX A: CALCULATION OF THE VSF EVOLUTION
EQUATION WITH A SOURCE TERM

Similar to the direct forcing scheme for the immersed bound-
ary method, we apply the direct source method to solve Eq. (9).
Within the substep for advancing the time step from n to n + 1, the
temporary VSF solution is obtained by the procedure as follows:

First, Eq. (9) is solved without the source term q as

ϕ̃∗v − ϕ∗nv
Δt

+ u(x, t) ⋅ ∇ϕ∗nv (x, t) = 0. (A1)

Then, we calculate the VSF ϕ̃Bv predicted at the boundary using the
interpolation equation (11) as

ϕ̃Bv(X) =∑
x
ϕ̃∗v(x)δh(x − X)(Δx)

3. (A2)

Here, the regularized discrete delta function50 is

δh(x − X) =
1
(Δx)3 ϕ(

x − X
Δx
)ϕ(

y − Y
Δx
)ϕ(

z − Z
Δx
), (A3)

with x = (x, y, z), X = (X, Y, Z), and

ϕ(r) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

1
8(3 − 2∣r∣ +

√
1 + 4∣r∣ − 4r2), ∣r∣ ⩽ 1,

1
8(5 − 2∣r∣ −

√
−7 + 12∣r∣ − 4r2), 1 < ∣r∣ < 2,

0, 2 ⩽ ∣r∣.
(A4)

Subsequently the Lagrangian source term Q(X) is applied to
enforce the immersed boundary condition by

Q(X) =
ϕBv(X) − ϕ̃Bv(X)

Δt
, (A5)

and it is spread to the flow field using a discrete form of Eq. (12) as

q(x) =
M

∑
k=1

Q(Xk)δh(x − Xk)(Δs)
3, (A6)

where M is the total number of Lagrangian points and Δs is the
distance of two neighboring Lagrangian points approximately equiv-
alent to Δx. Finally, the temporary VSF is advanced as

ϕ∗n+1
v = ϕ̃∗v + qΔt. (A7)

APPENDIX B: VSF EVOLUTION IN FLOWS PAST
A PLATE WITH VARIOUS PARAMETERS

We investigate the effects of Re, α, and RA on the VSF evolu-
tion in flows past a finite plate to reveal the relationship between the
lift coefficient CL and vortical structures. Here, the lift coefficient is
calculated by51

CL =
∑

M
k=1 Fz(Xk)(Δs)3

1
2ρU

2
∞RA

, (B1)

where Fz denotes the component of the Lagrangian force in the z-
direction.

First, the shedding of vortical structures occurs earlier for
higher Re.19 Figure 15(a) shows the isosurface of VSF at t = 5 for
Re = 500. The primary hairpinlike vortex sheds earlier, and the TIV
shows stronger distortion compared with that in Fig. 4(g). The faster
formation of the LEV contributes to larger CL in Fig. 16(a). Second,
the vortex shedding does not occur at small α. The VSF isosurface at
α = 10○ in Fig. 15(b) depicts the almost flat LEV with the small span-
wise circulation and thin TIV tubes with weakly helical vortex lines.
With α decreasing from 30○ to 10○, the rolling up of vortical struc-
tures on plate edges is significantly suppressed. Thus, CL is reduced
with decreasing α in Fig. 16(a). Finally, the suppression of TIVs on
the lift of LEV is intensified with smaller RA from the comparison
between Figs. 15(c) and 4(g). As discussed in Sec. IV B, the spanwise
circulation in the LEV is a major source of the lift force, so CL with
RA = 1 is smaller than that with RA = 2 in Fig. 16(a).
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FIG. 15. Comparison of VSF isosurfaces
with various Re, α, and RA. (a) Re = 500,
α = 30○, and RA = 2 at t = 5; (b) Re = 300,
α = 10○, and RA = 2 at t = 5; and (c) Re
= 300, α = 30○, and RA = 1 at t = 5.

To quantify the LEV/TIV competition with various Re, α, and
RA, we compare the ratio of spanwise and streamwise circulations
through BLEV at t = 4 in Fig. 16(b), where y∗b = 2yb/RA denotes the
normalized spanwise location. The profiles of RΓ(BLEV) against y∗b
indicate the similar competition between a bulgelike LEV and TIVs
at different Re and RA. By contrast, the TIV is very weak and the
LEV remains almost flat for α = 10○ in Fig. 15(b). Thus, RΓ(BLEV)

for this small α case is distinguished from those in other three cases
in Fig. 16(b).

In the wake, we observe helical vortex lines of TIVs in all the
cases, and the helical degree varies with Re, α, and RA. From the cal-
culation of pitch angles at t = 4 from Eq. (25), we observe a higher
helical degree of vortex lines with smaller β = 54○ for larger Re
= 500, also shown as the stronger distortion of the VSF isosurface

FIG. 16. Effects of Re, α, and RA on the
lift coefficient and LEV/TIV competition.
(a) Temporal evolution of the lift coeffi-
cient and (b) the ratio of spanwise and
streamwise circulations through BLEV at
t = 4.
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in Fig. 15(a). For smaller RA = 1, the TIV is slender and β increases
to 70○. For smaller α = 10○, the TIV shows the weakest helical degree
with β = 75○.
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