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Abstract
Fully kinetic particle-in-cell simulations are carried out to study ion acceleration in a
geometrically expanding plasma beam. The ion acceleration is demonstrated to be essentially
self-similar. An analytical model is developed for ion acceleration evaluation. The plasma
plume is found to be fully expanded after about 20 times of the beam radius (R0) downstream
of the beam exit, where the ion velocity reaches the maximum. The maximum ion velocity
increase is about twice of the initial ion acoustic speed. Hence, to minimize the facility effects
on plasma plume experiments in a vacuum chamber, the chamber needs to provide a plume
expansion region of at least 20R0 along the beam direction so the expansion process is not
terminated prematurely.

Keywords: geometrically expanding plasma, self-similarity, ion acceleration, facility effects,
fully kinetic

(Some figures may appear in colour only in the online journal)

1. Introduction

Plasma sources are widely used to generate low temperature,
rarefied plasma beams for applications in spacecraft charging
control, electric propulsion (EP), and laboratory simulations
of space plasmas. In such applications, the relevant character-
istic length of interest is often much smaller than the collision
mean free path in the beam, and thus the plasma beams can
be considered collisionless downstream of the exit. Depend-
ing on the application, the emitting velocity of the ions in the
beam can range from very low (e.g. plasma contactors) to very
high (e.g. EP thrusters). Depending on the strength of the static
magnetic field applied to the plasma source, the beam expan-
sion may be geometrically or magnetically guided. However,
the dominating mechanism affecting the ion dynamics in the

∗ Author to whom any correspondence should be addressed.

beam is similar, i.e. the conversion of electron thermal energy
into ion beam energy.

The expansion of a collisionless plasma beam is a classi-
cal subject in plasma dynamics as well as a practical problem
related to plasma source design and performance. Most previ-
ous studies on plasma beam expansion were carried out within
the context of either one-dimensional (1D) plasma expansion
[1–4] (and references therein) or EP thruster plumes [5–10]
(and references therein). However, one important question that
has not been addressed is whether the geometric self-similarity
exists in an expanding collisionless plasma beam. The geo-
metric self-similarity is not only an important physics ques-
tion but also has practical implications. For instance, plasma
source design involves testing of prototype models at differ-
ent sizes; laboratory testing of plasma sources needs to con-
sider the boundary effects of a vacuum chamber on plasma
beam expansion [11–13]; and computer simulations are often
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Figure 1. Schematic of simulation setup.

performed at scale-down size due to computational limitations
[14, 15]. The validity of self-similarity determines whether a
specific set of results may be applied to beams emitted from
similar sources of different sizes or from the same source but
under different operating conditions or experimental settings.

This paper addresses whether ion acceleration is geomet-
rically self-similar in collisionless plasma beam expansion.
Previous experiments on a geometrically expanding plasma
beam showed that ion beam energy increases with decreas-
ing source radius [16, 17], suggesting that the ion acceleration
depends on the plasma source size, and thus the geometric
self-similarity may not be satisfied. Few theoretical or model-
ing studies have been carried out to evaluate the ion accelera-
tion vs different beam sizes. Here, we carry out axi-symmetric
fully kinetic particle-in-cell (PIC) simulations of geometri-
cally expanding collisionless plasma beams of different beam
radii, and derive an analytical model for ion acceleration
evaluation. Section 2 discusses the simulation model and
setup. Section 3 first addresses the self-similarity in ion accel-
eration and then discusses the effects from electron cooling and
collisions on self-similarity. Section 4 contains a summary and
conclusions.

2. Simulation model

Figure 1 shows the schematic of the problem setup. We con-
sider that a plasma beam is injected into a vacuum from a
source. The beam has an initial radius of R0, and the emission
surface is located at (z, r) = (0, 0 ∼ R0). This setup considers
a beam expansion process similar to the experiments of ref-
erences [16, 17], except that the expansion here occurs in an
unbounded space.

The simulations are carried out using an axi-symmetric
fully kinetic electrostatic PIC code, in which both the ions and
electrons are treated as particles. The particle position x and
velocity v, the ion number density ni and electron number den-
sity ne, and the electric potential Φ are solved self-consistently
from Newton’s equation of motion and Poisson’s equation in
a cylindrical coordinate system

v =
dx
dt

,
d
dt

(mv) = F, F = −q∇Φ (1)

−∇2Φ =
e
ε0

(ni − ne) , (2)

where q = ±e and m denote particle charge and mass, respec-
tively, e the elementary charge, and ε0 the vacuum permittivity.
PIC simulations are carried out using the proton to electron
mass ratio, mi/me = 1836. This allows us to account for the
full electron kinetic effects during the expansion while keep-
ing the computational cost of the fully kinetic PIC simulations
acceptable [5, 18].

For a plasma source, the beam immediately outside of the
emitting surface is affected mostly by the specifics of source
design, which determines the sheath covering the exit sur-
face and the initial ion-electron mixing process. The con-
cept of self-similarity applies only to the region where the
beam is neutralized and the potential of the emitting surface
is shielded by the sheath. It is found that a well neutralized
beam can form within a few Debye length from the exhaust
plane for a wide variety of plasma sources [16, 17, 19–22].
Depending on the application and the operating condition, the
ratio of the initial beam radius to the Debye length at the
source exit typically ranges from tens to hundreds or thou-
sands. Hence, the thickness of the sheath at the exit surface is
negligible compared to the beam size, and the region to which
the self-similarity applies is typically for z/R0 � O

(
10−2

)
∼

O
(
10−1

)
. The simulation model considers a quasi-neutral

plasma beam downstream of the sheath. We use a virtual
plasma source which emits both the electrons and ions from the
same exit surface at z = 0 to form a quasi-neutral and current-
free (Ji + Je = 0) plasma beam. The potential of the emitting
surface is fixed to be zero so that no effects from the source
exit surface potential or sheath are included.

At each simulation step, macro-particles representing the
ions and electrons are generated at the source exit surface and
injected into the simulation domain as drifting Maxwellian
distributions with the same beam velocity v0 along the z
direction. The number density and temperature for the ions
and electrons are chosen to be: ñe = ne/n0 = 1, ñi = ni/n0 =
1, T̃e = Te/T0 = 1, T̃ i = Ti/T0 = 0.025. The beam velocity
(v0) is chosen such that the Mach number M = v0/Cs0 =
v0/

√
kbT0/mi = 1, where kb denotes the Boltzmann constant.

This corresponds to ṽ0 = v0/vte0 = v0/
√

kbT0/me � 0.0233.
The beam is assumed to have no initial divergence caused by
the source design.

The lower boundary (r = 0) is the symmetric axis. All
other boundaries are treated as an open boundary for parti-
cles. The zero-Neumann condition for the electric potential
field is applied at all domain boundaries. The boundary con-
dition for particles at the source emission surface and open
boundaries need to be carefully handled to guarantee a quasi-
neutral plasma in the simulation domain [19–21, 23]. At the
open boundaries, the method presented in Li et al [7] is
adopted and modified to maintain the current free condition.
This method removes any ions reaching the domain bound-
ary and reflects any escaping electrons with kinetic energy
below a threshold back to the simulation domain. The reflec-
tion models the attraction of electrons back to the beam by the
potential drop due to beam expansion. At the source emission
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surface, any backflow electrons are deleted from the domain.
The reason is as follows. Once inside the source where the den-
sity is high and the collision is frequent, a backflow electron
will become re-equilibrated and lose all its memory when it
is re-injected into the beam at a later time. At steady state,
these electrons are part of the electrons population emitted
from the source. The potential will be self-adjusted to main-
tain the current-free and quasi-neutral conditions, which will
be demonstrated later.

The mesh resolution used is Δz = Δr = λD0 and the simu-
lation time step is Δt = 0.1ω−1

pe0, where λD0 =
√
ε0kbT0/n0e2

and ωpe0 =
√

n0e2/ε0me are the Debye length and elec-
tron plasma frequency computed according to source plasma
parameters, respectively. Note that both λD0 and ω−1

pe0 are the
minimum values of the Debye length and electron plasma time
scale, respectively, for the expansion plasma flow. Hence, the
mesh resolution and time step used are well within the criteria
to avoid artificial numerical heating and numerical instability
in PIC for the entire simulation domain [24].

For quasi-neutral plasma beams, the expansion process is
qualitatively similar if the ratio of the initial beam radius to
the Debye length at the source exit R0/λD0 > 1 [19]. The
quantitative effects from the initial beam size on geometri-
cal expansion is expected to be more significant for smaller
R0/λD0. In this paper, we carry out PIC simulations for a range
of initial beam radius, for R0/λD0 = 2, 5, 8, 10, 15, 20, 30
and 50. (Note that previous PIC simulations of collisionless
plasma beam expansion were mostly limited to R0/λD0 � 15
[7, 25, 26].) For all the R0/λD0 � 15 cases, the size of
the simulation domain (z/λD0, r/λD0) used is (0 ∼ 2048,
0 ∼ 2048). For all the R0/λD0 � 20 cases, the size of the
simulation domain used is (0 ∼ 3072, 0 ∼ 3072). A uniform
particle weight is used to avoid the errors which will be intro-
duced by particle splitting and merging in a non-uniform
particle weighting scheme. The computational cost increases
dramatically with the increase of beam size. The total num-
ber of macro-particles at the completion of a simulation run is
about 50 million for R0 = 2λD0 while this number increases to
1.1 billion for R0 = 50λD0.

To obtain a steady state beam, each simulation needs to run
for several ion transient periods (titran) in the beam region of
interest. Figure 2 compares 1D plasma density and ion velocity
increment profile along the beam center line obtained at sev-
eral different simulation times for the R0/λD0 = 10 case. The
results obtained at tωpi � 200 are indistinguishable, indicating
that a steady state is achieved at tωpi � 200. In the simulation,
the time it takes beam ion to travel from z = 0 to z = 20R0

is about tωpi0 � 7.5(R/λD0). Thus, for the R0/λD0 = 10 case,
tωpi � 200 corresponds to about 2.7 ion transient periods over
a distance of z/R0 � 20 in the beam. However, to ensure the
steady state, we aggressively run simulations � 4.5 × titran for
the R0/λD0 � 10 cases while � 3.5 × titran for the R0/λD0 �
15 cases due to computational constraint.

Finally, figure 3 shows the net electron and ion current (con-
tribution from both inflow and backflow) passing through the
source exit surface at the steady state. The current is normal-
ized by I0 = en0v0(πR2

0). Figure 3 confirms that the plasma
beam emitted is current-free, Ii + Ie � 0.

Figure 2. Comparison of the 1-D profiles along the beam center line
at different simulation time steps for the R0/λD0 = 10 case: (a) ion
number density, (b) electron number density, and (c) ion
acceleration.

3. Results and discussions

3.1. PIC simulation results

Corr et al [16] reported that the physics of a geometrically
expanding plasma was affected considerably by the source
size. For instance, the ion beam saw larger density and poten-
tial gradients, and achieved a higher beam energy as the radius
of plasma source decreasing. Hence, we first carry out PIC
simulations to compare with the experiments in [16]. Figure 4
shows the structure of a fully expanded plasma beam for
the R0/λD0 = 10 case. Note that, in [16], the beam radius
at exit is about R0/λD0 > 300 based on the parameter at the
source/diffusion chamber interface. In order to compare the
results in [16] with that in the simulation, figure 5 shows the 1D
ion density profile along the beam axis. The density is normal-
ized by n0. To examine the self-similarity, the axial position is
normalized by the initial beam radius, z/R0. Figure 5 includes
all the initial beam sizes considered: R0/λD0 = 2, 5, 8, 10,
15, 20, 30 and 50, as well as the experimental data from [16].
To ensure the steady state achieved, the results shown for the
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Figure 3. The current passing through the source exit plane for the
R0/λD0 = 10 case. Ie and Ii are the electron and ion current counted
at every PIC time step, respectively. Ie is Ie averaged over ever 100
tωpi0.

Figure 4. Ion number density contour for the R0/λD0 = 10 case.

Figure 5. Ion number density along the beam axis: comparison of all
PIC simulation cases with the experiment data (symbols) from [16].

R0/λD0 � 15 cases are limited to the region of z/R0 � 10 due
to computational constraint.

Figure 5 shows that, except for the R0/λD0 = 2 case, the
density profiles from the PIC simulations are almost identi-
cal when the axial position is normalized as z/R0. There is
also an excellent agreement between the PIC results for the
R0 � 5λD0 cases and the experimental data. The density profile
for the R0/λD0 = 2 case from PIC shows a somewhat smaller
gradient compared to other cases. For R0/λD0 = 2, due to the

Figure 6. Ion velocity increase along the beam axis: comparison of
all PIC cases.

small beam radius, the core beam region is perturbed by the
effect of the expansion fan [27, 28]. Figure 5 demonstrates that
the expansion of a collisionless plasma beam is geometrically
self-similar. The expansion characteristics is not affected by
the source dimension if the source radius is sufficiently large,
i.e. R0 larger than a few λD0. The comparison reveals that the
self-similarity is also shown in the data of experiments carried
out by Corr et al [16], although it was not recognized.

We next examine the effect of source size on ion accel-
eration based on PIC simulation results. Figure 6 shows
the ion velocity change along the beam axis. The velocity
change is normalized by the ion acoustic speed at source exit,
Δvi/Cs0 = (vi − v0)/Cs0. Again, to demonstrate the self-
similarity, the axial position is normalized by the initial beam
radius, z/R0. Figure 6 shows that the Δv(z) profiles are size-
independent for R0 � 5λD0, and that Δvi for all different
source sizes eventually reaches the same maximum value of
approximately 2Cs0. It is worth noting that the ion velocity
reaches this maximum at z/R0 � 20. This observation may
have an important implication on laboratory testing of plasma
sources. For instance, in order to avoid prematurely terminat-
ing plume expansion in laboratory testing, a vacuum chamber
should have a length of at least 20R0. In fact, the measured
plasma density profile in [16] is observed to slightly rise near
the end of the chamber wall for the R0 = 3 cm source (see
also figure 5). This is probably due to a premature termination
of beam expansion because the ratio of chamber length to the
source radius Lc/R0 is only about 9 in this case.

3.2. Analytical model

We next derive an analytical model to estimate the ion accel-
eration. As the self-similarity is demonstrated, only the R0

= 10λD0 case from the PIC result is used for comparison here-
after. For a collisionless ion flow, we can evaluate ion accel-
eration from conservation of energy along the ion streamline

Δvi,anal(z) = vi,anal(z) − v0,

vi,anal(z) =
√
v2

0 − 2eΦanal(z)/mi,
(3)

where the subscript ‘anal’ means the analytically computed
quantities. To relate the plasma density change to the electric
potential variation analytically, we assume that the electrons
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Figure 7. Electric potential along the beam axis: comparison of PIC
result (R0/λD0 = 10) with analytical model.

can be modeled as a massless fluid and satisfy the polytropic
relation,

Te/Te0 = (ne/ne0)γe−1,

where γe is the electron polytropic exponent determined by the
thermodynamic process during expansion. Then, from quasi-
neutrality, we have

Φ̃(z) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ln

[
n(z)
n0

]
for γe = 1

γe

γe − 1

{[
n(z)
n0

]γe−1

− 1

}
for γe �= 1

, (4)

where Φ̃(z) = eΦ(z)
kbTe0

is the normalized potential. Note that
γe = 1 corresponds to the isothermal process, and yields the
well-known Boltzmann relation. Though the Botlzmann rela-
tion is the most widely used model for plasma expansion
problems [1–3, 29–31], recent studies have shown that it over-
predicts the potential drop in beam expansion [5, 20, 32]. This
can be clearly seen in figure 7, where the comparison shows
that a polytropic coefficient γe = 1.3 matches with the PIC
result. For the geometric expansions of plasmas with an inflow
condition similar to the present setup, [33, 34] determinedγe to
be 1.2, close to our value. Note that the isothermal assumption
is unphysical because it implies that there exists an infinite
amount of energy to drive the expansion [2, 3]. However, the
exact cooling process for electrons in an expanding plasma is
case-dependent.

Following the concept of virtual source from Burm et al
[33], the axial density evolution in the expansion of plasma
from a source can be given as

n(z)
n0

=
R2

0

R2
=

1
1 + z2/z2

0

, (5)

where z0 is the virtual source location. The virtual source con-
cept is analogous to the spherical expansion of hydrodynamic
flow from a source, where the density is inversely proportional
to R2. Such an assumption can be justified by the spherical
shape of density contours shown in figure 4. The choice of the
virtual source location z0 is important for the accuracy of the
model, but is somewhat arbitrary in the literature. In references
[16, 33], z0 is set to be the source radius R0, corresponding to
a 45◦ expanding plasma. However, as shown in figure 4, the

Figure 8. Ion number along the beam axis: comparison of PIC
result (R0/λD0 = 10) with analytical model.

expansion angle of plasma plume is apparently larger than 45◦.
We find that the expansion angle is about 51◦ and then the cor-
rect z0 is 0.8R0. Figure 8 compares the axial density profiles
calculated by equation (5) and the PIC result. The analytical
results for both z0 = R0 and 0.8R0 are presented for a com-
parison. We find that the model using z0 = 0.8R0 shows an
excellent agreement with PIC. Furthermore, the model with
z0 = 0.8R0 is observed to have a higher accuracy over z0 = R0

in the entire region, demonstrating the validity of relating the
virtual source location z0 to the expansion angle.

The analytical model for the ion acceleration is obtained by
integrating equations (4) and (5) into equation (3),

Δvi,anal(z) = vi,anal(z) − v0,

=

√√√√√v2
0 −

2kbT0

mi

γe

γe − 1

⎧⎨
⎩
[

1

1 +
(
1.25z/R0

)2

]γe−1

− 1

⎫⎬
⎭− v0,

(6)

where γe = 1.3 is used. Figure 9 compares the analytical solu-
tion of equation (6) with the PIC result. The analytical solution
agrees very well with the PIC result. The maximum relative
error |vi,anal − vi,PIC| /vi,PIC is about 6%, and occurs at z ≈ R0.
For the saturation ion speed, the relative error of analytical
solution with respect to the PIC result is about 1%.

3.3. Effects from electron cooling

The results in previous sections suggest that the electrons dur-
ing the expansion may be approximated by a gas dynamic-like
cooling process with a polytropic coefficient γe � 1.3. How-
ever, the electron cooling in a collisionless plasma is not a
trivial process. This section further examines electron cooling
during expansion.

If the electrons are initially Maxwellian with temper-
ature T0 and only the electrostatic field is involved, the
Vlasov equation predicts that the electron density scales with
exp(−eΦ/kbT0) while the Maxwellian distribution is main-
tained [35, 36]. The electron temperature is therefore constant
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Figure 9. Ion velocity increase along the beam axis: comparison of
PIC result (R0/λD0 = 10) with analytical model.

Figure 10. Local EEPF at selected locations along the beam axis.
The PIC results are shown by the symbols. The solid lines are the
fitting curves using the bi-Maxwellian function.

in this situation, as demonstrated in reference [37]. A poly-
tropic coefficient of γe � 1.3 in this study suggests that the
electrons deviate from equilibrium during the expansion.

Consider the electron energy probability function (EEPF)
for Maxwellian electrons

gM (ε, x) = n
2√
π

1

(kbT)3/2 exp

(
− ε

kbT

)
, (7)

where ε indicates the kinetic energy of an electron, n = n(x)
and T = T(x) are the local electron number density and tem-
perature, respectively. Figure 10 shows the EEPF at selected
positions along the beam center line. Here, EEPF is normalized
by n0(kbT0)−3/2 and plotted against the electron total energy
W = ε− eΦ(x). On a semi-log plot, a Maxwellian EEPF is
shown as a straight line whose slope is the temperature. It
is evident from figure 10 that the electrons gradually deviate
from Maxwellian as they expand into the downstream. The
local EEFP starts to exhibit a concave shape as the electrons
leave the source. Moreover, the slopes at different positions are
almost identical for large W, i.e. W � 5kbT0. The deviation
of EEPF from the Maxwellian suggests that some electrons
may be scattered into the loss cone in the phase-space during
the expansion process [38]. This will need to be investigated
further.

The concave-shaped EEPF suggests that the electrons can
be represented by an anisotropic bi-Maxwellian type distribu-
tion. Indeed, previous studies have shown that the expansion
of a collision plasma into vacuum can yield strong anisotropic
electrons with an effective temperature along the beam direc-
tion, T‖, larger than that in the radial or transverse direction, T⊥
[5, 6, 21]. The EEPF for bi-Maxwellian electrons at position x
reads

gBM (ε, x) = n
1

kbT⊥

1(
kbT‖

)1/2

(
ε

kbT⊥
− ε

kbT‖

)−1/2

× erfi

[(
ε

kbT⊥
− ε

kbT‖

)1/2
]

exp

(
− ε

kbT⊥

)
,

(8)

for T‖ > T⊥, where T‖ = T‖(x) and T⊥ = T⊥(x) denote the
local electron ‘effective’ temperature parallel and perpendicu-
lar to the beam velocity, respectively. As shown in figure 10,
the EEPFs from PIC can well be fitted to the bi-Maxwellian
form given by equation (8) if we keep T‖ = T0 but allow a
position-dependent T⊥. Hence, the effect of electron cooling
is mainly contributed from T⊥. It is difficult to identify the
exact mechanism responsible for the decrease of T⊥ in a sim-
ple way because the nonlinear interaction between the elec-
trons and electric field occurs in two-dimension. However, we
can capture the dominant mechanism by analyzing the control
volume along the beam center line, where there is no elec-
tric field in the radial direction due to symmetry. After the
initially Maxwellian electrons enter the expansion region, the
particles with a higher radial velocity leave the control volume
faster radially. Consequently, the radial component of electron
kinetic energy in the control volume keeps decreasing as the
electrons expand downstream. In the axial direction, however,
the electric field will eventually attract the electrons which
escape the control volume back. In this situation, the Vlasov
solution predicts that the electrons should follow the Boltz-
mann relation with its initial temperature [35, 36]. Therefore,
we conclude that the electron cooling is primarily due to the
loss of electrons with high energies in the transverse direction.

3.4. Effects from collisions

For plasma sources used for spacecraft charging control, EP,
and laboratory simulations of space plasmas, the beams emit-
ted are typically near collisionless. However, it is still worth-
while to examine whether the self-similar may be affected by
the existence of infrequent collisions.

Collisions have a larger impact on plasma beams in the
vacuum chamber environment than under the space envi-
ronment due to background gas and other facility effects
[12]. Hence, we use the experiments in [16] as an example.
The vacuum chamber in [16] was 28 cm long and 7 cm in
radius, and the radii of the plasma sources were 1, 2.25, and
3 cm. The typical operating condition produced a plasma with
ni � ne � 1018 m−3, and Te � 8 eV at the source exit, and
a chamber background pressure of � 0.6 mTorr. The back-
ground pressure yields a neutral density of nneu � 1019 m−3.
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The mean free paths of Coulomb and charge-exchange (CEX)
collisions for the ions are estimated to be � 1 m and � 0.1 m.
Therefore, the Coulomb collision can be completely ignored as
its mean free path is much larger than the chamber dimension.
Only the effect of CEX collision needs to be evaluated.

We include a Monte Carlo collision (MCC) model, which
simulates the collisions between beam ions with a background
neutral gas, into the PIC model discussed in section 2. We
apply an analytical free molecular solution for the spatial dis-
tribution of neutrals [39, 40] to calculate the neutral gas back-
ground in the vacuum chamber. The density and velocity of the
background neutrals are given as:

nneu(z, r)
nneu

0

=
exp

(
−S2

0

)
√
π3z2

∫ π/2

−π/2
dθ
∫ R0

0
r′K dr′, (9)

Vneu
z (z, r)√

2kbTneu
0 /mneu

=
nneu

0

nneu

exp
(
−S2

0

)
√
π3z2

∫ π/2

−π/2
dθ
∫ R0

0
r′M dr′,

(10)

Vneu
r (z, r)√

2kbTneu
0 /mneu

=
nneu

0

nneu

exp
(
−S2

0

)
√
π3z2

∫ π/2

−π/2
dθ

×
∫ R0

0

(
r − r′ sin θ

)
r′M dr′, (11)

with the following integrand factors:

K = Q

{
QS0 +

(
1
2
+ QS2

0

)√
Qπ

×
[
1 + erf

(√
QS0

)
eQS2

0

]}
, (12)

M = Q2

{
QS2

0 + 1 + S0

(
3
2
+ QS2

0

)√
Qπ

×
[
1 + erf

(√
QS0

)
eQS2

0

]}
, (13)

Q =
z2

z2 + r2 + r′2 − 2rr′ sin θ
. (14)

In equations (9)–(11), the integration is over the source exit
surface; the superscript ‘neu’ represents the neutral prop-
erties while the subscript ‘0’ denotes the source condition;

S0 = Vneu
0 /

√
2kbTneu

0 /mneu is the speed ratio.
Equations (9)–(11) are integrated numerically to produce

the flow characteristics for the neutral background, and then
used as input in our PIC-MCC model. At each simulation
step, the number of CEX ions in cell (iz, ir) are produced
according to

ΔNcex(iz, ir) =
(
nneuniviV

)
(iz,ir)

σcexΔt, (15)

where ni and vi are the beam ion density and velocity, V is
the volume of cell (ir, ir), σcex is CEX collision cross section.
The initial positions of generated CEX ions are randomly
distributed in the cell, and the initial velocity is assigned
according to equations (10) and (11).

Figure 11. CEX ion number density contour. (a) nneu
0 /n0 = 10. (b)

nneu
0 /n0 = 100.

Figure 12. Electric potential along the beam axis: effects from CEX
collisions.

We carried out PIC-MCC simulations with Tneu
0 =

500 K, S0 = 0, and nneu
0 = 1019 and 1020 m−3 (or equivalently

nneu
0 /n0 = 10 and 100) to investigate effect of CEX. In [16],

the beam ion energy is approximately a few eV. According
to [41], σcex is considered to be constant 5 × 10−19 m2 for
simplicity in this study.

Figure 11 shows the distribution of CEX ions normalized
by n0. It is evident that the CEX ions exist only in a limited
region close to the source exit, where both the neutral and
beam ion densities are high. However, the number density of
the CEX ions is still several orders of magnitude lower than
that of the beam ions even if we assume nneu

0 /n0 = 100, a value
much higher than that in the actual experiment. Due to the
low CEX ion density, the effect of the CEX ions on beam
expansion and, thereby, the self-similarity, is negligible. This is
demonstrated by the potential profile in figure 12. As expected,
for collisionless or near-collisionless plasma expansion, the
self-similarity is not affected by infrequent collisions in the
beam.
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4. Conclusions

This paper investigates the self-similarity in the collision-
less plasma beam expansion. For most applications related to
EP, spacecraft charging control, and laboratory simulations of
space plasmas, the beams emitted from a source are in the
collisionless regime. Axi-symmetric fully kinetic PIC simu-
lations and analytical studies are carried out to investigate
the expansion of a cylindrical plasma beam into a vacuum
with M = v0/Cs = 1 at the emission plane. PIC simulation
results agree well with the available experiments carried out
at similar conditions. We find that the ion dynamics during
expansion is geometrically self-similar if the initial beam
radius is sufficiently large (R0 � 5λD0 for the case considered).
The results show that the beam ions are accelerated to a max-
imum speed approximately equal to v0 + 2Cs0 at z ≈ 20R0

downstream of the source exit. This implies that, for labora-
tory testing of plasma sources, the vacuum chamber facility
may significantly affect the plasma beam by prematurely ter-
minating the expansion if the chamber wall is less than 20R0

downstream of the plasma source exit. Fully kinetic PIC simu-
lations also show that the effective polytropic exponent for the
electrons in the beam is � 1.3. Using a virtual source model
for plasma beam density evolution and the polytropic model
for the electrons derived from the full PIC simulations, an
analytical method capable of accurately predicting beam ion
acceleration is proposed. The results obtained in this study can
be used as a benchmark to measure the performance of those
plasma sources emitting a beam at M � 1, such as magnetic
nozzle devices. Ion accelerations in expanding plasma beams
emitted at other Mach numbers will be addressed in a future
study.
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