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ABSTRACT
The correlation between density and temperature fluctuations (ρ′ and T′) of the turbulent boundary layer is significantly affected by wall
temperature. Direct numerical simulation databases with the ratio of wall-to-recovery temperature Tw/Tr = 0.8 and 0.15 are considered. A
fitting slope method and a two-dimensional correlation method are adopted to visualize the correlated behavior. The results show that an
adverse trend and a separated correlated structure are found in the buffer region, which can be treated as the effects of the correlation of ρ′
and T′. To reveal the correlation, several statistical analyses are conducted. It indicates that the extreme events in the flow are suppressed with
wall cooling; meanwhile, the small-scale fluctuations are enhanced. The behavior of the fluctuations results from the reduced mean swirling
strength and the increased radius of the vortical structures.

© 2020 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0013299., s

A turbulent boundary layer (TBL) is a common flow on both
supersonic and hypersonic aircrafts. Owing to heat transfer and
radiation, the wall temperature is usually lower than the adiabatic
condition. It is necessary to essentially reveal a further physical
mechanism of the changed flow features.1 Thus, the hypersonic TBL
with different wall temperatures attracts many researchers’ atten-
tion. Recently, direct numerical simulation (DNS) becomes an effec-
tive method for the compressible flow study.2–4 Some of the previ-
ous studies have considered different wall temperatures. With the
ratio of wall-to-recovery temperature, Tw/Tr = 1–0.18, the validity
of Morkovin’s hypothesis is verified at moderate free-stream Mach
numbers.5 It is found that the compressible effect is enhanced with
decreasing wall temperature, but is still weak.6 Later, the structure
of pressure fluctuation7 and the inclination angle of the vortices are
investigated with the effect of wall cooling.8 However, limited by
the numerical method and computational resource, DNS is primar-
ily adopted under relatively low Mach number conditions.9,10 Few
studies provide detailed statistics of hypersonic TBLs. The accurate

correlation of density and temperature fluctuations (ρ′ and T′′) are
usually studied to construct TBL’s model, and one of the correla-
tion expressions was early driven by Rubesin.18 Later, their statisti-
cal behaviors are further exhibited.12–14 However, any studies of the
correlation of T′ and ρ′ at high Mach numbers is still scarce.

The objective of the current study is to investigate the statis-
tical behavior of ρ′ and T′ and their correlation. To begin with,
a fitting slope of the correlation of ρ′ and T′ is obtained. Then,
a two-dimensional correlation method is adopted to illustrate the
correlated structures. Furthermore, the cause of the change in the
correlation is revealed by statistical analyses.

Two DNS datasets presented in previous studies are consid-
ered.15,16 The x, y, and z represent the streamwise, wall-normal, and
spanwise directions, respectively. Some flow conditions are sum-
marized in Table I, where Ma∞ and T∞ are the free-stream Mach
number and temperature, respectively. The thermal boundary con-
ditions for the walls of high and low wall temperature cases (TH
and TL, respectively) are isothermal with Tw/Tr = 0.8 and 0.15,
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TABLE I. Flow parameters for the DNS database.

Case Ma∞ T∞ (K) Tw/T∞ Reδ2 δ

TH 8 169.44 10.03 6328.23 0.25
TL 8 169.44 1.9 6763.45 0.12

where Tr ≡ T∞[1 + ((γ − 1)/2)Ma2
∞r], with the turbulent recov-

ery factor r = 0.89. Reδ2 = ρ∞U∞θ/μw is defined by the ratio of the
highest momentum to the wall shear stress,17 where θ is the momen-
tum thickness. For the TH and TL cases, the domain sizes (Lx × Ly
× Lz) are 37 × 0.7 × 0.3 and 11 × 0.7 × 0.18, respectively, which are
nondimensionalized by inches. The mesh numbers (Nx × Ny × Nz)
are 12 460 × 100 × 320 and 8950 × 90 × 640, corresponding to
the grid sizes (dx+

× dy+
× dz+), 12.2 × 0.96 × 4.6 and 11.2 × 1.0

× 4.5. The total time of the sampling snapshots of the y–z plane
spans is 22δ/U∞ for TH and 72δ/U∞ for TL. More details of the
computational setup can be found in the previous study.15

Using the polytropic assumption, the near-wall behavior of the
instantaneous normalized density fluctuation (ρ′/ρ̄) and tempera-
ture fluctuations (T′/T̄) can be predicted by6

p′

p̄
= n

ρ′

ρ̄
=

n
n − 1

ρT′

ρ̄T̄
. (1)

Here, the polytropic coefficient n is treated as a turbulence modeling
parameter. For isobaric conditions, n = 0.18 At a supersonic chan-
nel flow, it takes n = 0 and the slope is −1.11 In order to illustrate
the complete view of the relation across the TBL, the slopes from
the present DNS are shown in Fig. 1. The slope at each wall-normal
position is calculated by applying the least square method to the scat-
ter plots of ρ′/ρ̄ and ρT′

ρ̄T̄ . It is shown that the slopes for both cases are
close to zero near the wall. Then, they tend to a relatively strong anti-
correlation that the slope is equal to −1 as the distance from the wall
increases. Unlike expected, an adverse trend toward zero at y+ = 28
is found for TL. The results are different with those of supersonic

FIG. 1. Slope of the normalized temperature fluctuations as functions of density
fluctuations.

cases.6 The rapid changes at y+
≈ 2000 are related to the free-stream

flow.
Although the right-hand-side also contains ρ, it can still be rea-

sonably inferred that the left-hand-side maybe related to ρ or T′.
To reveal this confusion and demonstrate the detailed correlation of
ρ′ and T′, a two-dimensional correlation analysis is performed. The
correlation coefficient Rρ′T′ is defined by

Rρ′T′(yr ; xs, ys, zs) =
ρ′(x, yr , z)T′(x + xs, ys, z + zs)

ρ′rms(yr) ⋅ T′rms(y)
, (2)

where the subscript r denotes a fixed reference point and s repre-
sents moving points in the three-dimensional space. This analysis
has been used to identify the feature of coherent structures.19–21

Owing to the aperiodicity in the streamwise direction for flat plate
flow, xs is not considered. Rρ′T′ represents the correlation of T′ at
other points onto ρ′ at the reference point. Positive Rρ′T′ means a
positive contribution from other points to the current position and
vice versa.

Considering yr at three typical wall-normal positions denoted
as 1, 2, and 3 shown in Fig. 1, further evidence of the existence of
the adverse trend is plotted in Fig. 2. For TH, there is only a nega-
tive correlated region around the reference wall-normal distance yr
= 10.8 [see Fig. 2(a)]. With the increase in yr , the negative correlation
extends in both wall-normal and spanwise directions [see Figs. 2(b)
and 2(c)], which achieves a good agreement with the increased sizes
of the lift-up vortices.22 It demonstrates that the correlation is dom-
inated by the local ρ′ and the surrounding negative correlated T′ for
TH.

For the TL case, it can be found in Fig. 2(d) that a small negative
correlation is surrounded by a large range of positive correlations.
As shown in Fig. 2(e), the contour of positive correlation breaks into
three separated positive correlated regions, in the center of which is
a negative correlated region. This reference distance yr corresponds
to the position of the adverse trend shown in Fig. 1. The maximum
and minimum, respectively, refer to the surrounding positive corre-
lation and the local negative correlation, which are 20%. It indicates
that the surrounding T′ takes about 20% positive effect on the local
ρ′, whose magnitude accords with the adverse trend. As shown in
Fig. 2(f), the contour of Rρ′T′ consists of a double-layer structure
with opposite correlation signs. The lower part is a flattened posi-
tive correlation, above which is a negative correlated elliptical region.
For TL, it indicates that the correlation results from the local ρ′ and
the partial surrounding positive correlated T′. As indicated in Fig. 2,
the two-dimensional correlation indicates that the adverse trend is
very likely coming from ρ′ and T′ and the correlation between the
surrounding T′ and the local ρ′ is verified.

The correlation of ρ′ and T′ can be further studied by their
occurrences in the TBL. To reveal the cause of the correlation, the
probability density functions (P. D. F) of ρ′ and T′ are computed,
as shown in Fig. 3. It is seen that the positive and negative P. D. F.
tails are shortened, addressing that the probabilities of the large-scale
fluctuations of ρ′ and T′ decrease. It means that the extreme events
are weakened. The results indicate that the correlation of ρ′ and T′

is dominated by the small-scale fluctuations for the case of a strong
cold-wall.
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FIG. 2. Correlation Rρ′T′ with yr at three wall-normal locations. The solid white line denotes Rρ′T′ = 0. [(a)–(c)] yr = 10.8, 27.9, and 105.1 for TH, respectively. [(d)–(f)] yr

= 9.5, 28.8, and 100.2 for TL, respectively.

The skewness factor (S) is considered to assess the high-order
statistical behavior of ρ′ and T′. For example, S(ρ′) is defined as

S(ρ′) =
ρ′3

ρ′2
3/2 . (3)

The skewness across the TBL is given in Fig. 4. As mentioned in the
work of Kim,23 adequate data points should be considered; other-
wise, the skewness is difficult to converge. The results of the present
DNS show no oscillation, demonstrating the convergent skewness.

FIG. 3. Probability density function of ρ′ and T′ normalized by the mean values at the three typical wall-normal positions. [(a) and (c)] P. D. F of ρ′ and T′ for TH, respectively.
[(b) and (d)] P. D. F of ρ′ and T′ for TL, respectively.
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FIG. 4. Skewness of ρ′ and T′ for TH and TL.

The profiles are approximately symmetrical about the axis of S = 0,
which supports most of the anti-correlation of ρ′ and T′ far from
the wall. Note the similarity in the trend of current results with those
from the work of Wei.24 By cooling the wall, the first local maximum
as S(ρ′) = 3 decreases to S(ρ′) = 2 as well as the corresponding wall-
normal position at y+ = 10 increases to y+ = 50. S(T′) = 2 decreases
to S(T′) = 1.2 with y+ = 6 increasing to y+ = 50. It supports the fact
that the large-scale fluctuations of ρ′ andT′ are reduced by wall cool-
ing. Meanwhile, the small-scale ones are enhanced, which causes the
correlation through the spatial distance. It is also inferred that more
organizational vortices are produced in the cooled-wall case.

According to previous analyses, one of the main reasons for the
correlation is due to the relatively organizational vortical structures
produced in TL. Thus, to investigate the geometrical features of vor-
tical structures, some statistics relating to the coherent structures are
performed.

Figure 5 provides the P. D. F. of (u′ω′x)
+ whose isosurface is

always used to represent the profile of the statistical coherent struc-
tures,25 and the probability density can help us have some insight
into the change in the vortices. It can be observed that the large-
scale fluctuations decrease when cooling the wall, especially at the
two locations near the wall. However, the line at y+ = 28.8 is higher
than the others for TL, which indicates an inverse trend being con-
sistent with the correlation of ρ′ and T′, as shown in Fig. 2(e). It
is inferred that the geometrical feature and the movement of the
vortical structures are the possible physical origin of the inverse
trend.

Thus, in attempting to support this view, the statistical cur-
vature of vortex lines is considered. The instantaneous vortex line
is going to be always tangent to the vorticity. The local radius of
curvature of a vortex line R is defined as26

R =
ω3

∣ω × (∇ω ⋅ ω)∣
, (4)

where ω in the denominator is a local vorticity vector and ω in the
numerator is the mode of ω. R is normalized by one wall unit. Fig-
ure 6 depicts the distribution of R+. It is observed that R+ varies

FIG. 5. Probability density function of the normalized (u′ω′x)+ at the three typical
wall-normal positions. (a) TH and (b) TL.

between 40 and 80 wall units except for the extreme near-wall region
for TH, which collapses the result at relatively low free-stream Mach
numbers.10 With the decrease in the wall temperature, it is seen
that R+ significantly increases about three times than the TH case,
indicating that the vortical structures become larger.14

To further verify the decrease in the extreme events, the
swirling strength λci is computed. As shown by Zhou27 and Stanis-
las,28 λci is the imaginary part of the complex eigenvalue of the
velocity gradient tensor. Figure 7 plots λci in the swirling region (Δ
> 0), where Δ is a discriminant of the velocity gradient tensor, given
as

Δ =
27
4
R2 + (P3

−
9
2
PQ)R + (Q3

−
1
4
P2Q2

). (5)

It is observed that a strong swirling activity occurs in the near-wall
region for both cases and then decays with the distance from the
wall. The maximum of the swirling strength decreases with wall
cooling. The position of the maximum value for TL is farther than
that of TH, corresponding to the increased wall-normal position of
the turbulent kinetic production term and the increased spanwise
spacing of the near-wall streaks.29 The decreased maximum of λci
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FIG. 6. Mean radius of curvature of the vorticity field for TH and TL.

demonstrates that the extreme events are suppressed by cold wall
temperature.

In summary, the correlation between ρ′ and T′ is investigated
on two flat-plate DNS datasets with high and low wall temperatures.
The fitting slopes, two-dimensional correlation, and the statistics
related to the vortical structures are performed.

The present results show that the adverse trend of the slope
occurs in the buffer region under cooled-wall conditions. The con-
tribution of the surrounding-to-local correlation is about 20%,
which is shown by the contour of the two-dimensional for TL. The
statistical analyses show that the surrounding-to-local correlation
results from the decreased extreme events and the enhanced small-
scale fluctuations with the cold wall temperature. Furthermore, it is
found that these changes in the fluctuations of ρ′ and T′ are caused
by the increased radius of the vortices, which is conducive to the spa-
tial transport of the small-scale fluctuations. Later, it is supported
that the relatively weak swirling strength results in the decreased

FIG. 7. Wall-normal evolution of conditional mean swirling strength λ+
ci.

extreme events. This work gives further insight into the statistical
behavior under the hypersonic condition.
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