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The optimal design of the regenerative cooling system to improve the 

comprehensive heat transfer performance has been a long-term interest for 

researchers. It is essential to develop practical solution to optimize the cooling 

structure. The novel method of cooling structure optimization based on the 

calculus of variations has been developed. The average temperature, temperature 

inhomogeneity and coolant flow pressure loss were chosen as objective functions. 

The cooling channels can be established depends on geometric boundary 

conditions and thermal boundary condition of the structure, then the three-

dimensional simulation of fluid/solid coupling field was calculated to get the 

temperature distribution of the cooling structure, the loss pressure, etc. 

Compared with the regualr optimization, the results show that the optimization 

of cooling structure based on the calculus of variations improves the cooling 

efficiency: the average temperature decreases, the temperature inhomogeneity 

drops, although the loss of pressure rises.  

Nomenclature 

P = pressure 

T = heat flux 

q = heat flux 

htc = heat transfer coefficient 

Tw1 = inner wall temperature 

Tw2 = cooling channel wall temperature 

Tw3 = cold wall temperature 

Tf = coolant temperature 

𝑚̇ = mass flowrate of single channel 

Hs = total thickness of cooling structure 

Ws = total width of cooling structure 

ms = total mass flowrate for cooling structure 
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I. Introduction 

ctively cooling has been an effective thermal management approach to relieve high heat loads for 

scramjet engines and rockets, in which coolant fuel flows through the channels embedded in the 

combustor wall to partially cool down the combustor walls before injected into the combustor. To design 

the cooling channel, the main objective is to maximize the cooling performance with affordable and 

controllable flow resistance. To this end, the optimization of cooling channel has been a long-term 

interest to researchers in the scramjet and rocket engine communities[1-9]. Through optimizing the 

cooling channel, minimize local temperature and thermal stress are attained which enables the combustor 

to survive more severe thermal environment[10, 11]. Basically, optimal shape design of flow channels 

can be categorized into three categories: size, shape and topology optimization. For commonly used 

cooling channels in scramjets or rocket engines, usually size optimizations are employed, in which the 

width and the height of the cooling channels are adjusted by empirical approaches[12, 13]. Regarding to 

topology optimization of mechanical structures, the Solid Isotropic Material with Penalization (SIMP) 

and level set method are prevalent[1, 8, 14-17]. However, they are regarded to be impractically for 

scramjet since optimal designs are usually leads to challenges in manufacturing and fabrication. 

 Fortunately, with the rapid development of 3D-printing technology in the past decade, complex 

topology and arbitrarily geometries can be realized, which leads the combustor designers to the realm of 

freedom. Consequently, cooling channel optimizations conforming to the geometric characteristics of 

the combustor chamber while automatically adapting to the realistic heat flux distribution or temperature 

distribution become manufacturing and fabrication feasible. Therefore, to optimize the cooling channel 

for actively cooled structure in scramjets, a novel design philosophy is proposed based on the calculus 

of variations method in the present study. 

 The flowrate of the optimization procedure is demonstrated in Fig. 1. First, the design domain and 

the cooling inlet parameters should be predetermined before calculation. Then an initial thermal 

environment is obtained by combustor analysis, then temperature, heat flux distributions are provided 

under the geometry constrains such as measuring port or geometric change. Based on these inputs, 

cooling channels are generated and optimized by conforming the geometric features while adapting to 

the temperature or heat flux q distributions subjected to an affordable coolant pressure loss via structure 

thermal analysis and cooling channel analysis. After several iterations, the optimal cooling channel can 

be determined which is certainly an improved compromise between cooling performance and 

hydrodynamic deficiency. It should be noted that the scope of the present work is to investigate and 

validate the algorithms for determining the layout and diameter of the cooling channels, the coupling 

between thermal environment and structural thermal analysis, cooling channel analysis merit further 

investigation. 

 
Fig. 1 Flowchart of the optimization procedure 
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II. Numerical Methodology 

A. Adaptive optimization model 

To illustrate the generality of the method, in Fig. 2, here is an example of arbitrary physical space. 

To quantify the mapping in Fig. 2 between the physical space (x,y) and the uniformly discretized 

computational space (ξ,η) by the following relations between (x,y) and (ξ,η). The inlets of all the cooling 

channels start from the red line, outlets in the blue line. The η line at the constant is the center of the 

cooling channel and the width of the cooling channel d is proportional to the grid density. The physical 

grids density varies with the temperature or q distribution: the grids become denser where the temperature 

or q is larger, then the d tends to be narrow. 

    
Fig. 2 Physical and computational space 

First step, since the potential flow in the domain is incompressible[18], we introduce the complex 

potential F,  

F i = +                                 (1) 

F is analytical function. ξ is the potential function Φ, η is the stream function Ψ. Its component 

function ξ and η are harmonic, satisfying Laplace’s equation: 
2

2

=0

=0









                                  (2) 

 Where, to interchange the dependent and independent variables by the Laplace’s equation, here is 

2 0

2 0

x x x

y y y

  

  

  

  

+ + =

+ + =
                           (3) 

with coefficients: 
2 2=x y  + , ( )= x x y y    − + , 

2 2x y  = +  

In this way, the initial mapping is established. 

Second step, the developed calculus of variations method is one of the optimizations, where the 

objective function combining the given function, local orthogonality, grid smoothness is minimized 

based on the initial mapping[19].  

The weighted volume variation, is measured by:  
2

v

D D

I = J Jdxdy d d   =                           (4) 

where ω = ω(x, y)  is the given function, namely heat flux distribution in the following section. 

The global smoothness of the domain is measured by the integral:  

( ) ( )
2 2 2

s

D

I = J dxdy   + 
                         (5) 

The orthogonality of the domain is measured by the Integral: 

( )
2 3

o

D

I = J dxdy                             (6) 

J=x y x y   −                                 (7) 
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Here J is the determinant of the local Jacobian transformation matrix. The integrals above are 

transformed in the computational space and a linear combination I, of the transformed integrals is 

minimized. Here, the integral I minimized, listed below: 

v v s s o oI I I I  = + +                             (8) 

A system of the second order PDE can be solved by the Gauss-Seidel iteration after discretization by 

central differences in the computational space. 

To obtain the Euler equations for the variational problem formulated in the following section, it needs 

to interchange the dependent and independent variables by the relations: 

/ , / , / , /x y x yy J x J y J x J      = = − = − =              (9) 

When the variables are interchanged, the smoothness measure can be written as: 

( ) ( ) ( )
2 2 2 2 2 2 2

s

D D

I = J = Jdxdy x x y y d d        +  + + +
           (10) 

For which the corresponding Euler equations are: 

( )2 2 2 2 0x x y y J
x x x

   

  

     
− − + + + =       

           (11) 

( )2 2 2 2 0x x y y J
y y y

   

  

     
− − + + + =       

           (12) 

Performing the indicated differentiation and collecting coefficients of the highest derivatives yields 

the equations: 

1 2 3 1 2 3 0s s s s s sb x b x b x a y a y a y     + + + + + =              (13) 

1 2 3 1 2 3+ + 0s s s s s sa x a x a x c y c y c y     + + + =               (14) 

where  

( )1sa x x y y   = − −
,

2 2 2 2

2sa x y x y   = + − +
, 3sa x x y y   = −

 

1 2sb J x y = +
,

( )2 2sb x y x y   = − −
, 3 2sb J x y = −

 

1 2sc J x y = −
,

( )2 2sc x y x y   = −
, 3 +2sc J x y =

 
Similarly, the orthogonality measure can be also written as: 

( ) ( )
22 3

o

D D

I = J =dxdy x x y y d d        +               (15) 

For which the Euler equations are: 

1 2 3 1 2 3 0o o o o o ob x b x b x a y y a y a y      + + + + + =              (16) 

1 2 3 1 2 3 0o o o o o oa x a x a x c y y c y c y      + + + + + =              (17) 

with coefficients: 

1oa x y =
, 2oa x y x y   = +

, 3oa x y = −
 

2

1ob x=
,

( )2 2 2ob x x y y   = +
,

2

3ob x=
 

2

1oc y=
,

( )2 2 2oc x x y y   = +
,

2

3oc y=
 

The measure of the given function, after interchanging dependent and independent variables, can be 

written as: 
2

v

D D

I = J Jdxdy d d   =                         (18) 

For which the Euler equations are: 

( )2 0J
x x x 


 

     
− − =       

                    (19) 
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( )2 0J
y y y 


 

     
− − =       

                    (20) 

Collecting coefficients of the highest derivatives yields the equations: 
2

1 2 3 1 2 3
2

v v v v v v

J
b x b x b x a y a y a y

x
     






+ + + + + = −


         (21) 

2

1 2 3 1 2 3+ +
2

v v v v v v

J
a x a x a x c y c y c y

y
     






+ + + = −


          (22) 

where the coefficients are given by: 

1va x y = − ,
2va x y x y   = + , 3va x y = −  

2

1vb y= , 2 2vb y y = − ,
2

3vb y=  

2

1vc x= , 2 2vc x x = − ,
2

3vc x=  

 In general, the Euler equations are added together as: 
2

1 2 3 1 2 3
2

v

J
b x b x b x a y a y a y

x
     







+ + + + + = −


        (23) 

2

1 2 3 1 2 3
2

v

J
a x a x a x c y c y c y

y
     







+ + + + + = −


        (24) 

with coefficients given below: 

i v vi s si o oia a a a  = + +  

i v vi s si o oib b b b  = + +                           (25) 

i v vi s si o oic c c c  = + +  

where λ𝑣 , λ𝑠, λ𝑜 are positive constants selected under different problems.  

To generate a mapping, the PDE should be discretized to solve by iteration. Since (ξ,η) are continuous 

variables which take on integer number at the nodes of the computation grid, a uniformly spaced mapping 

is formed. The derivatives with respect to the independent variables can be computed on the grid. Where 

each node of the grid is labelled by the value of (ξ,η), namely (i,j), the derivatives at the nodes are 

discretized using the difference equations: 

1, 1, , 1 , 1
,

2 2

i j i j i j i jx x x x
x x 

 

+ − + −− −
= =

   

( ) ( )
1, , 1, , 1 , , 1

2 2

2 + 2 +
,

i j i j i j i j i j i jx x x x x x
x x 

 

+ − + −− −
= =

 
             (26) 

1, +1 1, -1 +1, -1 1, 1+

4

i j i j i j i jx x x x
x

 

+ − − +− −
=

   
Also, the derivatives for y can be discretized similarly. 

Third step, the mapping can be established using the calculus of variations method, where the grid 

can be denser when ω is bigger. Based on this principle, the width of cooling channels d should be 

proportional to the ∆x(ξ, η) and ∆y(ξ, η). The η line at the constant is the center of the cooling channel 

and the d is vertical to the η line. In the mapping where the ω increases, the grids become denser, then 

the hydraulic diameter d will decrease. In this principle,  

( ( , ), ( , ))d f x y   =                             (27) 

( ) ( ) ( ) ( ) 
1/

2 2

+ , , + , ,

n

d x x y y         
 

  − +  −       
 

      (28) 

Where n is a variable integer number. In addition, the pressure loss is sensitive to the d: when the d 

becomes narrow, the pressure loss will increase dramatically. The number of cooling channel should be 

determined by coupling with the thermal analysis method to derive ideal cooling channels distribution. 

B. Fluid/solid heat transfer coupling 
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Due to the complexity of heat transfer in the cooling channel, it is impossible to take all factors related 

to the heat transfer into account. Therefore, in order to calculate the flow and the heat transfer in the 

cooling channel, the following assumptions need to be made: 

(1) The outside wall of the cooling channel is adiabatic. 

(2) The heat transfer in axial direction is neglected. 

(3) 1Cr18Ni9Ti is employed everywhere in the wall. 

(4) The coolant in the cooling channel has no change in physical properties in the radial direction. 

(5) The influence of boundary layer is not considered. 

Considering the fact that cooling channels are usually long and narrow(Fig. 3), convective heat 

transfer process of fuel in such cooling channels can be approximated to be one dimensional with decent 

accuracy. 

 
Fig. 3 the schematic of the cooling channel element 

According to the governing equations: continuity equation, momentum equation and energy equation, 

various flow parameters and physical parameters can be achieved by iterations in the calculation process. 

Considering that the temperature gradient in flow direction is smaller than that in the cross section, 

the heat conduction between adjacent sections can be neglected when enough cross sections are divided 

along the flow direction. In this way, the problem can be transformed to a collection of two-dimensional 

heat conduction reasonably, which can reduce the cost of calculation. Benefiting from this treatment, the 

calculation can be programmed in parallel. The two-dimensional structure temperature distribution of 

cooling structure is achieved via conservative method [20]. 

III. Optimization of the cooling structure 

               
Fig. 4 The geometry of a single channel and schematic diagram of design domain 

 It can be seen from Fig. 4, the configuration of the cooling structure including cooling inlet, cooling 

outlet and geometry structure with convergence and divergence. The target is to obtain optimal cooling 

channels distribution between the inlet and outlet under the constraints. The schematic drawing of a cross 

section of cooling structure for analysis is given in Fig. 4, among which, δ is the rib thickness, W is the 

width of the cooling channel, H is the depth of cooling channel, Hc is the cold side wall thickness, Hh is 

the hot side wall thickness, Tw1 represents the inner wall temperature, Tw2 represents the cooling channel 

wall temperature, Tw3 represents the outside wall temperature. The inner wall is subjected to the heat 

flux of high temperature gas and outside wall is considered to be adiabatic. Due to the same hot 

environment of every channel, a single cooling channel can be taken as the research object to be 

optimized. Since the cooling structure is fixed, the parameters should satisfy: 

s h cH H H H= + +                                 (29) 

Inlet Outlet 
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( ) =ConstsN W W+ =                                (30) 

=ConstsNm m=                                  (31) 

 Hs is the total thickness of the cooling structure wall, Ws is total width of the cooling structure wall, 

ms is the total mass flowrate, N is the number of cooling channel. 

As is known, the heat flux in the combustor usually reaches a few megawatts. Hence, the heat flux 

imposed on the cooling structure is depicted in Fig. 5. To improve the accuracy of the simulations, all 

available details were demonstrated in the Table.1. 

Table.1 Boundary Conditions 

Inlet mass flowrate Inlet Pressure Inlet Temperature Length 

1kg/s 60bar 300K 270mm 

The shape and the distribution of the cooling channels are formulated via the method described above. 

Whereas the cooling channel can be generated under this way, the number of the cooling channel still 

needs to be chosen.  

 
Fig. 5 The heat flux distribution of the cooling structure 

The cooling structure is made of 1Cr18Ni9Ti with the temperature limit of 1473K. The density and 

specific heat capacity can be treated as constants, and the thermal conductivity is treated as a linear 

function of temperature: 

λ = 0.01525T + 10.6(W/mK)                   (32) 
The RP-1 kerosene serves as the coolant and the five-component model is adopted, then the thermal 

properties of kerosene at the required pressure and temperature can be calculated according to the NIST 

Supertrapp thermal properties calculation program.  

IV. Structure optimization of cooling channel 

By virtue of the optimization method described above, the cooling structure optimization objective 

function can be demonstrated as following: 

( )1 2

0 1 2 3

, ,

min +

. . ( ) 0, ( ) 0

n

i j

find Y y y y

F w A w B w C

s t g Y R Y

 =


= +
  =

                    (33) 

The objective function can be chosen in many ways. Here, the minimum of average temperature, 

temperature inhomogeneity and loss of flow pressure is treated as the objective function. Hence, 

0 1 2 3+F w A w B w C= +                          (34) 

Among which, 

1

1
A

sN

i

is

T
N =

=  , ( )
21

B
s

s

s

T T d
V 

= −   

s
s sV d


=  ,

1

s
s

s

T Td
V 

=  , C p=                    (35) 

Firstly, the average temperature of cooling structure should not be too high in the practical application, 

otherwise the temperature will exceed the tolerance limit of the material; the temperature inhomogeneity 

D
ow

nl
oa

de
d 

by
 C

H
IN

E
SE

 A
C

A
D

E
M

Y
 O

F 
SC

IE
N

C
E

S 
on

 N
ov

em
be

r 
18

, 2
02

0 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/6
.2

01
9-

43
02

 

https://arc.aiaa.org/action/showImage?doi=10.2514/6.2019-4302&iName=master.img-010.jpg&w=226&h=170


8 

 American Institute of Aeronautics and Astronautics 

 

should not be too large, or the temperature stress will affect the lifetime of the structure; the loss of flow 

pressure should be too large, or the additional burden will be added to the system. Considering the 

processing, the rib thickness should not be less than 1mm. 

In order to facilitate the multi-objective analysis, the objective function is normalized. For the 

optimization of cooling structure, the objective function can be described as: 

0 1 max 2 max 3 max/ / /F w A A w B B w C C= + +                 (36) 

Among them, Amax, Bmax, Cmax are the maximum values of each factor in the range, the weight 

coefficients ω1,ω2 and ω3 are selected according to different conditions. Here, there are four cases to 

be optimized: the specific weight coefficients are set in Table.2, the case1 considers the influence of 

various factors on average; the case2 focuses on the decrease of average temperature; the case3 eyes on 

the reduction of temperature inhomogeneity; the case4 emphasizes on the reduction of flow pressure loss. 

Table.2 Different weights for different cases 

Case 𝛚𝟏 𝛚𝟐 𝛚𝟑 

1 0.33 0.33 0.33 

2 0.6 0.2 0.2 

3 0.2 0.6 0.2 

4 0.2 0.2 0.6 

For the sake of the ultimate goal, the factor n and the number of cooling channels can be adjusted to 

obtain the optimization structure. In all the experimental results computed, the following parameters are 

assumed as: λν = 100, λ0 = 10, λs = 10.  

V. Results and Discussions 

 
  

Fig. 6 The variation of variables with number of cooling channels 

 
Fig. 7 The variation of different cases with number of cooling channels 

In the view of the Fig. 6, with the growth of cooling channel number, the average temperature of 

cooling structure decreases. Until the number of cooling channel reaches a certain number, the average 

temperature tends to be stable. Furthermore, when the number of cooling channels increases, the 

temperature inhomogeneity drops rapidly and then drops slowly. The loss of flow pressure reduces with 
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the increase of cooling channel number. In addition, all the factors decrease dramatically with the rise of 

cooling channel number when the number is in less quantity, then decrease slowly with that in high 

quantity. 

 For the four cases mentioned above, it shows that the objective function becomes smaller when the 

number of cooling passage grows (Fig. 7). It can be found that for all the cases, the minimum objective 

function locates in the cooling channel number 62;  

 To discuss the details about case3, it is concluded that when the number arrives at 62, the minimum 

objective function can be achieved. The average temperature of cooling channel is 656K, the temperature 

inhomogeneity is 8359K2. After the calculation, the width of cooling channel not only depends on the 

heat flux but also on the geometric boundary condition based on the principle. As a consequence, a 

combination of heat flux and geometric boundary condition, the width of the channel varies in the Fig. 

8.   

 

Fig. 8 The width of cooling channel in the structure 

In the regular cooling channel design, the cooling channel is generally designed as uniform 

rectangular structure. It shows that the average temperature of cooling channel is 672K, the temperature 

inhomogeneity is 8854K2 when the width of the regular cooling channel is equal to the widest place in 

the optimization cooling channel.  

Table.3 Comparison of optimization channel and regular channel 

 Average 

Temperature 

/K 

Temperature 

Unevenness 

/K2 

Pressure 

Drop 

/bar 

Optimal 656 8359 1.436 

Regular 672 8854 0.92 

The results of optimization channel and regular channel are compared in the Table.3, which reveals 

that the average temperature decreases from 672K to 656K, the temperature inhomogeneity declines 

from 8854K2 to 8349 K2, while the loss of pressure increases from 0.92bar to 1.436bar when the regular 

channel turns into optimization channel. 

 

 

X=0.05m 
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X=0.1m 

 

 
X=0.27m 

Fig. 9 (Left)The cross-section temperature diagram of optimization channel 

  (Right) The cross-section temperature diagram of regular channel 

The temperature of cross sections is analyzed here: the temperature of cross sections in regular 

channel are contrast with that in optimization channel (Fig. 9). It is found that the width of the 

optimization channel is narrower than that of the regular channel and the high temperature zone of 

optimization channel is smaller than that of regular channel. Take the place where the highest heat flux 

locates as example, the zone of the temperature above 900K in optimization channel is less than the same 

zone in regular channel obviously. In addition, the Tw1 of regular channel is 927K and the Tw1 of 

optimization channel is 903K, the difference between them is 24K. It is easy to say the optimization 

channel can bring the benefit indeed. 

In specific analysis, the velocity in optimization channel is larger than that in regular channel 

apparently (Fig. 10). This is the reason why the temperature of cross section in optimization channel is 

lower than that in regular channel. Due to higher velocity in optimization channel, the heat transfer 

coefficient is larger than that in regular channel, which means in the same hot environment, the coolant 

can take more heat away. The velocity differences can be as high as 30 percent, which implies the heat 

transfer improves much. The heat transfer coefficient in optimization channel can be as high as 

17000W/m2K, while that in regular channel is 14300 W/m2K (Fig. 11). 

  

Fig. 10 Comparison of flow velocity in optimization channel and regular channel 
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Fig. 11 Comparison of heat transfer coefficient in optimization channel and regular channel 

By virtue of the high velocity in optimization channel, the Tw1 of optimization channel is lower than 

that in regular channel, which can be seen in Fig. 12. The Tw1 in the highest flux place drops from 927K 

to 903K when the channel is optimized.  

However, some disadvantages appear when the regular channel turns into optimization channel: the 

loss of pressure climbs from 0.92bar to 1.436bar (Fig. 13). Although the width of channel changes a lot 

from regular to optimization, the coolant temperature keeps still (Fig. 14). 

 

Fig. 12 Comparison of inner wall temperature in optimization channel and regular channel 

 

Fig. 13 Comparison of flow pressure loss in optimization channel and regular channel 
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Fig. 14 Comparison of coolant temperature in optimization channel and regular channel 

VI. Conclusion and future work 

 To develop the optimization method based on the calculus of variations, the cooling structure can be 

designed more effective than regular design. Based on the optimization method developed here, the 

cooling channel not only depends on the shape of the structure but also on the heat flux. In a combination 

of the geometric boundary condition and thermal boundary condition, the cooling channel can be 

established. By this method, the heat transfer coefficient is larger than that in regular channel, which 

implies that the optimization channel can take more heat away. The resulting average temperature and 

temperature inhomogeneity decrease, while the loss of pressure lifts.  

In the future, to research the optimization method based on the calculus of variations in depth is a 

necessary topic. For the novel method, the effect of different parameters determining the efficiency of 

the cooling structure should be studied. More work should be done to find more effective cooling 

structure required for improving the cooling efficiency.  
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