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a b s t r a c t 

Ultralow inter-wall interaction is realized in centimeter-long double-walled carbon nan- 

otube (DWCNT) (Zhang, R. et al. Nat. Nanotech. 8, 912-916 (2013)). To further illustrate 

the mechanism of this special phenomenon, theoretical analysis combining with the ex- 

perimental test is conducted, where study of the inter-tube interaction in the carbon nan- 

otube bundles (CNTBs) is also included in this paper. In experiment, nanomanipulation dif- 

ficulties of the ultra-long carbon nanotube (CNT)/CNTB is overcome by establishing a mi- 

cro/nanoscale mechanical testing system (m/n-MTS), based on which the inter-wall/inter- 

tube interaction is firstly in-situ measured under optical microscope (OM). In theory, ac- 

cording to the bottom-up approach, a multi-scale model is developed specially, by which 

results obtained can be directly compared with the experimental data. The pull-out force 

consists of three parts: the boundary effect, the configuration force and the dynamic fric- 

tion. The boundary effect can account for more than 70% when the pull-out velocity equals 

to 1 μm/s. The configuration force is greatly enhanced for the CNTB because of the com- 

mensurate configuration in the circumferential direction. The dynamic friction shows lin- 

ear dependence on the pull-out velocity and relates to the overlapped area, which can be 

manifested when the pull-out velocity reaches to a dozen μm/s for the ultra-long DWCNT. 

The dynamic friction coefficient is proved to be 0.29 multiple of critical value based on the 

experiment data. The pull-out force in the CNTB is found far less than that in the DWCNT 

due to the greatly reduced contact area. Moreover, it can be deduced that the dynamic fric- 

tion will show the same order of magnitude as the contribution from the boundary when 

the pull-out velocity equals to 10 μm/s or the length is 10 mm. This research reveals the 

underlying mechanism of the interaction, especially for the dynamic friction force exhib- 

ited in the ultra-long CNT/CNTB, and can provide help for designing devices with ultralow 

friction on macroscale. 
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1. Introduction 

On the micro/nano scale, friction and wear can be greatly enhanced because of the extremely high surface-to-volume

ratio, which are considered as the bottlenecks to restrict the development of Micro/Nano Electro-Mechanical Systems

(M/NEMS) ( Urbakh and Meyer, 2010 ). Double-walled carbon nanotubes, especially for the centimeter-long ones, are proved

to be with ultralow inter-wall interaction ( Rivera et al., 2003 ; Kis et al., 2006 ; Zhang et al., 2013a ), which really attracts

researchers’ attention because friction and wear can be maximally reduced ranging from nano- to macroscale. Furthermore,

DWCNTs also have excellent mechanical and electronic properties ( Yu et al., 20 0 0a ; Guo and Guo, 2003 ). Thus, they can

be considered as the candidates for fabricating M/NEMS such as nano-motors, nano-oscillator and ultrasensitive sensors

( Riedo et al., 2001 ; Fennimore et al., 2003 ; Zheng and Jiang, 2002 ). Moreover, the tensile strength of carbon nanotube bun-

dles (CNTBs) is 1-2 orders of magnitude lower than that of a single carbon nanotube (CNT) because the typical length of

CNT segments is much less than that of the entire bundle and the tubes are connected by the weak van der Waals (vdW)

interaction ( Lu et al., 2012 ; Liu et al., 2011 ; Yakobson et al., 20 0 0 ). However, the tensile strength of CNTBs assembled by sev-

eral ultra-long CNTs can reach 80GPa by releasing the non-uniform initial strains through the synchronous tightening and

relaxing strategy ( Bai et al., 2018 ). The weak inter-tube interaction plays an important role in this method, which is similar

to the lubricants in ropes, helping to adjust CNTBs with uniformly aligned components. Therefore, having an in-depth study

of the inter-wall interaction of ultra-long DWCNTs and the inter-tube interaction of ultra-long CNTBs is of great significance

for promoting their applications in M/NEMS and fabricating ultra-strong fibers. 

Due to the difficulties in performing nanomanipulation, experimental characterization of CNT at nanoscale is hardly re-

alized in the current stage and only a few experimental studies are reported on the inter-wall sliding behaviors of DWCNT

( Kis et al., 2006 ; Yu et al., 20 0 0b ; Cumings and Zettl, 20 0 0 ). However, due to the presence of defects or deformations,

the measured inter-wall interaction is generally much higher than that of the theoretical predictions ( Yu et al., 20 0 0a ;

Cumings and Zettl, 20 0 0 ; Kis et al., 2006 ;). Moreover, although these experimental tests are operated in scanning electron

microscope (SEM), the fracture behaviors cannot be directly observed and the occurrence of the sliding events can only

be inferred by the displacement evolution of cantilever tip with time, for example, in Yu’s experiment ( Yu et al., 20 0 0b ).

Recently, benefitting from the breakthrough of preparing defect-free CNT with several millimeters in length ( Zhang et al.,

2013a ; Zhang et al., 2017a ) and the optical visualization realized by decorating TiO 2 on the surface of the CNT, the damage

from electron microscopy can be avoided and the ultralow inter-wall interaction is measured in-situ. However, a series of

discontinuous loading values are obtained because the force sensor is designed by characterizing the deformation of a silicon

nanorod. In general, although the nanomanipulation seems easier to be realized for characterizing the inter-wall/inter-tube

interaction in ultra-long DWCNTs/CNTBs due to the millimeter scale in length, new experiment challenges appear because

they are multi-scale structures with macroscale in length and nanoscale in circumferential direction. 

Owing to the development of computation tools, including density functional theory (DFT), molecular dynamics (MD)

and molecular statics (MS), various theoretical studies have been carried on the inter-wall interaction of DWCNT ( Guo et al.,

2003 ; Liu and Zhang, 2011 ; Servantie and Gaspard, 2006b ). In the MS simulation or MD with low temperature, the pull-out

force is computed as the numerical derivative of the increased potential energy with respect to displacement ( Akita and

Nakayama, 2003a ; Akita and Nakayama, 2005 ; Guo et al., 2005 ). As a result, when pulling out the inner tube from the outer

one, the force originated from vdW interaction is only related to the relative position of inner and outer tubes while is in-

dependent to time. Especially, it is independent with the overlapped area for the incommensurate configuration ( Guo et al.,

2003 ; Li et al., 2010 ; Guo and Gao, 2005 ; Yuan and Wang, 2017 ). In the MD simulation when the temperature is considered,

the total energy of the system is no longer conservative and energy dissipation caused by phonons should be considered

( Guo et al., 2003 ; Zhang et al., 2004 ; Zhao et al., 2003 ; Omata et al., 2005 ; Rivera et al., 2005 ). The longer interface al-

lows absorb more energy from the traveling phonon ( Prasad and Bhattacharya, 2017 ), but in fact, the dynamic friction

force is usually ignored in the theoretical models because it is substantially smaller than the force caused by vdW inter-

action ( Zheng et al., 2002 ; Zheng and Jiang, 2002 ). However, these traditional tools are found cannot be applied to compute

the inter-wall interaction of ultra-long DWCNT due to the limitation of computing time and space. Moreover, some new

questions may arise. For example, whether the conclusions obtained at nanoscale are suitable for the ultra-long DWCNTs,

whether the dynamic force can still be ignored for ultra-long DWCNTs and whether new phenomenon will appear in the

inter-wall interaction for DWCNTs on macroscale. Therefore, it is an urgent need to develop new computation method to

explain the results and the new phenomenon obtained in the experiment of ultra-long DWCNTs. 

According to the previous study, the inter-tube interaction plays an important role in the tensile strength of CNTBs

( Yakobson et al., 20 0 0 ; Lu et al., 2012 ; Yu et al., 20 0 0a ). Various effort s are devoted to study the inter-tube interaction in

CNTBs ( Filleter et al., 2012 ; Mirzaeifar et al., 2015 ; Paci et al., 2016 ), where the boundary effects, defects, twisting and chem-

ically functionalized modification are included. According to Filleter’s report ( Filleter et al., 2012 ), the normalized pull-out

force per CNT-CNT interaction (1.7 ± 1.0 nN) is found to be considerably higher than the molecular mechanics (MM)-based

predictions for bare CNTs (0.3 nN), which mainly attributes to the dissipation, surface energy and topological defects. How-

ever, the inter-tube interaction in the bare and pristine CNTBs is rarely reported due to the difficulties in preparation process

of continuous, horizontally aligned and defect-free materials. Recently, due to the preparation breakthrough of the ultra-long

CNTs, the ultra-long CNTBs are synthesized ( Bai et al., 2018 ; Zhang et al., 2017b ). Therefore, this supplies the opportunities

to investigate the inter-tube interaction of the bare and pristine CNTB in experiment and some issues should be discussed.

For example, whether the ultralow inter-tube interaction also exists in the ultra-long CNTBs, what differences will appear
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Fig. 1. . Fabrication and structural characterization of ultra-long CNTs/CNTBs. (a) and (b) show the preparation method of ultra-long CNTs/CNTBs. (c) and 

(d) illustrate the ultra-long CNTs/CNTBs decorated with TiO 2 particles, resulting in the optical visualization. (e) and (f) are the TEM images of the ultra-long 

CNTs/CNTBs. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

compared to the inter-wall interaction in ultra-long DWCNTs and whether new phenomenon will appear when pulling out

the CNT from the ultra-long CNTBs. 

Based on the considerations mentioned above, this paper carries out the study of interaction in ultra-long DWCNTs/CNTBs

combining the experimental test and theoretical analysis. This paper is organized as follows. To capture the continuous

loading-displacement values, an innovative micro/nanoscale mechanical testing system (m/n-MTS) is built, where a force

sensor connected with the probe is used to provide the load data real time. Thus, the inter-wall/inter-tube interaction is

firstly in-situ tested in optical microscope (OM) and the detailed introduction of the experimental tests is illustrated in

Section. 2 . Considering the limitations of the traditional computation methods to the ultra-long CNTs/CNTBs, a multi-scale

model based on the bottom-up approach is developed to describe the interaction behaviors in ultra-long DWCNTs /CNTBs

and to explain the mechanism behind the experimental results, which is described in details in Section. 3 . In Section. 4 ,

the developed multi-scale model is verified by the MD simulation firstly. Then, by setting the parameters according to the

experiment, the results obtained from this multi-scale model are compared with the experimental tests and the mechanisms

are explained. Based on this fact, the multi-scale model is applied to make predictions of the behaviors of pulling out a

single CNT from the ultra-long CNTBs. Finally, some important conclusions are obtained at the end. 

2. Experiments of interaction in the ultra-long CNTs /CNTBs 

The ultra-long CNTs are prepared through a gas-flow directed chemical vapour deposition (CVD) method and then the

ultra-long CNTB is synthesized by focusing gas flow, which can assemble individual CNTs into a bundle ( Zhang et al., 2013b ;

Liu et al., 2009 ) shown in Fig. 1 (a) and (b). Due to the particularity of these structures, which are several millimeters

along axial direction and a few nanometers in circumferential direction, the nano sized TiO 2 particles are decorated on the

surface to realize the optical visualization expressed in Fig. 1 (c) and (d) ( Zhang et al., 2013c ). The effect of the TiO 2 particles

on the structure of the CNTs/CNTBs is discussed in details in the supporting information (Note S1). Transmission Electron

Microscope (TEM) images are shown in Fig. 1 (e) and (f), where the individual ultra-long CNTs are nearly parallel alignment

in the ultra-long CNTBs. 

Considering the structural particularity of ultra-long CNTs/CNTBs with slenderness ratio over 10 7 , a micro/nanoscale me-

chanical testing system (m/n-MTS) shown in Fig. 2 is built to investigate the inter-wall/inter-tube interaction, as has been

used previously ( Bai et al., 2018 ; Ye et al., 2017a ; Ye et al., 2017b ). As shown in Fig. 2 (a), the testing system consists of

three parts: the computer used to the m/n-MTS and record the load and the displacement, the optical microscope (OM)

used to monitor the pull-out process and the micro tensile system designed to loading. The micro tensile system is enlarged

in Fig. 2 (b), where the specimen is bonded on the left side of the sample end by conductive adhesive and the micro force

sensor is fixed on the right side. By adjusting the translation stage, the probe of the force sensor will be in contact with

the CNTs/CNTBs by the vdW interaction. As the coordinate system defined in Fig. 2 (b), the x-axis, y-axis, z-axis translation

stages can move continuously along the x + /x-, y + /y-, z + /z- directions, separately. Also, the capacitive micro-force sensor is

sensitive to x-axial tension and compression forces. Therefore, as shown in Fig. 2 (e), pushing (loading along x- direction) or

pulling (along x + direction) a DWCNT to measure the pullout force is equivalent. Moreover, as shown in Fig. 2 (f),due to the

fact that the sensor probe with a radius less than 2 μm makes contact with the DWCNT/CNTB by vdW forces, slip failure

rarely appears at the clamping ends during tests regardless of the pushing (loading along x- direction) or pulling (along x +
direction). The testing principle is shown in Fig. 2 (c), where the ultra-long CNT is similar to a stretched string and thus the

load can be calculated by the formula shown in this figure. Fig. 2 (d) illustrates the testing process of pulling out the inner

tube from the outer one. After the outer tube breaks, the inner tube is pulled out gradually. Then, the pulled out inner tube

will retract after the external load is removed. The retraction behavior of the inner tube originates from the boundary effect

and the detailed explanation is illustrated in the supporting information (Note S1 and Video 1). The displacement resolution

of the translation stage is 0.5 nm, the resolution of micro-force sensing probe is 5 nN (FT-S100, FemtoTools, Switzerland)

and the magnification range of the optical microscope is 350-3,500 × (HIScope KH-3000, Hirox, Japan). 
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Fig. 2. The micro/nanoscale mechanical testing system (m/n-MTS) for ultra-long CNT/CNTB. (a) shows the global arrangement of the testing system, consist- 

ing of computer, optical microscope and the MTS. (b) is the enlargement and introduction of the MTS, where the coordinate system defined. (c) expresses 

the schematic diagram of testing principle. (d) shows the testing process of pulling out the inner tube from the outer one. (e) shows the pulling/pushing 

tests and the corresponding diagrams. (f) is the enlarged drawing of the sensor probe. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The initial length of the tested ultra-long DWCNT is 2 mm, the diameter of the outer tube is 2.67 nm and the pull-

out velocity of the sensor is set as 14 μm/s. According to the loading data ( T ) recorded by the force senor, loading on the

ultra-long DWCNT ( F ) can be obtained by the formula in Fig. 2 (c). Fig. 3 (a) displays a grouped set of images, representing

the pull-out process of the inner CNT from the outer one and the corresponding loading-displacement curve is shown in

Fig. 3 (b). The pull-out process can be divided into three stages. The first stage begins with the outer tuber rapidly broken

and the stretch loading drops sharply, which corresponds to the State 1. Then, the inner tube is gradually pulled out until

the right side is broken. The average force in this stage is 11.8 nN. After that, the pull-out process enters into the second

stage, which corresponds to the State 2 and the right side of the inner tube cannot be found out in the optical image. After

that, the left side of the inner tube is pulled out (blue line), where the distance between the probe and the visualized outer

tube (white line) increases gradually. The pull-out velocity of the inner tube in this stage is 6.9-10.2 μm/s because the angle

defined in Fig. 2 (c) varies from 29 °51 ′ to 47 °24 ′ , resulting in 7.8 nN of the average force. To further pull out the inner tube,

the magnification of microscope is decreased, which corresponds to the third stage. The average pull-out force is 8.6 nN

when the pull-out velocity varies in 10.2-11.7 μm/s. The fluctuation degrees in the three stages are characterized by the

standard deviation of data shown in Fig. 3 (b). The pull-out force is comparable but higher than the previous values tested

in the quasi-static state, including 3.1 nN ( Kis et al., 2006 ), 4.0 nN ( Akita and Nakayama, 2003b ) and theoretical value 2 nN

( Akita and Nakayama, 2005 ). 

The pull-out process of a CNT from the ultra-long CNTB is shown in Fig. 4 . The State 1 shows the initial configuration of

the CNTB consisting of three tubes marked as 1, 2 and 3 on the left side of the probe, while shown as a bundle on the right

side. The initial length is 2 mm and diameters of the CNTs are 2.61 nm, 1.82 nm and 2.02 nm, respectively. The pull-out

velocity of the sensor is set as 14 μm/s. The maximum loading value is 202 nN, where the corresponding configuration is

State 2. After the CNTB on left side of probe is broken and cannot be found out in the optical image, the pull-out process

begins in State 3, where the stretch loading rapidly descends to near zero. Then, the core CNT (blue line) is gradually pulled

out from the CNTB (white line) with the probe moving forward. As shown in Fig. 4 (b), the average pull-out force is 0.9 nN

when the pull-out velocity of the core CNT is 5.6-7.2 μm/s due to the variation of the angle defined in Fig. 2 (c) (23 °39 ′ to

31 °05 ′ ). The tested pull-out force value is comparable but higher than the previous reported values in the quasi-static state,

including the 0.43 nN (Benassi, et al., 2008) and 0.3 nN ( Filleter et al., 2012 ). 

3. The multi-scale model of the interaction in the ultra-long CNT /CNTB 

To illustrate the interaction in the ultra-long CNT/CNTB obtained from experiments, a multi-scale model is developed and

shown in Fig. 5 . It consists of three typical models in different scales. The atomic scale model is based on the MD method

and it could reach dozens of nanometers ( Fig. 5 a). Then, the basic parameters of carbon nanotube and the inter-wall/inter-

tube interaction discussed in Section 3.1 will be obtained, which can be used to construct the mesoscale model according

to the coarse-grained method ( Buehler and Markus, 2006 ). As a result, the computation scale is hundreds of nanometers

( Fig. 5 b), while the detailed structural information of carbon nanotube including the six-membered ring and the π bond is
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Fig. 3. The pull-out process of CNT in the ultra-long DWCNT. (a) is a set of optical images showing the pull-out process. (b) expresses the corresponding 

loading-displacement curve. 

Fig. 4. The pull-out process of ultra-long CNTB in the experiment. (a) shows the pull-out process by the captured images from recorded video. (b) is the 

calculated loading-displacement curve. 
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Fig. 5. The multi-scale model of CNT and CNTB. (a) illustrates the atomic scale models of inter-wall sliding in CNT and inter-tube sliding in CNTB. (b) 

shows the mesoscale model obtained by the coarse-grained method. (c) indicates the macroscale model, which corresponds to the F-K model. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ignored. Due to the strong in-plane interaction, distance between adjacent atoms is hardly affected by the weak interlayer

interaction. As a result, the individual carbon nanotube can be assumed as rigidity. Interaction between interlayer atoms

can be equivalent to a sinusoidal potential function and this equivalence corresponds to the Frenkel-Kontorova (F-K) model

( Braun and Kivshar, 2004 ), which extends the computation model to macroscale ( Fig. 5 c). 

3.1. The atomic scale model of CNT/CNTB 

To obtain the basic parameters of carbon nanotube and the inter-wall/ inter-tube interaction, a series of MD simulations

are carried out using an open sources LAMMPS (Large-scale Atomic/Molecular Massively Parallel Simulator) ( Plimpton, 1995 ).

In this study, the Adaptive Intermolecular Reactive Empirical Bond Order (AIREBO) potential ( Stuart et al., 20 0 0 ), which is

able to simulate the bond formation and bond breaking of C-C, is adopted to describe the C-C bonded interaction. The

Lenard-Jones (LJ) 12-6 potential ( Halgren, 1992 ) given by Eq. (1) is used to describe the long-range vdW non-bonded in-

teractions between carbon atoms, and the cut-off distance is set as 12 Å ( Yuan and Wang, 2017 ; Yuan and Wang, 2018 ).

For carbon atoms, the depth of the potential well ɛ C-C and the zero-potential distance σ C-C are set as 0.00284 eV and 3.4 Å

( Yuan and Wang, 2017 ; Yuan and Wang, 2018 ), respectively. To be consistent with the experimental environment, the NVT

(constant Number of atoms, Volume and Temperature) ensemble is adopted and the temperature is controlled around 300

K using the Nosé-Hoover thermostat ( Nosé, 1984 ). The Verlet algorithm is employed to perform the time integration with a

time step of 0.001 ps. 

E = 4 ε C−C 

[(
σC−C 

r 

)12 

−
(
σC−C 

r 

)6 
]

(1) 

Firstly, the atomic model of individual CNT is established, which is based on the fact that CNT is formed by curling the

graphene sheet. The curling process is shown in Fig. 6 (a) and the coordinate transformation relation is expressed in Eq. (2) .

Moreover, the different geometries of CNT, depending on the way that the graphene sheet is curled, are specified by the

integers (n, m) and the diameter of the nanotube is given by Eq. (3) . Then, the so-called armchair nanotubes correspond to

the integers (n, n), the zigzag ones to (n, 0), and the chiral nanotubes to (n, m). Due to the fact that most of the DWCNTs

in our experiments, especially those ( Zhang et al., 2013a ), have the incommensurate configurations, the ultra-low inter-

wall interaction is measured ( Zhang et al., 2013a ). Then, simulations are carried out in the (9, 0) @ (10, 10) system. The

initial length of the nanotube (9, 0) is 199.86 Å and it is 199.36 Å for the nanotube (10, 10). Moreover, the effect of the

commensurability is also discussed in the supporting information (Note S2). 

x P = 

d 

2 π
− d 

2 π
cos 

2 πy ′ P ′ 
d 

, y P = 

d 

2 π
sin 

2 πy ′ P ′ 
d 

, z P = z ′ P ′ (2) 

d = 

√ 

3 a C−C 

π

√ 

n 

2 + m 

2 + mn (3) 

where a C−C is the bond length of C-C. 
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Fig. 6. The basic parameters of CNT/CNTB obtained by MD simulation. (a) illustrates the establishment of the individual CNT by curving the graphene. (b) 

is the stress-strain curve in the uniaxial tension test of CNT (9,0) used to determine the Young’s modulus. (c) shows the adhesion energy of inter-wall 

for DWCNT and inter-tube for CNTB calculated to obtained the updated LJ potential in the coarse-grained model. (d) expresses the amplitude attenuation 

process of the inner/core tube with time, where the dynamic friction coefficient can be obtained by the coast-down test. (e) shows the variation of the 

interaction energy when a short tube moves relatively to long tubes, where the parameters of the interaction energy can be obtained without considering 

the boundary. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Then, to determine the basic parameters of carbon nanotube and the inter-wall/inter-tube interaction, four mechanical

loading cases are conducted. 

The first one is the tensile loading case, which is used to determine the Young’s modulus of the pulled-out tube (9, 0).

After the initial structure is relaxed to reach the equilibrium state with minimum energy, the tube is stretched slowly at

one end with the other end fixed. Based on the MD calculation, the tensile curve is obtained and shown in Fig. 6 (b). The

Young’s modulus can be expressed as the slope of this stress-strain curve at the initial stage, which is 1.19TPa. 

The second loading case is an assembly of CNTs, including (9, 0) @ (10, 10) for DWCNT and (9, 0) @ (10, 10)s for CNTB,

which is conducted to obtain the adhesion energy. For the DWCNT, with one end of the inner tube (9, 0) and the opposite

end of the outer tubes (10, 10) fixed, the system is relaxed to reach the minimum energy. For the CNTB, however, the system

is relaxed when one end of the core tube (9, 0) is fixed and the detailed description of the establishing process is shown in

the supporting information (Note S3). Then, the minimum vdW interaction energy of the inter-wall/inter-tube is calculated

and shown in Fig. 6 (c). It can be found that, with the CNT number increasing, the adhesion energy per unit length of CNTB

increases linearly and tends to that of DWCNT. This can attribute to the increasing contact area between CNTB with the

number of CNT increasing, while it is the maximum for DWCNT. The configurations of the DWCNT and CNTB are described

in Fig. 7 (a). 

The third one is the coast-down test ( Servantie and Gaspard, 2006b ; Cook et al., 2013 ), which is carried out to obtain

the dynamic friction coefficient. With the inner/core tube given an initial extraction of 100 Å, the system is relaxed to

the equilibrium state. Then, the inner/core tube will oscillate along the axial due to vdW interaction after the fixed side is

released. Taking the CNTB with four tubes for example, as shown in Fig. 6 (d), the core tube oscillates along the axial and the

maximum amplitude of this mechanical oscillation will decay due to the energy dissipation. To quantitatively describe the

amplitude evolution with time, the Hilbert transformation ( Gabor, 1946 ) is applied to obtain the envelope of the oscillation

curve. According to the envelope curve, the attenuation process can be described by Eq. (4) through least square fitting

( Servantie and Gaspard, 2006a ; Servantie and Gaspard, 2006b ). The mechanism of the energy dissipation is the generation

of phonons in this process. Atoms in this test experience the proper physics, including breathing and twisting acoustic

modes, so phonons will be excited by the interaction between walls/tubes ( Cook et al., 2013 ; Prasad and Bhattacharya, 2017 ;
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Fig. 7. The modeling process from atomic scale to mesoscale based on the coarse-grained method. (a) shows configuration of the DWCNT and the CNTB 

with 4 tubes. (b) is the detailed configuration of the DWCNT and the CNTB along axial directions. (c) expresses the circumferential configuration of the 

DWCNT/CNTBs. (d) shows the detailed configuration of the selected DWCNT/CNTB along the circumferential directions. (e) illustrates mesoscale model 

based on the coarse-grained method. 

 

 

Zhang et al., 2003 ; Hepplestone and Srivastava, 2006 ). Then, the phonon dissipation results in the accumulation of thermal

energy and the system heats up. However, to keep the temperature of the system constant, the thermostat on the outer/side

tube continually extracts heat, resulting in the consistent with the experimental environment. 

R (t) = R 0 exp (−�R t) = R 0 exp (− 2 γ

3 μ
t) (4) 
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where R ( t )is the maximum amplitude of this mechanical oscillation, �R is the damping rate, γ is the dynamic friction coeffi-

cient and μ= ( N 1 N 2 ) / ( N 1 + N 2 ) m is the relative mass of the system. Here, N 1 and N 2 are the number of atoms in inner/core and

outer/side tubes, and m = 12 amu is the atomic mass of carbon. Moreover, with the number of the side tubes increasing, the

damping rate increases linearly for the CNTB, as illustrated in the small graph of Fig. 6 (d). This is because that the contact

area multiplied, the phonon dissipation shows great growth. Thus, the damping rate is maximum for the DWCNT because

this system has the largest contact area. 

The forth loading case is conducted to determine the parameters of interaction energy without considering the bound-

ary, where a short tube (9, 0) (40 Å) moves relatively to long tubes (10, 10)s (199.36 Å). After the system is relaxed to the

minimum energy, the short tube is pulled forward along the axial at constant speed (0.1 Å/ps). Then, the potential energy

of the inter-wall/inter-tube interaction is calculated in Fig. 6 (e), where the constant term is subtracted to make comparison

because the contribution to the pull-out force from this part is the derivative of the interaction energy with displacement

and is independent of the constant term. The interaction energy in this loading case presents sinusoidal variation and the

amplitude increases linearly with the CNT number multiplied for the CNTB. This attributes to the appearance of the com-

mensurate configuration. To further illustrate the phenomenon, the detailed configurations of the DWCNT and CNTBs along

axial and circumferential directions are described in Fig. 7 (b) and (c). For the DWCNT, it is incommensurate along any direc-

tion because the chirality of the inner tube is armchair along axial direction and zigzag in circumferential direction, while

the chirality of the outer tube is reversed. However, for the CNTBs, they are incommensurate along the axial direction,

where the chirality of the core tube (9, 0) is armchair and the side tubes are zigzag. For the circumferential configurations,

the CNTBs are commensurate. This attributes to the fact that the side tube can freely rotate and translate around the core

tube in the relaxation, resulting in the circumferential configuration superposition for CNTBs with the number of the side

tubes increasing. The circumferential configuration of the CNTB with 2 tubes after relaxation is shown in Fig. 7 (d), where the

atom 1 of the core tube locates between the atoms 10 and 11 of the side tube. In this situation, the atom 1 of the core tube

falls at the bottom of potential well formed by the atoms 10 and 11 of the side tube, resulting in the maximum interaction

energy. Then, taking the CNTB with 4 tubes as an example, the circumferential configuration is the superposition of three

CNTBs with 2 tubes, where the atoms 1, 3 and 5 of the core tube lay between atoms 12 and 13 of side tube 1, atoms 16 and

17 of side tube 2 and atoms 20 and 1 of side tube 3, respectively. Therefore, the circumferential configurations of the CNTBs

are commensurate and the amplitude of the interaction energy satisfies linear superposition in Fig. 6 (e). However, the CNTB

with 6 tubes is a special case. It can be fund that only the configuration formed by the core tube and the side tube 5 is

the same as that of the CNTB with 2 tubes, where the atom 8 of the core tube locates between the atoms 6 and 7 of the

side tube 5. But the configurations composed with the core tube and the side tubes 1, 2, 3 and 4 are not the same as that

of the CNTB with 2 tubes. Thus, the CNTB with 6 tubes is not exactly the superposition of five CNTBs with 2 tubes and the

amplitude of the interaction energy no longer satisfies the linear superposition. As a result, the amplitude of the interaction

energy is then below the line in Fig. 6 (e). 

3.2. The mesoscale model of CNT/CNTB 

Based on the coarse-grained method, the mesoscale model of the CNT/CNTB is established. For the incommensurate

system shown in Fig. 7 (a), the chirality of the outer/side tube (10, 10) is zigzag along axial and armchair in circumferential

direction, while it is opposite for inner/core tube (9, 0). Thus, the period of the outer/side tube (10, 10) is a s = 

√ 

3 a c−c = 2 . 46 ̊A

and a c = 3 a c−c = 4 . 26 ̊A for the inner/core tube (9, 0) along axial, respectively. In the mesoscale model shown in Fig. 7 (b), the

atomistic representation of the CNT is replaced by a collection of beads interacting with various molecular potentials. The

C-C bonded interaction is replaced by the harmonic spring and the long-range vdW non-bonded interaction is represented

by the updated Lenard-Jones (LJ) 12-6 potential. 

According to the period of the outer/side and inner/core tubes, the mass of a single particle shown in Fig. 3 (b) is given

by m 

a c 
(9 , 0) 

= 432 amu and m 

a s 
(10 , 10) 

= 480 amu . The spring constants calculated from Young’s modulus for small deformation can

be expressed as: 

K 

(9 , 0) 
c = F / �x = σx × A ( 9 , 0 ) / ( ε x × a c ) = A ( 9 , 0 ) × E / a c (5a)

K 

(10 , 10) 
s = F / �x = σx × A ( 10 , 10 ) / ( ε x × a s ) = A ( 10 , 10 ) × E / a s (5b)

where F , �x, σ x , ɛ x and A are tensile loading, elongation, stress, strain and cross-sectional area of the tube. Thus, the spring

constants are K 

( 9 , 0 ) 
c = 6 . 57 × 10 5 amu/p s 2 and K 

( 10 , 10 ) 
s = 42 . 14 × 10 5 amu/p s 2 . For the updated Lenard-Jones (LJ) 12-6 potential,

the updated potential well ɛ C-C and the zero-potential distance σ C-C should be determined. Because the equilibrium distance

between inner/core and outer/side tube is r c = 3 . 4 ̊A, the minimum interaction energy will be obtained in Eq. (1) when r =
r c . Therefore, the updated zero-potential distance σ C-C can be obtained σC −C = r c / 

6 
√ 

2 = 3 . 03 ̊A. The updated potential well ɛ C-C is

chosen based on the fact that the mesoscopic and the atomistic model feature the same adhesion energy per unit length.

Due to the cut-off distance set as 12 Å in atomic simulation, the interaction length of the outer/side tube to the inner/core

particle ( 1 c ) along axial direction is 11.51 Å, including 9 particles ( 1 s , 2 s , 3 s , 4 s , 5 s , 2 
′ 
s , 3 

′ 
s , 4 

′ 
s and 5 ′ s ) shown in Fig. 7 (b). As

a result, the adhesion energy per unit length of the mesoscopic model E L can be shown as: 

E L = 

1 

a 
×

[ 
E( r c ) + 2 E( ̃ r c ) + 2 E( ̃ ˜ r c ) + 2 E( ̃ ˜ ˜ r c ) + 2 E( 

˜ ˜ ˜ ˜ r c ) 
] 

(6)

c 
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Fig. 8. The modeling process from mesoscale to macroscale of CNT/CNTB in the framework of Frenkel-Kotorova. (a) shows the modeling process without 

considering boundary, where the interaction force is equivalent to a sinusoidal function. (b) is the modeling process considering boundary, where the 

interaction force is quite complex at the boundary. (c) expresses the process when a particle, representing a part of the inner/core tube, moves relatively 

to the outer/side tube to obtain the corresponding interaction force. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Here, E ( r )is the Lenard-Jones (LJ) 12-6 potential shown in Eq. (1) and the updated potential well ɛ C-C equals E ( r c ).Therefore,

according to Fig. 6 (c), the updated potential wells ɛ C-C are 0.20 eV, 0.40 eV, 0.60 eV, 0.80 eV, 1.01 eV and 1.06 eV for 2 tubes,

3 tubes, 4 tubes, 5 tubes, 6 tubes in CNTB and DWCNT, respectively. 

3.3. The macroscale model of CNT/CNTB 

Although the mesoscale model can extend the computation scale to hundreds of nanometers in LAMMPS, the length of

the ultra-long CNT /CNTB is usually several millimeters and the time scale is hundreds of seconds in the realistic experiment.

To capture the main features of this huge and complex system, the macroscale model of the CNT/CNTB is developed to de-

scribe this dynamic problem phenomenologically. In order to be more consistent with the experimental process, the pull-out

behavior of CNT/CNTB is analyzed in the framework of the Frenkel-Kotorova model. Compared to the strong covalent bond

interaction in-plane, the weak inter-wall/inter-tube interaction can hardly affect the distance between adjacent atoms in the

out/side tube. According to Benassi’s report ( Benassi et al., 2015 ), although the length of the CNT/CNTB in the experiment is

several millimeters, the critical length, where the commensurate configuration appears due to the deformation of the tube,

is 0.5m. Thus, the non-bonded vdW interaction can be equivalent to a potential function. Therefore, as shown in Fig. 8 , the

experimental process can be treated as chains of N particles of mass m 

a c 
(9 , 0) 

, connected by springs of stiffness K 

(9 , 0) 
c , having

rest length a c , and driven by a spring of constant K dr meaning the lateral stiffness of the probe cantilever, with speed of ν0 on

a potential with periodicity representing the interaction with the outer/side tube. 

When the inner/core tube is pulled out from the outer/side one, four parts of energy are included in this system shown

in Eq. (7a) , consisting of the elastic potential energy of the springs U p , the kinetic energy of the particles T p , the interaction

energy with the outer/side tube U s and the dissipation energy caused by phonon dissipation 	s . Meanwhile, to make the

calculation simpler, a dimensionless unit system is introduced by setting a c as the length unit, τ= 

√ 

m 

a c 
(9 , 0) 

/ K 

(9 , 0) 
c as the time

unit and U = K 

(9 , 0) 
c × a 2 c as the energy unit. Then, according to the generalized Lagrange equation shown in Eq. (7b) , the
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movement equations of particles can be obtained. 

u p = 

U p 

U 

= 

1 

2 

N ∑ 

i =2 

( u i − u i −1 ) 
2 

t p = 

T p 

U 

= 

1 

2 

N ∑ 

i =1 

( 
d u i 

d t ′ ) 
2 

u s = 

U s 

U 

= − U 0 

K 

(9 , 0) 
c × a 2 c 

N ∑ 

i =1 

cos (2 π × [ u i + (i − 1) ] 

a s / a c 
) 

2 

ϕ s = 

	s 

U 

= 

1 

2 

× γ

m 

a c 
(9 , 0) 

×
N ∑ 

i =1 

( 
d u i 

d t ′ ) 
2 

(7a)

d 

dt ′ 

(
∂ t p 
∂ ˙ u i 

)
+ 

∂( u p + u s ) 

∂ u i 

+ 

∂ ϕ s 

∂ ˙ u i 

= f i (7b)

Here, t p = T p /U , u p = U p /U , u s = U s /U and ϕ s = 	s /U are the corresponding dimensionless energy parameters.

 

′ = t/τ , ̇ u i = ̇

 U i × τ/ a c , u i = U i / a c and f i = F i / ( K c × a c ) are the dimensionless parameters of time, speed, displacement and ex-

ternal loading. U 0 is the amplitude of the cosine potential function. 

Here, the interaction force ( F si = ∂ u s / ∂ u i ) obtained based on Eq. (7a) is considered when the boundary is taken into con-

sideration because it is rather different compared to the condition without considering that. As shown in Fig. 8 (a), the

interaction force is a sinusoidal function without considering the boundary. The period and amplitude of this function can

be obtained from Fig. 6 (e) and Eq. (7a) . However, the interaction force, as shown in Fig. 8 (b), is no longer the sinusoidal

function when particles are on the boundary. To clearly clarify the different, the change of the interaction force when a par-

ticle representing part of the inner/core tube is driven on the out/side tube is shown in Fig. 8 (c), where the cut-off distance

is set as 11.51 Å along z axis as discussed in Section 3.3 . At the left boundary, when the particle is located at 1 c , particles

1 ′ s , 2 ′ s , 3 ′ s and 4 ′ s act rightward force on it, resulting in the maximum resultant force. Then, as the particle moves to 2 c ,

the resultant rightward force decreases because it is dragged leftward by particles 1 ′ s and 2 ′ s . With the particle moving

to 3 c , the rightward and leftward forces at the boundary cancel out, resulting in the same force function as that without

considering the boundary. However, when moving to the right boundary, the interaction force for the particle at 4 c , 5 c and

6 c is the same as that at 3 c , 2 c and 1 c except for the opposite direction. With the particle moving out of the outer/side tube,

corresponding to the positions of 7 c , 8 c , 9 c and 10 c , the leftward force decreases to zero. As discussed above, the analytic

interaction force F si can be deduced in Eq. (8) . 

Without considering boundary: 

F si = 

U 0 

K c a 2 c 

× 2 π

a s / a c 
sin 

[
2 π × u i + (i − 1) 

a s / a c 

]
(8a)

Considering boundary: 

F si = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

U 0 

K c a 2 c 

× 2 π

a s 
sin 

[
2 π × u i + (i − 1) 

a s / a c 

]
− 1 

K c a 2 c 

∫ z i + r cut 
2 z i 

4 ε C −C ×

⎛ 

⎜ ⎝ 

− 12 σC −C 
12 

( 

√ 

(s + z i ) 2 + r 2 c ) 
13 

+ 6 σC −C 
6 

( 

√ 

(s + z i ) 2 + r 2 c ) 
7 

⎞ 

⎟ ⎠ 

× s + z i √ 

(s + z i ) 2 + r 2 c 

ds z 1 ≤ z i < z 3 

U 0 

K c a 2 c 

× 2 π

a s / a c 
sin 

[
2 π × u i + (i − 1) 

a s / a c 

]
z 3 ≤ z i < z 4 

U 0 

K c a 2 c 

× 2 π

a s 
sin 

[
2 π × u i + (i − 1) 

a s / a c 

]
− 1 

K c a 2 c 

∫ 2 z i −(N−1) ×r s 
z i −r cut 

4 ε C −C ×

⎛ 

⎜ ⎝ 

− 12 σC −C 
12 

( 

√ 

( z i − s ) 2 + r 2 c ) 
13 

+ 6 σC −C 
6 

( 

√ 

( z i − s ) 2 + r 2 c ) 
7 

⎞ 

⎟ ⎠ 

×
(
z i − s 

)
× (−1) √ 

( z i − s ) 2 + r 2 c 

ds z 4 ≤ z i < z 6 

− ∫ (N−1) ×r s 
z i −r cut 

4 ε C −C ×

⎛ 

⎜ ⎝ 

− 12 σC −C 
12 

( 

√ 

( z i − s ) 2 + r 2 c ) 
13 

+ 6 σC −C 
6 

( 

√ 

( z i − s ) 2 + r 2 c ) 
7 

⎞ 

⎟ ⎠ 

×
(
z i − s 

)
× (−1) √ 

( z i − s ) 2 + r 2 c 

ds z 6 ≤ z i < z 10 

(8b)

where F si is the analytic interaction force of particle i , and z i is the axial coordinate of particle. 

4. Results and discussion 

4.1. Comparison with the MD simulation of the pull-out process 

To validate the multi-scale model, the process of pulling the inner tube from the outer one in DWCNT is calculated by

setting the parameters according to the atomic model in the MD simulation. Results obtained by the multi-scale model and

the MD simulation are then compared. 
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Table 1 

Parameters of the multi-scale model according to the atomic model in the MD simulation. 

Parameters Magnitude 

Number of particles ( N 1 ) 47 

Initial spacing between particles ( a c 1 ) 4.26 ( ̊A) 

Mass of each particle ( m 

a c 
(9 , 0)1 

) 432 (amu) 

Stiffness of springs between particles ( K (9 , 0) 
c 1 

) 6.57 × 10 5 (amu/ps 2 ) 

Stiffness of the spring representing the probe ( K dr 1 ) 6.57 × 10 5 (amu/ps 2 ) 

Amplitude of the potential function ( U 01 ) 1.15 × 10 −3 (eV) 

Period of interaction potential function ( a s 1 ) 2.46 ( ̊A) 

The dynamic friction coefficient of one particle ( γ 1 ) 0.22 (amu/ps) 

The pull-out speed ( ν1 ) 0.01 ( ̊A/ps) 

The updated zero-potential distance ( σ C-C1 )The updated potential well ( ɛ C-C1 ) 3.03 ( ̊A)1.06 (eV) 

The cut-off distance along axial ( r cut ) 11.51 ( ̊A) 

Fig. 9. Comparation of the pull-out process of the results of the MD simulation and multi-scale model. (a) shows the treatment of the interaction energy 

with much noise to obtain the pull-out force in the MD simulation. (b) compares the pull-out force variation of the MD simulation and multi-scale model 

with the inner tube being pulled out. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

For the MD simulation, the computation system is the same as that in Section 3.1 . The DWCNT of the (9, 0) @ (10, 10)

system is chosen, the initial length of the inner tube (9, 0) is 199.86 Å and it is 199.36 Å for the outer tube (10, 10), the

parameters of LJ potential are 0.00284 eV and 3.4 Å for ɛ C-C and σ C-C , the cut-off distance is 12 Å and the pull-out velocity

is 0.01 Å/ps. 

According to the parameter selection process described in Section 3 , the parameters of the multi-scale model in this

calculation is shown in Table 1 and the subscript 1 of the symbols means parameters are selected in this table. 

In the MD simulation, the pull-out force is not available directly because of the excessive noise when the temperature of

the ensemble is set around 300 K. Instead, it is calculated according to the interaction energy E interaction , which is the sum of

vdW interaction energy between inner and outer tubes shown in Eq. (9) . 

E interaction = 

N o ∑ 

i =1 

N c ∑ 

j=1 

4 ε C−C 

[ (
σC−C 

r i j 

)12 

−
(

σC−C 

r i j 

)6 
] 

(9) 

where i denotes an atom in the inner shell, j is an atom in the outer shell and Nc, No are the numbers of atoms in the inner

and outer shells, respectively. Then, the pull-out force can be obtained by F pul l −out = 

∂ E interaction 
∂z 

. As shown of the enlarged box

in Fig. 9 (a), the interaction energy calculated from MD simulation has much noise, resulting in the great fluctuation of the

pull-out force. Then, the Savitzky-Golay filtering technique ( Savitzky and Golay, 1964 ) based on the least square fit algorithm

is applied, by which the pull-out force can be obtained. However, the obtained pull-out force still has a lot of noise. To

compare with the results given by the multi-scale model, the Savitzky-Golay filtering technique is applied to the fluctuated

pull-out force again. 

Fig. 9 (a) shows the process of obtaining the pull-out force in the MD simulation and the comparation of the pull-out force

variation with the multi-scale model is drawn in Fig. 9 (b). The evolution of the pull-out force is almost the same, including

the sharp increase stage, the slight periodic up-and-down stage and the rapid decrease stage. The maximum pull-out force

obtained from the multi-scale model is nearly 0.83 nN, which is quite accord with the MD result. However, the mechanism

of the computed pull-out force is quite different. The pull-out force calculated from MD simulation only includes the vdW

interaction, which only depends on the relative position of the atoms between inner and outer tubes. So, the calculated

pull-out force is nearly the same as that obtained from MS (Molecular Statics) because the weak interfacial interaction

cannot change the length of the covalent (C-C) bonds in-plane. However, the pull-out force acquired in the multi-scale model
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Table 2 

Parameters of the FK model describing the intermediate overlapped area based on the experiment. 

Parameters Magnitude 

Number of particles ( N 2 ) 900 

Initial spacing between particles ( a c 2 ) 1 × 10 5 ( ̊A) 

Mass of each particle ( m 

a c 
(9 , 0)2 

) 1.01 × 10 7 (amu) 

Stiffness of springs between particles ( K (9 , 0) 
c 2 

) 22.78 (amu/ps 2 ) 

Stiffness of the spring representing the probe ( K dr 2 ) 22.78 (amu/ps 2 ) 

Amplitude of the potential function ( U 02 ) 1.15 × 10 −3 (eV) 

Period of interaction potential function ( a s 2 ) 0.58 × 10 5 ( ̊A) 

Dynamic friction coefficient of one particle( γ2 = 0 . 29 × γc , γc = 2 ×
√ 

K (9 , 0) 
c 1 × m 

a c 
(9 , 0)1 

× a c2 / a c1 ) 2.28 × 10 8 (amu/ps) 

The pull-out speed ( ν2 ) 10 −8 ( ̊A/ps) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

includes two parts. One part originates from the dynamic friction force caused by the energy dissipation and the other one

is the vdW interaction. According to the formula F r = N 1 × γ1 × v 1 obtained according to Eq. (7a) , the computed maximum

dynamic friction force F r is 1.69 × 10 −5 nN, which is nearly four orders of magnitude smaller than vdW interaction force.

The contribution of the vdW interaction force includes two parts: boundary effect and contribution of the configuration

force. The pull-out force comes from the boundary effect is nearly 0.83nN. While, the pull-out force contributed by the

intermediate overlapped area F s is 5.12 × 10 −3 nN ( F s = 

N ∑ 

i =1 

U 01 

K 
(9 , 0) 
c 1 a 

2 
c1 

× 2 π
a s 1 / a c1 

sin [ 2 π × u i +(i −1) 
a s 1 / a c1 

] ), which is nearly two orders of

magnitude smaller than that resulted from boundary. As a result, the maximum pull-out force values are nearly the same

in the two models and the pull-out force originated from the vdW interaction is mainly contributed by the boundary. Thus,

the conclusion that the force of pulling the inner tube from the outer one is independent on the intermediate overlapped

area is further verified ( Cumings and Zettl, 20 0 0 ; Suekane and Nakayama, 2008 ) and the mechanism is clearer. 

4.2. Comparison with the experimental results of the pull-out process 

The CNT/CNTB used in the experiment is usually several millimeters, so it is called ultra-long CNT/CNTB in the previous

study ( Zhang et al., 2013b ; Zhang et al., 2016 ), where the pull-out behavior is hardly described by the previous computation

method due to the limitation of computing space and time. While, the developed multi-scale model, which can extend

the computation scale to macroscale, can be used to describe the pull-out process observed in the experiment. In Zhang’s

experiment ( Zhang et al., 2013a ), two 9-mm-long inner tubes are pulled out of the ultra-long DWCNT, of which the outer

tubers’ diameters are 2.73 nm and 3.26 nm, respectively. Then, the relationship between the pull-out force and the length

of the overlapped area is investigated. In Zhang’s another experiment ( Zhang et al., 2016 ), to investigate the relationship

between the pull-out force and the pull-out velocity, a 3-mm-long DWCNT with diameter of 2.67 nm is used in their work.

In addition, the ultra-long DWCNT used in our experiment is 2 mm long with outer tube’s diameter of 2.67 nm. As a result,

the parameters set in Table 2 is completely based on the experiment. 

Firstly, to realize the numerical calculation at macroscale for the multi-scale model, larger coarse-grained particles are

set in the intermediate overlapped area due to the conclusion obtained in Section 4.1 . It is proved that the pull-out force

originated from the vdW interaction contributed by the intermediate overlapped area is nearly two orders of magnitude

smaller than that of the boundary effect, which is independent of the overlapped area length due to the incommensurate

configuration. 

Then, one key technique of the multi-scale model is to appropriately describe the junctions of the two boundary regions

and the intermediate overlapped region. These three regions are shown in Fig. 8 (c), including the left boundary region, the

intermediate overlapped region and the right boundary one. Thus, the sketch chart of the computation process is drawn in

Fig. 10 specially to solve the problem. Because the cut-off distance ( r cut ) is set as 11.51 Å and the period of the particles

at the boundary ( a c 1 ) is 4.26 Å, in the initial state (State 1), three particles are located at the left and right boundary

region, respectively. With the particle chain moving rightward, particles in the left boundary region will enter the right

side of the intermediate overlapped region and the particle in the right side of the intermediate overlapped region will

get into the right boundary region. When the displacement of the particle chain is greater than 2.4 9 Å ( r cut − 2 a c ≥ 2 . 4 9 ),

corresponding to State 2, particle 3 c vanishes in the intermediate overlapped region and reappears in the right boundary

region for ease of understanding. Similarly, particle 2 c will experience the same process as that of particle 3 c when the

displacement is larger than 6.75 ̊A ( r cut − a c ≥ 6 . 75 ). Then, when the displacement is over 11.51 Å (State 4), particles in the

left boundary region all move into the intermediate overlapped region and the right-most particle 10 c reaches the edge of

the right boundary region, beyond which the interaction force no long works. In State 5, the right-most particle 10 c is out

of the interaction range and new particle 10 c will add to this position until the displacement exceeds the period of the

particles in the intermediate overlapped region ( a c 2 ) 1 × 10 5 Å (State 6), where one larger particle ( 7 c ) in the intermediate

overlapped region escapes from the interwall interaction. 

Here, another key technique is to determine the dynamic friction coefficient in the macroscale because it can be found

the dynamic friction force based on the parameter in Table 1 ( γ = 0.22 amu/ps) is 1.27 × 10 −5 nN when the length of
1 
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Fig. 10. The computation sketch chart of the junctions in the macroscale model, where the small particles 1c, 2c and 3c are in the left boundary region, 

big particles 4c, 5c, 6c and 7c are in the intermediate overlapped region, and 8c, 9c and 10c are in the right boundary region. 

Fig. 11. Comparation of the pull-out process of the results from multi-scale model and experiment ( Zhang et al., 2013a ). (a) shows the pull-out force 

variation in the multi-scale model with the inner tube being pulled out, which is quite different that of the atomic scale model in Fig .9(a). (b) compared 

the results of the macroscale model with the experiment results to clarify the pull-out mechanism in the ultra-long DWCNT. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ultra-long DWCNT is 3mm and pull-out speed is 5 × 10 −8 Å/ps (5 μm/s), which is far less than the experimental value (4.2

nN) measured by Zhang ( Zhang et al., 2016 ) and shown in Fig. 12 . This means the dynamic friction coefficient obtained by

the MD simulation is not suitable for the macroscale, especially in the experiment. This mainly attributes to the mismatch

of the time scale because the speed is 0.01 Å/ps in the MD simulation and it is 10 −8 Å/ ps in the experiment. Then, the

previous studies of the friction forces at the atomic level using friction force microscopy (FFM) are referenced ( Krylov et al.,

2006 ; Krylov and Frenken, 2012 ), where the critical damping ( γc = 2 
√ 

m × k ) is usually assumed. Here, m and k are the

mass and stiffness of the probe, respectively. In addition, the pull-out process of the DWCNT is an underdamping motion

based on the coast-down test shown in Fig. 6 (d). As a result, twenty percent of the critical damping is generally assumed

in engineering ( Clough and Penzien, 2003 ). Based on the assumption ( γ2 = 0 . 2 × γc , γc = 2 ×
√ 

K 

(9 , 0) 
c 1 × m 

a c 
(9 , 0)1 

× a c2 / a c1 ),

the dynamic friction force is 3.8 nN when the parameters are set according to the experiment, which is comparable with

but less than the experimental value (4.2 nN) because of the smaller outer tube diameter (1.36 nm for the outer tube (10,

10) in the multi-scale model). Then, the dynamic friction coefficient in the multi-scale model can be determined by adjusting

the parameter α( γ2 = α × γc , γc = 2 ×
√ 

K 

(9 , 0) 
c 1 × m 

a c 
(9 , 0)1 

× a c2 / a c1 ) and setting the same diameter of the outer tube as that of

the experimental sample. By matching the experimental data shown in Figs. 11 and 12 , the parameter αequals 0.29. 

Based on the considerations mentioned above, the parameters of the particles in the intermediate overlapped area are

set in Table 2 . Parameters of the particles at the boundary are the same as that in Table 1 . Subscript 2 of the symbols means

parameters are selected in Table 2 . 

The pull-out process of the inner CNT from the DWCNT is calculated and compared with the experiment result in Fig. 11 .

Fig. 11 (a) describes the pull-out process of the CNT based on the multi-scale model, which is quite different from that of the

CNT on nanoscale as shown in Fig. 9 (a). Instead of the slight periodic up-and-down motion, the pull-out force of CNT in the

macroscale expresses a linearly decrease with the inner tube being pulled out. As described in Fig. 9 (b), the pull-out force of
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Fig. 12. Velocity effect on the pull-out force, including comparation of the results from multi-scale model and experiment, where the reference is 

Zhang et al., 2016 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

the DWCNT on nanoscale is mainly contributed by the boundary, while dynamic friction force and the configuration force are

too small to be ignored. However, although the contribution by the boundary effect keeps unchanged (0.83 nN) for the ultra-

long DWCNT, the dynamic friction force increases significantly (0.34 nN) because the larger overlapped area will result in

more phonon dissipation, which is on the same order of the boundary contribution and cannot be ignored anymore. There-

fore, the decreased pull-out force is attributed to the reducing interaction area. This mechanism can also be verified by the

previous experiment result ( Zhang et al., 2013a ), as shown in Fig. 11 (b), where the pull-out force shows linear increase with

increasing the overlapped area. The curve slop representing the dynamic friction coefficient of the DWCNT in the experiment

is larger than that of the computation system ((9, 0) @ (10, 10)). This can be easily obtained by the formula of the dynamic

friction coefficient in Table 2 . With the increase of the outer tube diameter, the mass of the particle and stiffness of the

spring will increase at the same time, resulting in the larger dynamic friction coefficient of one particle. To compare with the

experimental results, the (33, 0) @ (24, 24) system is computed by the multi-scale model, where the diameter of the outer

tube is the same as that of the experimental sample (3.26nm). By fitting the experimental data, the computation results

are more reasonable when setting the parameter αas 0.29 in Table 2 ( γ2 = 0 . 29 × γc , γc = 2 ×
√ 

K 

(9 , 0) 
c 1 × m 

a c 
(9 , 0)1 

× a c2 / a c1 ).

Moreover, the linear relationship between the pull-out force and the intermediate overlapped length cannot be obviously

observed in our experiment ( Fig. 3 ), which attributes to the small pulled out length of the inner tube (500 μm). 

The effects of the pull-out velocity are discussed in Fig. 12 . The pull-out force shows nearly the linear relationship with

the velocity acting on the inner tube from experimental result ( Zhang et al., 2016 ). Our experimental data lies on the exten-

sion line of the experiment from reference. Thus, the linear relationship between the pull-out force and the acting velocity

is verified further. The mechanism of this linear relationship can also be explained by the developed multi-scale model. As

described in Fig. 11 , the dynamic friction force cannot be ignored for the ultra-long DWCNT, which is related to the pull-out

force and can be expressed as f r = N × γ × ν . This dynamic friction force is thus proved to be a Stokes-like ( Müser, 2002 )

viscous drag, resulting in the linear relationship of the pull-out force and the velocity in our computation system. Moreover,

because the diameter of the outer tube in the multi-scale model is smaller than that in the experiment, the slope of the

curve, representing the dynamic friction coefficient γ , is less. To compare with the experiment result, the system (26, 0) @

(20, 20), where the diameter of the outer tube is nearly the same as that of the experimental sample, is calculated based on

the multi-scale model. Results from the multi-scale model are consistent with the experimental data when the parameter αis

set as 0.29 Table 2 ( γ2 = 0 . 29 × γc , γc = 2 ×
√ 

K 

(9 , 0) 
c 1 × m 

a c 
(9 , 0)1 

× a c2 / a c1 ). Thus, this conclusion is further verified in Fig. 12 .

However, for all we know, this linear relationship between the pull-out force and the velocity is not observed in the MD

simulation in the previous study. As shown in Section 4.1 , the dynamic friction force is four orders of magnitude smaller

than the contribution from the boundary effects, so the increased pull-out force due to the increasing pull-out velocity will

submerge in the noise. While, if the pull-out velocity is high enough for the pull-out force reaching the same orders of mag-

nitude as the boundary effect, the inner tube will break instead of being pulled out. Moreover, as discussed in Section 2 ,

the dynamic force is not manifested in the previous experiment test because of the low pull-out velocity and short DWCNT,

for example, 3.1 nN (length: 700 nm; magnitude of pull-out velocity: nm/s) ( Kis et al., 2006 ) and 4.0 nN (length: 150 nm;

magnitude of pull-out velocity: nm/s) ( Akita and Nakayama, 2003b ). 

4.3. Prediction of the pull-out process of ultra-long CNTB 

Based on the multi-scale model proposed above, the pull-out behaviors of ultra-long CNTB can be predicted further. In

the experiment, the ultra-long CNTB consists of three CNTs with diameters of 2.61 nm, 1.82 nm and 2.02 nm. The initial
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Fig. 13. The pull-out process of CNTB and the components of the pull-out force. (a) shows pull-out force variation when the core tube is pulled out from 

CNTBs with different CNT number. (b) expresses the proportion of components of the pull-out force indicating the maximum contribution comes from the 

boundary. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

length of the CNTB is 2 mm and the pull-out velocity is 5.6-7.2 μm/s. To compare with the experiment data and the

obtained results of ultra-long DWCNT, the computation system is also chosen as ((9, 0) @ (10, 10)s), where the length is

1mm and the pull-out velocity is 7 μm/s. The pull-out process of CNTB is calculated in Fig. 13 (a) and components of the

pull-out force are shown in Fig. 13 (b). The pull-out behaviors of the CNTB consisting of three tubes are close to that of

the DWCNT on nanoscale in Fig. 9 (b), where the pull-out force slightly decreases in the second stage. However, an obvious

decline of pull-out force can be observed for the CNTB composed of six tubes with the core tube being pulled out, which

is same as that of the ultra-long DWCNT in Fig. 11 (a). This attributes to the increasing dynamic friction coefficient for the

CNTB with more tubes, which is illustrated in Fig. 6 (d). In addition, compared with the results of the DWCNT when the

pull-out velocity is 7 μm/s (1.1nN), the pull-out force of the CNTB is obviously smaller (0.5-1.0 nN). The reason for this

phenomenon can be traced to Fig. 6 (c) that the adhesion energy increases with the tube number in the CNTB increasing,

while it is the maximum for the DWCNT because of the largest contact area. 

Moreover, as shown in Fig. 13 (b), the pull-out force is still mainly contributed by the boundary effects and the percent-

age is seventy, although the contribution of the dynamic friction force reaches the same order of magnitude accounting for

25 percent. Therefore, with increasing the CNT number, the boundary effect shows upward tendency, while the contribution

of the dynamic friction force decreases. Another important result can be obtained from Fig. 13 (b) that the contribution

from the intermediate overlapped region is greatly improved and it maintains nearly 5 percent for ultra-long CNTB, while

the percentage is 0.5 percent for the ultra-long DWCNTB. This attributes to the commensurate configuration of the CNTB

in the circumferential direction, as illustrated in Fig. 6 (e) and 7 (c). Thus, the contribution of this part cannot be ignored

anymore. 

Based on the results obtained above, the mechanism behind the experiment results measured in Section 2 of the in-

teraction in the CNTB can be properly predicted. Compared to the pull-out force of ultra-long DWCNT (7.8 nN when the

pull-out velocity is 6.9-10.2 μm/s), it is obviously smaller for CNTB (0.8 nN when the pull-out velocity is 5.6-7.2 μm/s). This

attributes to the decreased adhesion energy for the CNTB with smaller contact area. Thus, the boundary effect is weakened,

which is the main contribution to the pull-out force. This mechanism is also verified by the computation based on the

multi-scale model. Moreover, the pull-out force tested is higher than the previous reported values in the quasi-static state,

which attributes to the fact that the dynamic friction force cannot be ignored in our experiment. 

5. Conclusions 

This paper addresses the interaction in millimeters long CNT/CNTB by conducting experiment and numerical analysis.

The innovative experiment device is setup to test the pull-out behaviors of these special structures, which are macroscale

in axial direction and nanoscale in the circumferential direction, respectively. By attaching the force senor to the probe, the

continuous displacement-loading relationship can be recorded timely and the inter-wall/inter-tube interaction is firstly in- 

situ tested in OM. Moreover, the bottom-up approach is adopted to carry on the multi-scale analysis. The basic parameters

of the CNT/CNTB are obtained by the MD simulation, based on which the coarse-grained model can be obtained. According

to the framework of Frenkel-Kotorova, the macroscale model can be established, where the boundary effects, the dynamic

friction and the commensurability are considered. Therefore, results obtained in our model can be directly compared with

the experimental data. Also, the mechanism for the experiment phenomena can be explained well. In addition, based on our

model, we can make some predictions of the interaction in ultra-long CNT/CNTB. Several important conclusions are drawn

as follows. 
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(1) The pull-out force consists of three parts, including the boundary effect, the dynamic friction and the configuration

force. The boundary effect is the main component and is related to the contact area at boundary. The dynamic friction

force originates from phonon dissipation through the interaction between inner/core tube and outer/side one when

the system temperature reaches 300 K. Contribution from configuration force is related to the commensurability of

the structure, which cannot be ignored anymore when the commensurate configuration appears. 

(2) For the DWCNT on nanoscale, the contribution of the pull-out force from the dynamic friction and the intermediate

overlapped area is much smaller than that of the boundary effect, resulting in the independent of the overlapped

region. However, when the pull-out velocity is 12 μm/s for a one-millimeter-long DWCNT/CNTB, the boundary effect

is still the main component, which can account for nearly 70%, while the contribution of the dynamic friction force

reaches the same order of magnitude accounting for 25%. 

(3) The linear dependence of the pull-out force on the velocity applied on the inner/core tube is determined by the

dynamic friction force, which is the product of the velocity and the dynamic friction coefficient. The dynamic friction

coefficient is proved to be 0.29 multiple of critical. 

(4) According to the experiment results, the pull-out force of the CNTB is far less than that of the DWCNT. This mainly

attributes to the smaller boundary interaction force for the CNTB, where the contact area greatly decreases. 

(5) The pull-out force tested in the experiment is higher than the previous reported values because the dynamic friction

in the millimeter-long DWCNT/CNTB cannot be ignored anymore when the pull-out velocity reaches a few to a dozen

microns per second. 
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