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a b s t r a c t 

The stiff film/compliant substrate composite structure with a high modulus ratio finds a wide range of 

applications in production and in scientific research, and its indentation behavior cannot be described by 

the traditional theory when the film thickness is reduced from the millimeter scale to the micrometer 

or nanometer scale. In order to better understand the trans-scale indentation response of the composite 

structure caused by the reduction in the film thickness, this problem is solved analytically with the strain 

gradient theory and integral transformation. The gradient effect on the indentation response of the sys- 

tem is assessed in detailed from three aspects: load-displacement relationship, surface topography and 

distribution of bending moment on the film. In addition, the influences of film thickness, modulus ratio 

of the film to the substrate, contact radius and Poisson’s ratio on the gradient effect are investigated. It 

is found that the gradient effect on the indentation response of the system, which is not sensitive to the 

contact radius and Poisson’s ratio, is related not only to the film thickness but also to the modulus ratio 

of the film to the substrate. Based on the above analysis, a dimensionless number (g/ l ) is proposed to 

evaluate the gradient effect on the indentation behaviors of the system. And with the help of the dimen- 

sionless number, a new simple and accurate method for measuring the material length scale is proposed. 

Our research provides a theoretical basis for an in-depth understanding of the gradient effects on the in- 

dentation response of the stiff film/compliant substrate system and for the measurement of the material 

length scale. 

© 2020 Elsevier Ltd. All rights reserved. 
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1. Introduction 

Due to their wide applications in flexible electronic devices

( Hou et al., 2014 ; Wang et al., 2012 ; Yin et al., 2010 ), protec-

tive coatings ( Thobor-Keck et al., 2005 ; Zheludkevich et al., 2005 ),

biomimetic composites ( Chen and Lu, 2012 ; Fang et al., 2010 ), and

so on, the stiff film/compliant substrate structures have received

extensive attention. As the core structure in these applications, the

physical properties of the stiff film/compliant substrate compos-

ite structures, especially their mechanical properties, have a sig-

nificant impact on the functionality and stability of those devices.

For example, the electronic skin fabricated by covering graphene

on a polymer substrate undergoes different deformations when

subjected to different external loads, which in turn induces dif-

ferent electrical signals ( Hou et al., 2014 ); when the protective

coating is destroyed by external loads, its corrosion resistance and

wear resistance are lost ( Fu et al., 2016 ). In addition, this com-
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osite structure is also widely used in laboratory measurements.

or example, Cao et al. measured the mechanical properties of

he single-layer graphene by means of this structure ( Cao et al.,

018 ; Niu et al., 2018 ); through the theoretical analysis of the in-

entation response of this structure, Liu et al. proposed an accu-

ate method for obtaining the mechanical properties of nanofilms

hen considering the viscoelasticity of the substrate ( Liu et al.,

019b ). In those application, the modulus ratio of the film to the

ubstrate is greater than 10 2 . Therefore, an in-depth understand-

ng of the mechanical behaviors of the stiff film/compliant sub-

trate system with a high modulus ratio contributes to its better

pplication. 

For the stiff film/compliant substrate composite structure, one

f the main load conditions is the out-of-plane pressure which is

imilar to the indentation force. Consequently, a variety of studies

n its indentation behaviors have been carried out ( Bucaille et al.,

002 ; Burnett and Rickerby, 1987 ; Cao et al., 2018 ; Doerner and

ix, 2011 ; Gao et al., 1992 , 2008 ; Jönsson and Hogmark, 1984 ;

esage et al., 2005 ; Liu et al., 2019a ; Ramsey et al., 1991 ;

uck et al., 2001 ). For example, to accurately describe the inden-
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ation behaviors of film/substrate composite structures, empirical

olutions ( Doerner and Nix, 2011 ; King, 1987 ), approximate solu-

ions ( Gao et al., 1992 ; Xu and Pharr, 2006 ), and analytical so-

utions ( Gao et al., 2008 ; Liu et al., 2019a ) were established. For

xample, according to various experimental results, Doerner and

ix ( Doerner and Nix, 2011 ) first proposed an empirical model,

hich was further improved by King ( King, 1987 ) to improve its

ange of applicability. Based on the perturbation analysis, Gao

t al. provided an approximate model ( Gao et al., 1992 ), which

as modified by Xu and Pharr to improve its accuracy ( Xu and

harr, 2006 ). Gao et al. derived an analytical relationship between

urface tractions and displacements by Green’s function in Fourier

pace. To describe the hardness of the film/substrate compos-

te structure more accurately, the predictive models ( Burnett and

ickerby, 1987 ; Jönsson and Hogmark, 1984 ; Lesage et al., 2005 )

nd descriptive model ( Tuck et al., 2001 ) have been developed.

n addition, the effects of the pile-up, elastic and plastic inhomo-

eneity, and the modulus ratio on the indentation behaviors of

he film/substrate composite structure were investigated by sim-

lations and experiments ( Cao et al., 2018 ; Saha and Nix, 2002 ;

animisetti and Narasimhan, 2006 ). 

In recent years, with the development of microelectromechan-

cal systems or nanoelectromechanical systems, the film/substrate

omposite structure, as a key component of the system, is becom-

ng smaller and smaller, and the thickness of the film mounted

n the compliant substrate is reduced from the millimeter scale

o the micrometer or nanometer scale. For example, the thick-

ess of the film mounted on different substrates to fabricate the

ano transistor ( Wang et al., 2012 ), flexible field emission device

 Yin et al., 2010 ), and electronic skin ( Ho et al., 2016 ) is usually in

he nanoscale. Therefore, more and more attention has been paid

o the mechanical behaviors of ultra-thin film/substrate systems.

owever, the mechanical behavior of materials with a small scale,

specially in the microscale or nanoscale, cannot be described ad-

quately by the traditional theory. In order to better predict the

ndentation size effect of mechanical behaviors of materials and

lm/substrate system, the strain gradient theories and discrete dis-

ocation plasticity analysis have been applied. For example, Begley

nd Hutchinson used the Fleck-Hutchinson strain gradient plastic-

ty theory which is based on the thermodynamics frame ( Fleck and

utchinson, 1997 ) to describe the decreasing hardness with in-

reasing depth of indentation at shallow indentations for metals

y adopting the finite element calculation ( Begley and Hutchin-

on, 1998 ); Saha et al. used the mechanism-based strain gradient

MSG) plasticity theory which is based on the Taylor dislocation

odel ( Gao et al., 1999 ) to explain the decreasing hardness with

ncreasing depth of indentation and the rise in hardness that oc-

urs when the indenter tip approaches the soft film/hard substrate

nterface ( Saha et al., 2001 ). With the help of MSG theory, Zhang

t al. studied the indentation response of the stiff film/compliant

ubstrate system, and the results show that the strain gradient ef-

ect in the compliant substrate is insignificant, but that in the stiff

lm is important in shallow indentation, and the strain gradient ef-

ect in the stiff film disappears rapidly as the indentation depth in-

reases ( Zhang et al., 2007 ); based on the discrete dislocation plas-

icity analysis, Balint et al. studied the size effect of the indentation

f single crystal films on a rigid substrate by a rigid wedge inden-

er, and found that for the thick film ( t = 10 μm and t = 50 μm),

he hardness decreases with the increasing indentation depth, but

or the thin film ( t = 2 μm), the hardness first decreases with the

ncreasing indentation depth and subsequently increases with the

ncreasing indentation depth as the plastic zone reaches the rigid

ubstrate ( Balint et al., 2006 ); with the discrete dislocation plas-

icity analysis, Xu et al. investigated the size effect of thin single

rystal films bonded to a rigid substrate indented by a rigid wedge

or different values of film thickness and dislocation source den-
 V  
ity, and a modified form of the scaling law for the dependence

f hardness on indentation depth is proposed ( Xu et al., 2019 ).

n addition, Chen et al. analyzed the effects of the substrate and

lm size on the indentation behaviors of the film/substrate system

y means of experiments and simulations ( Chen et al., 2007 ). In

he above studies, the modulus ratio of the film to the substrate

s small (E f /E s < 10) or the film is bonded on the rigid substrate,

o the film will have obvious plastic deformation when the inden-

er is pressed into the film/substrate system. Therefore, the strain

radient plasticity theory or the discrete dislocation plasticity the-

ry is used to investigate the size effect of the film/substrate sys-

em. However, for the stiff film/compliant substrate system with

 high modulus ratio ( E f / E s > 10 2 ), the elastic deformation in the

lm is dominant when the indentation depth is smaller than the

lm thickness ( Cao et al., 2018 ; Liu et al., 2019a , 2019b ). At this

ime, the strain gradient plasticity theory and the discrete disloca-

ion plasticity theory are not applicable for this case, and a better

heory which can describe the indentation size effect of the stiff

lm/compliant substrate system correctly needs to be used, such

s the strain gradient elasticity theory. In addition, until now, the

ndentation size effect of the stiff film/compliant substrate system

ith a high modulus ratio ( E f / E s > 10 2 ) is rarely reported. And it is

ot clear that how the gradient effect influences the indentation

esponse of the stiff film/compliant substrate composite structure

ith a high modulus ratio and which factors are related to the gra-

ient effect. What’s more, if the gradient effect exists in the inden-

ation response of the stiff film/compliant substrate system, how

an we effectively use it? 

In this paper, in order to have a deep understanding of the in-

entation size effect of the stiff film/compliant substrate system,

 detailed study of this system from a theoretical point of view

as been conducted based on the simplified strain gradient elastic

heory due to Mindlin with just three constants. The arrangement

f this paper is as follows: In Section 2 , a closed-form indentation

olution of the stiff film/compliant substrate composite structure

s derived with the strain gradient elastic theory and Hankel trans-

ormation. On the basis of this solution, the gradient effect on the

ndentation response is investigated from three aspects: the load-

isplacement relationship, the surface morphology, and the bend-

ng moment distribution on the film in Section 3 . In Section 4 , the

nfluences of film thickness, modulus ratio of the film to the sub-

trate, contact radius and Poisson’s ratio on the indentation gradi-

nt effect are analyzed, systematically. Based on the above analy-

is, a dimensionless number (g/ l ) is proposed to describe the gra-

ient effect. At the same time, with the help of the dimension-

ess number, a new method to measure the material length scale

s established. At last, the main results and conclusions are sum-

arized in Section 5 . Our research allows the reader to gain an

n-depth understanding of the indentation gradient effects of stiff

lm/compliant substrate composite structures. At the same time,

t provides a new convenient method for measuring the material

ength scale. 

. Theory and model 

For the indentation response of film/substrate system, the gra-

ient effect in the film is important in shallow indentation depth,

ut that in the substrate is insignificant ( Zhang et al., 2007 ),

amely, the size effect of the indentation of this system is mainly

ue to the gradient effect of the film. Therefore, it is reason-

ble to assume the stiff film as a strain gradient material and the

ubstrate as a traditional material. In addition, the bending stiff-

ess of the film has a huge influence on the indentation behav-

or of the film/substrate system, especially when the modulus ra-

io of the film to the substrate is relatively high. ( Liu et al., 2019a ;

animisetti and Narasimhan, 2006 ). And there will be obvious sur-
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Fig. 1. The diagram of the indentation model of the gradient elastic film resting on a soft elastic substrate. 
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face sedimentation due to the high modulus ratio of the film to

the substrate. At this time, the deformation of the film can be re-

garded as the bending of the plate mounted on a foundation. In

addition, when the indentation depth is small, namely, the deflec-

tion of the film is small, the mechanical behaviors of the film can

be considered to be elastic. Besides, because of the presence of the

stiff film, there is no stress concentration in the compliant sub-

strate ( Cao et al., 2018 ). Therefore, the substrate can also be consid-

ered to be elastic. Based on the above analysis, we can know that

the elastic deformation in the film and the substrate is dominant

and the strain gradient plasticity theory and the discrete disloca-

tion plasticity theory are not applicable for the indentation size ef-

fect of the stiff film/compliant with a high modulus ratio. In order

to describe the indentation size effect of the system more correctly,

the strain gradient elasticity theory is used to establish the model,

and the indentation problem of the stiff film/compliant substrate

system can be regarded as the bending of an infinite gradient elas-

tic plate mounted on a semi-infinite elastic foundation. 

The diagram of the gradient elastic stiff film/soft elastic sub-

strate system is shown in Fig. 1 . In this section, the closed-form in-

dentation solution of the gradient elastic stiff film/soft elastic sub-

strate composite structure is obtained by combining the govern-

ing equation of the gradient elastic plate with the solution of the

semi-infinite elastic foundation under an axisymmetric load with

the help of Hankel transformation. 

2.1. The governing equation for the gradient elastic plate mounted on 

a compliant substrate 

First, based on the variational principle, the governing equa-

tions for the gradient elastic plate are obtained. The simpli-

fied theory of strain gradient linear elasticity due to Mindlin

( Mindlin, 1964 ) with five constants is that with just three con-

stants containing two Lame constants and one characteristic length

of the solid ( Altan and Aifantis, 1997 ). The constitutive equations

for this simple gradient elastic theory are 

σ = 2 με + λtr εI 

τ = g 2 ∇σ∑ 

= σ − ∇ · τ (1)

In the above, σ , τ , and � are the classical Cauchy stress, the

couple stress, and the total stress tensors, respectively (A detailed
xplanation of the couple stress can be seen in the appendix.). ε =
 / 2 (∇u + u ∇) and tr ε = ∇ • u are the strain tensor and its trace.

 is a unit tensor. g is the characteristic length of the solid, and its

alue is at about the micron meter, by which one can describe the

ize effect due to strain gradient effect. λ and μ are the classical

ame constants. 

According to Kirchhoff’s hypothesis, the stress in the plane

 σ xx , σ yy , σ xy , τ xxx , τ xxy , τ yyx , τ yyy , τ xyx , τ xyy ) is only considered. Based

n Eq. (1) , the plane stress can be written in terms of Cartesian

lane coordinates x and y as 

xx = 

E f 

1 − ν f 
2 
( ε xx + νε yy ) , τxxx = g 2 

E f 

1 − ν f 
2 

∂( ε xx + νε yy ) 

∂x 
, 

xxy = g 2 
E f 

1 − ν f 
2 

∂( ε xx + νε yy ) 

∂y 

yy = 

E f 

1 − ν f 
2 
( ε yy + νε xx ) , τyyx = g 2 

E f 

1 − ν f 
2 

∂( ε yy + νε xx ) 

∂x 
, 

yyy = g 2 
E f 

1 − ν f 
2 

∂( ε yy + νε xx ) 

∂y 

xy = 

E f 

1 + ν f 

ε xy , τxyx = g 2 
E f 

1 + ν f 

∂ ε xy 

∂x 
, τxyy = g 2 

E f 

1 + ν f 

∂ ε xy 

∂y 
(2)

here ε xx = −z ∂ 
2 w 

∂ x 2 
, ε yy = −z ∂ 

2 w 

∂ y 2 
, ε xy = −z ∂ 

2 w 

∂ x∂ y 
. And w is the de-

ection of the plate. E f and v f are the elastic modulus and Pois-

on’s ratio of the film, respectively. The strain energy of the gradi-

nt elastic plate reads 

 = 

1 

2 

∫ ∫ ∫ 
σxx ε xx + σyy ε yy + 2 σxy ε xy d xd yd z 

+ 

1 

2 

∫ ∫ ∫ 
τxxx ε xxx + 2 τxyx ε xyx + τyyx ε yyx 

+ τxxy ε xxy + 2 τxyy ε xyy + τyyy ε yyy d xd yd z (3)

The variation of the work done by the external forces has the

orm ( Papargyri-Beskou et al., 2010 ; Timoshenko and Woinowsky-

rieger, 1959 ): 

W = 

∫ ∫ 
A 
( q − p ) δwd xd y −

∫ 
s 

M n 
∂δw 

∂n 

ds 

+ 

∫ 
V n δwds −

∫ 
M nn 

∂ 2 δw 

∂ n 

2 
ds (4)
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here q is the force of the indenter on the film, and p is the reac-

ion force of the substrate to the film. M n and M nn are the bending

oment and the higher-order moment of the boundary, respec-

ively, and V n is the total shear force. The variational formulation

or the gradient elastic plate mounted on a compliant substrate can

e established as follows: 

U − δW = 0 (5) 

Substitution of Eqs. (2) , (3) and (4) into Eq. (5) , the bending

overning equation of the gradient elastic film mounted on a com-

liant substrate can be obtained 

 ∇ 

4 w (x, y ) − g 2 D ∇ 

6 w (x, y ) = q (x, y ) − p(x, y ) (6)

here D = 

E f t f 
3 

12(1 −ν f 
2 ) 

is the bending stiffness of the film. ∇ 

4 w ( x,y )

nd ∇ 

6 w ( x,y ) are given by 

 

4 w = 

∂ 4 w 

∂ x 4 
+ 

∂ 4 w 

∂ y 4 
+ 2 

∂ 4 w 

∂ x 2 ∂ y 2 
(7a)

 

6 w = 

∂ 6 w 

∂ x 6 
+ 

∂ 6 w 

∂ y 6 
+ 3 

∂ 6 w 

∂ x 4 ∂ y 2 
+ 3 

∂ 6 w 

∂ x 2 ∂ y 4 
(7b)

For an axisymmetric gradient elastic film mounted on a com-

liant substrate, Eq. (6) can be expressed as 

 ∇ 

4 w (r) − g 2 D ∇ 

6 w (r) = q (r) − p(r) (8)

here ∇ 

4 w ( r ) and ∇ 

6 w ( r ) are given by 

 

4 w = 

d 4 w 

d r 4 
+ 

2 

r 

d 3 w 

d r 3 
− 1 

r 2 
d 2 w 

d r 2 
+ 

1 

r 3 
dw 

dr 
(9a) 

 

6 w = 

1 

r 

d 

dr 

(
r 

d 

dr 
∇ 

4 w 

)
(9b) 

.2. The relationship between the deflection and the indentation load 

Based on the Hankel transformation, the relationship between

he deflection and the indentation load of the stiff film/compliant

ubstrate system can be derived by combining Eq. (8) and the solu-

ion for the semi-infinite elastic foundation under an axisymmetric

oad. The Hankel transformation of Eq. (8) can be expressed as 

 ξ 4 w (ξ ) + g 2 D ξ 6 w (ξ ) = q (ξ ) − p (ξ ) (10)

here w (ξ ) , q (ξ ) , and p (ξ ) are the zero-order Hankel transforma-

ion of w (r), q(r), and p(r), respectively. At the same time, the

elationship between loads and surface displacements of a semi-

nfinite space under an arbitrary symmetric load is ( Tan and

uo, 2016 ) 

 (r) = 

2(1 − νs 
2 ) 

E s 

∫ + ∞ 

0 

p ( ξ ) J 0 ( ξ r) dξ (11)

here E s and v s are the elastic modulus and Poisson’s ratio of the

ubstrate. Using Eq. (10) in Eq. (11) , we can get 

 (r) = 

2(1 − ν2 
s ) 

E s 

∫ + ∞ 

0 

[
q ( ξ ) − D ξ 4 w (ξ ) − g 2 D ξ 6 w (ξ ) 

]
J 0 ( ξ r ) dξ

(12) 

In addition, according to the Hankel transformation, w (r) can

lso be expressed as 

 (r) = 

∫ + ∞ 

0 

w (ξ ) J 0 (ξ r) ξdξ (13) 

Comparing Eq. (12) and Eq. (13) , we can easily get 

 (ξ ) = 

2(1 − ν2 
s ) 

E s 

q ( ξ ) 

ξ
[ 

1 + l 3 ξ 3 + ( g / l ) 
2 
l 5 ξ 5 

] (14) 
here l = 

3 

√ 

2 D (1 −νs 
2 ) 

E s 
. Then, the Hankel inverse transformation is

erformed on Eq. (14) , and w(r) has the form 

 (r) = 

2(1 − ν2 
s ) 

E s 

∫ + ∞ 

0 

q ( t / l ) 

1 + t 3 + ( g / l ) 
2 
t 5 

J 0 

(
t 

l 
r 

)
dt (15) 

here t = l ξ . At this point, it is easy to know that the relationship

etween indentation load and displacement can be got by calcu-

ating q ( t / l ) . Assuming that the pressure between the indenter and

he film satisfies the Hertz distribution (according to the reference

 Liu et al., 2019b ), this assumption is reasonable), namely, q(r) can

e expressed as 

 (r) = 

3 Q 

2 πa 2 

[
1 −

(
r 

a 

)2 
]1 

/ 2 

, r ≤ a ; q (r) = 0 , r > a (16)

The Hankel transformation of q(r) can be written as 

 (ξ ) = 

3 Q 

2 πa 2 

∫ a 

0 

[
1 −

(
r 

a 

)2 
]1 

/ 2 

J 0 ( ξ r) rdr (17) 

Letting ξ = t/l , ρ = r/l, α = a/l, then Eq. (17) becomes 

 

(
t 

l 

)
= Q 

3 

2 πα2 

∫ α

0 

[
1 −

(
ρ

α

)2 
]1 

/ 2 

J 0 (tρ) ρdρ (18) 

Using Eq. (18) in Eq. (15) , we can get 

 (r) = 

Q 

D 

1 / 3 

[
2(1 − νs 

2 ) 

E s 

]2 

/ 3 

∫ + ∞ 

0 

I 1 ( α, t) 

1 + t 3 + ( g / l ) 
2 
t 5 

J 0 ( t 
r 

l 
) dt (19) 

here I 1 (α, t) = 

3 
2 πα2 

∫ α
0 [1 − ( ρα ) 

2 
] 
1 
/ 2 J 0 ( tρ) ρdρ . For the conve-

ience of writing, Eq. (19) can be written as 

 (r) = I 2 (α, 
r 

l 
) 

Q 

D 

1 / 3 

[
2(1 − νs 

2 ) 

E s 

]2 

/ 3 

(20)

here I 2 (α, r 
l 
) = 

∫ + ∞ 

0 
I 1 (α,t) 

1+ t 3 + ( g / l ) 
2 

t 5 
J 0 (t r 

l 
) dt . Eq. (20) describes the

elationship between total load and displacement at any point on

he film. When g is 0, Eq. (20) degenerates into the traditional in-

entation solution of the stiff film/compliant substrate system with

 high modulus ratio. When r is taken as 0, the relationship be-

ween the indentation load and the depth can be got: 

 (0) = I 2 (α, 0) 
Q 

D 

1 / 3 

[
2(1 − νs 

2 ) 

E s 

]2 

/ 3 

(21)

.3. The bending moment on the gradient elastic film 

In order to simplify the solution process of the bending mo-

ent on the gradient elastic film, we may consider the load due

o the indenter as a point load (It is proved that this will not in-

roduce obvious errors in Section 4 ). Namely, α approaches 0 in-

nitely. At this time, I 1 approaches 1/2 π . In the above case, w (r)

an be written as 

 (r) = I 2 

(
r 

l 

)
Q 

D 

1 / 3 

[
2(1 − νs 

2 ) 

E s 

]2 

/ 3 

(22) 

here I 2 ( 
r 
l 
) = 

∫ + ∞ 

0 
1 

1+ t 3 + ( g / l ) 
2 

t 5 
J 0 (t r 

l 
) dt . Then the first derivative

nd the second derivative of w (r) with respect to r can be ex-

ressed as 

dw (r) 

dr 
= 

Q 

2 

/ 3 

[
2(1 − νs 

2 ) 

E s 

]1 / 3 

I 3 

(
r 

l 

)
(23a) 
2 πD 
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d 2 w (r) 

d r 2 
= 

Q 

2 πD 

I 4 

(
r 

l 

)
(23b)

where I 3 ( 
r 
l 
) and I 4 ( 

r 
l 
) are explicitly given by 

I 3 

(
r 

l 

)
= 

∫ + ∞ 

0 

t 

1 + t 3 + ( g / l ) 
2 
t 5 

[ 
−J 1 

(
t 

r 

l 

)] 
dt (24a)

I 4 

(
r 

l 

)
= 

∫ + ∞ 

0 

t 

1 + t 3 + ( g / l ) 
2 
t 5 

[
J 1 (t r 

l 
) 

r / l 
− t J 0 

(
t 

r 

l 

)]
dt (24b)

The radial bending moment and the circumferential bending

moment on the film can be calculated by 

M r (r) = −D nor 

[
d 2 w (r) 

d r 2 
+ ν f 

1 

r 

dw (r) 

dr 

]
;

M ϕ (r) = −D nor 

[
1 

r 

dw (r) 

dr 
+ ν f 

d 2 w (r) 

d r 2 

]
(25)

It should be noted that the nominal bending stiffness, D nor , is

not the bending stiffness defined in the theory of plate, and its

expression is given as follows: 

Eq. (20) is expressed in the form of traditional solutions: 

w (r) = I g=0 
2 

(
α, 

r 

l 

)
Q 

D nor 
1 / 3 

[
2(1 − νs 

2 ) 

E s 

]2 

/ 3 

(26)

where D nor 
1/3 and I 

g=0 
2 

(α, r 
l 
) are explicitly given by 

D nor 
1 / 3 = 

(
I g=0 
2 

(
α, 

r 

l 

)/ 

I 2 

(
α, 

r 

l 

))
D 

1 / 3 (27a)

I g=0 
2 

(
α, 

r 

l 

)
= 

∫ + ∞ 

0 

I 1 (α, t) 

1 + t 3 
J 0 

(
t 

r 

l 

)
dt (27b)

3. The gradient effect on the indentation response of the stiff

film/compliant substrate system 

In this section, the influences of the gradient effect on the

indentation response of the stiff film/compliant substrate system

were investigated from three aspects: the load-displacement rela-

tionship, the surface profiles and the bending moment distribution

on the film. In addition, based on the above three aspects of anal-

ysis, the core characteristics of the indentation gradient effect on

the stiff film/compliant substrate composite structure are summa-

rized. What needs to be added is that the validity of the solution

is shown in the appendix, and from the appendix, we can know

the indentation depth range should be less than the film thickness.

Therefore, the indentation depth range will not be discussed in this

section. 

Based on the dimensional analysis, we can know that the load

Q /( E s t f 
2 ) is a function of E f / E s ,v f ,v s ,g / t f , α and w 0 / t f from Eq. (21) :

Q/ ( E s t f 
2 ) = f ( E f / E s , v f , v s , g/ t f , w 0 / t f , α) . Here, the relationships

between the indentation load and displacement at different mod-

ulus ratios, E f / E s , and different characteristic lengths, g / t f , are ana-

lyzed. Fig. 2 shows the relationship between the indentation load

and the displacement at different modulus ratios and different

characteristic lengths. All results were obtained at α = 0.25. The

reason for this is that for the stiff film/compliant substrate system

with a high modulus ratio, α is generally less than 0.5 ( Liu et al.,

2019a ), and the load-displacement relationship is not sensitive to α,

which will be verified in Section 4 . From Fig. 2 we can know the

load increases linearly with the indentation depth. However, the

slope of the line at different modulus ratios of the film to the sub-

strate or g/t f is different from each other. Fig. 2 (a) shows the re-

sults at different modulus ratios, from which we can know that
he indentation load increases as the modulus ratio becomes large

t the same depth. For example, when the dimensionless indenta-

ion depth is 0.5, the dimensionless load increases by 4.36 times

hen the modulus ratio changes from 10 2 to 10 5 , which is easy to

nderstand. For example, we assume that the modulus of the sub-

trate is a constant, then, the higher the modulus ratio the larger

he bending stiffness of the film. Therefore, at the same depth, the

igher the modulus ratio the larger the indentation load. Fig. 2 (b)

hows the results at different characteristic lengths of the solid.

hat should be emphasized that for common metal materials (e.g.

u, Ni, Fe), g is about a few microns no matter whether it is a

ase of the strain gradient elasticity or plasticity (( Aifantis, 1999 ;

leck et al., 1994 ; Lam et al., 2003 ; Song et al., 2014 ; Stölken and

vans, 1998 ), and the gradient theory is effective when the size

s greater than the submicron level ( > 0.1 μm). So, the range of

 / t f is about 0 to 100 ( g is taken as 1~10 μm, and t f is greater

han 0.1). In our study, the range of g / t f is taken as 0~40. It can be

een from Fig. 2 (b) that when g/t f becomes large, the slope of the

oad-depth relationship steeps, which is similar to the case where

he modulus ratio increases (see Fig. 2 (a)). For example, the slopes

f the line are 3.87, 4.95, 5.32, 5.97 and 7.51 when g/t f are 0, 10,

3.3, 20 and 40, respectively. The reason for this is that due to the

resence of the characteristic length of material (g � = 0), the nominal

lastic modulus of the film increases with the decrease of the film

hickness. Based on the above analysis, we can draw an important

onclusion that because of the gradient effect, the characteristics of

he load-displacement relationship of the stiff film/compliant sub-

trate system changes when the film thickness decreases, more-

ver, the trend of the change is the same as the effect of increasing

he modulus ratio of the film to the substrate. 

From Eq. (20) we can know that the displacement of the

oint on the film, w ( r )/ t f , is a function of E f / E s ,v f ,v s ,g / t f , α and

 /( E s t f 
2 ): w (r) / t f = f ( E f / E s , v f , v s , g/ t f , α, Q/ ( E s t f 

2 ) ) . Here, the pro-

les of the film at different modulus ratios and different charac-

eristic lengths under a constant load are analyzed. Fig. 3 shows

he deflection profiles of stiff film surface when the indentation

epth, w 0 /t f , is 1 based on Eq. (20) with α = 0.25. This is because

he surface morphology of the film is also not sensitive to α, which

ill be verified in Section 4 . Fig. 3 (a) shows the results at different

odulus ratios, from which we can know the greater the modulus

atio, the flatter the surface morphology of the film. The reason

or this is that the higher the modulus ratio, the greater the bend-

ng stiffness of the film, and then the range of the sink-down of

he surface is greater under the same displacement load. Fig. 3 (b)

hows the results at different characteristic lengths of the film. As

hown in Fig. 3 (b), as g/t f increases, the surface morphology of the

lm tends to be flat, which is similar to the change in the sur-

ace morphology of the film as the modulus ratio increases. The

eason for this is that due to the gradient effect, the nominal mod-

lus of the film becomes large when g/t f increases, which leads

o the similarity of the change trends of topography between the

ase where the modulus ratio increases and the case where g/t f 
ncreases. The above analysis reminds us that when the film thick-

ess is reduced, the gradient effect changes the characteristic of

he surface morphology of the film, and the changing trend is sim-

lar to the change caused by the increase of the modulus ratio. 

From Eq. (25) we can know the radial bending mo-

ent, M r /( E s t f 
2 ), and the circumferential bending mo-

ent, M ϕ /( E s t f 
2 ), are a function of E f / E s ,v f ,v s ,g / t f , α and

 /( E s t f 
2 ): M r / ( E s t f 

2 ) = f ( E f / E s , v f , v s , g/ t f , α, Q/ ( E s t f 
2 ) ) and 

 ϕ / ( E s t f 
2 ) = f ( E f / E s , v f , v s , g/ t f , α, Q/ ( E s t f 

2 ) ) . Here, the bending

oment at different modulus ratios and different characteristic

engths under a constant load are analyzed. Fig. 4 shows the bend-

ng moment distribution on the film based on Eq. (25) . Fig. 4 (a)

nd (b) are for the radial bending moment at different modulus
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Fig. 2. The relationship between the indentation load and the displacement. (a) Results at different modulus ratios of the film to the substrate; (b) Results at different 

characteristic lengths of the film. 

Fig. 3. The deflection profiles of the film surface. (a) Results at different modulus ratios of the film to the substrate; (b) Results at different characteristic lengths of the solid. 
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atios and characteristics lengths, and Fig. 4 (c) and (d) are for

he circumferential bending moment at different modulus ratios

nd characteristics lengths. As shown in Fig. 4 (a) and (b), along

he radial direction of the film, the radial bending moment first

ecreases to zero and then increases to the maximum in the neg-

tive direction and finally decreases to zero. Taking the modulus

atio of the film to the substrate equals 10 4 as an example, the

adial bending moments are 7.80, −1.35 and −0.03 when the radial

istances are 0, 60.50 and 200, respectively. At different modulus

atios or g/t f , the maximum radial bending moment in the positive

nd negative directions are different, and the point on the film

t which the maximum radial bending moment in the negative

irection appears is also different. From Fig. 4 (a) we can know

hen the modulus ratio is gradually increased, the maximum

adial bending moment in the positive direction increases, and
he maximum radial bending moment in the negative direction

ecomes large, but the point on the film at which the maximum

adial bending moment in the negative direction appears is more

nd more delayed. For example, the maximum radial bending

oments in positive directions are 2.80, 4.62, 7.80 and 14.08 and

he maximum radial bending moments in negative directions are

0.51, −0.83, −1.35 and −2.22 when the modulus ratios of the

lm to the substrate are 10 2 , 10 3 , 10 4 and 10 5 , respectively. And

he abscissa of the points on the film at which the maximum

adial bending moment in the negative direction appears are

2.84, 37.97, 60.84 and 94.7995 when the modulus ratios of the

lm to the substrate are 10 2 , 10 3 , 10 4 and 10 5 , respectively. What’s

ore, the variation of the radial bending moment along the radial

irection of the film at different modulus ratios is similar. In

ontrast, at different g/t f , the variation of radial bending moment
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Fig. 4. The bending moment distribution on the film. (a) Results of the radial bending moment at different modulus ratios of the film to the substrate; (b) Results of the 

radial bending moment at different characteristic lengths of the solid; (c) Results of the circumferential bending moment at different modulus ratios of the film to the 

substrate; (d) Results of the circumferential bending moment at different characteristic lengths of the solid. 
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in the radial direction does not have such similarity, which is

shown in Fig. 4 (b). It can be seen from Fig. 4 (b) that when g/t f 
increases, the maximum radial bending moment in the positive

direction first decreases, and then increases, which is defferent

from the case where the modulus ratio increases. For example,

the maximum radial bending moments in positive directions are

13.78, 6.49, 6.17, 6.63 and 7.84 when g/tf are 0, 5, 10, 20 and

40, respectively. Moreover, the maximum bending moment in

the negative direction increases with the increase of g/t f , and

the point on the film at which the maximum radial bending

moment in the negative direction appears is more and more

delayed, which is the same as the case where the modulus ratio

increases. 

Unlike the radial bending moment, the circumferential bending

moment monotonically decreases along the radial direction of the

film, which is shown in Fig. 4 (c). when the modulus ratio increases,

the maximum circumferential bending moment in the positive di-
ection becomes large. For example, the circumferential bending

oment increases by 4.96 times when the modulus ratio changes

rom 10 2 to 10 5 . And the point on the film at which the circum-

erential bending moment decreases to zero is more and more

elayed as the modulus ratio becomes larger. Besides, the varia-

ion of the circumferential bending moment along the radial direc-

ion of the film at different modulus ratios is similar. In contrast,

t different g/t f , the variation of circumferential bending moment

long the radial direction does not have such similarity, which is

hown in Fig. 4 (d). It can be seen from Fig. 4 (d) that when g/t f 
ncreases, the maximum circumferential bending moment in the

ositive direction first decreases, and then increases, which is dif-

erent from the case where the modulus ratio increases. For exam-

le, the maximum circumferential bending moments in the posi-

ive direction are 12.21, 6.47, 6.16, 6.62, and 7.83 when g/tf are 0,

, 10, 20 and 40, respectively. Based on the above analysis, we find

hat due to the existence of the gradient effect, the characteristic
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Fig. 5. The relationship between the dimensionless bending stiffness and the dimensionless film thickness; (a) The results at different modulus ratios; (b) the results at 

different Poisson’s ratios. 
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f the bending moment distribution on the film changes when the

lm thickness decreases, and the changing trend is different from

he case where the modulus ratio increases. The reason for this is

hat when the film thickness decreases, the nominal modulus of

he film increases. However, the increase in nominal modulus and

he reduction in film thickness are not coordinated, which results

n the absence of similarities in the tendency of bending moments

hat change with the dimensionless radial distance at different g/t f .

Through the analysis of the above three aspects, it can be found

hat as the film thickness decreases, the indentation characteristics

f the stiff film/compliant substrate composite structure change.

his change caused by the decrease of the film thickness is sim-

lar to, but not identical to, the change caused by the increases of

he modulus ratio of the film to the substrate. The reason for this

s that the increase in the nominal modulus of the film and the de-

rease in the film thickness are not coordinated, thereby results in

 nonlinear change in the bending stiffness of the film. In addition,

t should be emphasized that due to the existence of size effects,

he indentation behavior of the ultra-thin stiff film/compliant sub-

trate composite structure cannot be described by the traditional

heory, and the strain gradient theory should be used to predict

he indentation behaviors. 

. Analysis of factors influencing gradient effect 

Based on the analysis in Section 3 , it can be known that when

he film thickness is reduced, the nominal elastic modulus of the

lm is increased (in other words the dimensionless bending stiff-

ess, D nor / D , is increased), thereby affecting the indentation re-

ponse characteristics of the film/substrate composite structure. In

ther words, the dimensionless bending stiffness, D nor / D , can rep-

esent the obvious degree of indentation gradient effect. In this

ection, the influences of the film thickness, modulus ratio, contact

adius, and Poisson’s ratio on the gradient effect are investigated.

ased on the analysis of factors influencing the gradient effect, a

imensionless number, g/l, is proposed to evaluate the gradient ef-

ect. 

Fig. 5 shows the variation of the dimensionless bending stiff-

ess with respect to the dimensionless film thickness at different

odulus ratios and Poisson’s ratios. As can be seen from Fig. 5 ,
he dimensionless bending stiffness is increased as the film thick-

ess decreases, which implies the thinner the film thickness, the

ore obvious the gradient effect. However, the influences of the

odulus ratio and Poisson’s ratio on the gradient effect are differ-

nt. From Fig. 5 (a), we can know the variation of the dimension-

ess bending stiffness with respect to the film thickness at different

odulus ratios is different. As shown in Fig. 5 (a), when the mod-

lus ratio increases, the dimensionless bending stiffness decreases

t the same film thickness, which seems to indicate the inhibition

f the modulus ratio on the gradient effect. For example, when the

imensionless indentation depth is 0.05, the dimensionless bend-

ng stiffness is 18.61, 7.93, 3.68 and 2.00 when the modulus ra-

io changes from 10 2 to 10 5 , respectively. The above phenomenon

hows that gradient effects are related not only to film thickness

ut also to the modulus ratio. Compared with the modulus ratio,

he influence of Poisson’s ratio on the gradient effect is small. It

an be seen from Fig. 5 (b) that the variation of the dimensionless

ending stiffness with respect to the film thickness is basically un-

hanged at different Poisson’s ratios. 

The influence of the indentation depth and the shape of the

ndenter on the indentation gradient effect has been extensively

tudied ( Chen et al., 2007 ; Saha et al., 2001 ; Zhang et al., 2007 ).

ere, in order to investigate the influence of the indentation depth

nd the shape of the indenter, we use different contact radii to

epresent different indentation depths or indenter shapes, which

s reasonable (it is well known that when indenter shapes do not

hange, the deeper the indentation depth the larger the contact

adius; or when the indentation depth is not changed, the bigger

he indenter radius the larger the contact radius). In addition, for

he stiff film/compliant substrate system with a high modulus ra-

io (E f /E s > 10 2 ), the contact radius is often less than 0.5 ( Liu et al.,

019a ). Therefore, we will only discuss the case where the con-

act radius is less than 0.5. As can be seen from Fig. 6 (a), the re-

ationship between the bending stiffness and the film thickness at

ifferent contact radii almost coincides. Namely, the contact radius

as little effect on the dimensionless bending stiffness. In addition,

ince the magnitude of the contact radius can represent the magni-

ude of the indentation depth (as you know, the greater the inden-

ation depth, the larger the contact radius), it can be seen that the

radient effects are the same at different indentation depth, which
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Fig. 6. (a) The relationship between the dimensionless bending stiffness and the dimensionless film thickness at different contact radii; (b) the relationship between the 

indentation load and depth at different contact radii; (c) the deflection profiles of the film at different contact radii. 
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calculation. 
is different from the stiff film/compliant substrate system with a

low modulus ratio (E f /E s < 10). The reason for this is that the defor-

mation mechanism that controls the two systems is different. The

mechanism of the indentation behavior of the stiff film/compliant

substrate system having a high modulus ratio is the bending of the

film, while that of the stiff film/compliant substrate system with

low modulus ratio is mainly Hertz contact. And Fig. 5 (b) and (c)

also reflect the insignificance of the influence of contact radius on

the gradient effect. For example, at different contact radii, the load-

depth relationship or the deflection profiles of the film almost co-

incides with each other. 

From the above analysis, we find that the gradient effect is not

sensitive to the contact radius and Poisson’s ratio, but is sensitive

to the film thickness and the modulus ratio of the film to the sub-

strate. Combining this finding with Eq. (21) , a dimensionless num-

ber, g/ l , is proposed to describe the indentation gradient effect of

the stiff film/compliant substrate system with a high modulus ra-

tio. As shown in Fig. 7 , the values of the dimensionless bending
tiffness under different modulus ratios, t f /g, and α are on the line

hich is the relationship between the dimensionless bending stiff-

ess and the dimensionless number g/ l defined by us. Based on

he fact that the gradient effect on the indentation response of

he stiff film/compliant substrate composite structure can be de-

cribed by dimensionless numbers g/ l , we propose a method for

easuring the characteristic length of materials in the laboratory.

he steps of the method are described as follows: firstly, deposit-

ng the nano or micro film on a compliant substrate with known

roperties (e.g. PDMS); then, the indentation test is performed

o obtain the load-displacement relationship; thirdly, the nominal

ending stiffness, D nor , of the film is obtained by fitting the load-

isplacement relationship based on Eq. (26) ; finally, calculating the

imensionless bending stiffness D nor / D and obtaining the value of

he dimensionless number g/ l at this time in combination with

ig. 7 . After obtaining the value of the dimensionless number, the

haracteristic length, g, of the material can be obtained by a simple
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Fig. 7. The relationship between the dimensionless bending stiffness and the di- 

mensionless number defined by us. 
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Fig. A1. Component, τ 123 , of double stress. 

Fig. A2. The relationship between the indentation depth and the load. The lines are 

for the theory with g = 0, and the symbols are for the FEM. 
. Conclusion 

The gradient effect on the indentation response of the stiff

lm/compliant substrate composite structure is studied from a the-

retical perspective. Based on a simple strain gradient theory and

he theory of plate, a closed-form indentation solution of a gradi-

nt elastic stiff film mounted on a soft elastic substrate is obtained

ith the help of Hankel transformation under the assumption that

he contact stress satisfies the Hertz distribution. The influence of

he gradient effect on the indentation response is discussed from

hree aspects: the load-displacement relationship, the surface to-

ography and the distribution of the bending moment on the film.

he results show that due to the existence of the gradient effect,

hen the film thickness is reduced, the indentation characteristics

f this composite structure change. The change in the indentation

ehavior caused by the reduction in the film thickness is similar to,

ut not identical to, the change resulting from an increase in the

odulus ratio of the film to the substrate. And we further stud-

ed the factors that influence the gradient effect, which includes

he modulus ratio, film thickness, contact radius, and Poisson’s ra-

io. It is found that the gradient effect is almost unaffected by the

ontact radius and Poisson’s ratio. However, interestingly, the gra-

ient effect due to the reduction in film thickness is affected not

nly by the thickness of the film but also by the modulus ratio of

he film to the substrate. In addition, when the modulus ratio is

ncreased, the gradient effect is weakened. Considering the couple

nfluences of the film thickness and modulus ratio on the gradient

ffect, a dimensionless number, g/l, is proposed to describe the ap-

arent extent of the gradient effect, and the results show that this

imensionless number can be very effective. Based on the fact that

he gradient effect of the system can be described by the dimen-

ionless number g/ l , a new method for measuring the characteristic

ength of materials in the laboratory is proposed, which is more

onvenient and simpler than other methods for testing the char-

cteristic length of materials. Our research provides a theoretical

asis for an in-depth understanding of the gradient effects on the

ndentation response of the stiff film/compliant substrate system

nd for the measurement of the characteristic length of materials

n the laboratory. 
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ppendix 

(1) A detailed explanation of τ

τ ijk is the couple stress. The first subscript, i, designates the

ormal to the surface across which the component force acts;

he second subscript, j, designates the direction of the arm of the

orce; the third subscripts, k, designates the direction of the force

 Mindlin, 1964 ). For example, τ 123 is shown in Fig. A1 : 

(2) The analysis of the validity range of the closed-form solution

with g = 0 

Inspired by Xia et al. ( Xia et al., 2007 ), we analyzed the valid-

ty range of our solutions with g = 0 based on the theory of plate.

ased on our analysis, we can know that the performance of the

radient effect is to improve the nominal elastic constant of mate-

ials. Therefore, the validity range of solution with g = 0 can pro-

ide a valid reference for the solution with g � = 0 (Note: the scope

f traditional solutions is used as a reference, not as a guideline).

n addition, it can be known that when g = 0, our solution de-

enerates into the traditional solution. At this time, we can take

http://dx.doi.org/10.13039/501100001809
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the FEM simulation results as a benchmark to evaluate the valid-

ity range of our solution with g = 0. Fig. A2 shows the compari-

son between the theory and the FEM results. From the figure, we

can know for the stiff film/compliant substrate system with a high

modulus ratio (E f /E s > 10 2 ), when the indentation depth, w 0 /t f , is

less than 1, the error between the theory and the FEM is less than

5%. Based on the above analysis, it can be seen that our solution

with g = 0 is effective when the indentation depth is less than the

film thickness. Based on the above analysis, the applicable inden-

tation range of our model should be less than the film thickness,

but the specific application range needs to be further verified by

means of experiments or simulations. 

In addition, what we should emphasize is that because we

consider the indentation response of the stiff film/compliant sub-

strate system as the bending of an infinite gradient elastic plate

mounted on a semi-infinite elastic foundation, the indentation size

effect of the system is caused by the decrease of film size, not by

the decrease of the indentation depth. The detailed analysis for

this can be found in Section 4 of this paper or in previous stud-

ies ( Kahrobaiyan et al., 2011 ; Papargyri-Beskou and Beskos, 2008 ;

Wang et al., 2011 ). 
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