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The reference stress method (RSM) is a classical method to estimate C∗-integral of creep
crack. An extended reference stress method (ERSM) is given for the central cracked plate
(CCP) under biaxial loading in this paper. The applicability and verification for the
proposed ERSM is given. The study finds that the solutions with the proposed ERSM
agree better than those of RSM under biaxial loading condition. A theoretical form to
predict the relationship of C∗-integral between biaxial loading and uniaxial loading is
discussed. Relation between C∗-integral and creep time under biaxial loading is validated
and discussed.

Keywords: Extended reference stress method; C∗-integral; biaxial loading; reference
stress method; biaxial limit load.

1. Introduction

Structural integrity assessments have drawn a lot of attentions for cracked compo-
nents under various conditions in recent years [Du et al., 2017; Dai et al., 2020a,
2019a, 2020b, 2019b; Kashkoli et al., 2018; Lv et al., 2018; Pan et al., 2017]. In

‖Corresponding author.
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order to reasonably evaluate the lifetime of crack contained components at ele-
vated temperature, estimation of creep fracture parameter is a crucial issue in the
investigations of this area. For creeping solids, the J-analogy line contour integral
C(t)-integral is the fracture parameter which is adopted to make the prediction of
crack growth rate under creep regime at high temperature [Riedel, 2014; Saxena,
1998]. C(t)-integral becomes C∗-integral if the extensive creep is approached, and
it performs path-independency when the extensive creep occurs for creep crack tip
field.

Note that C∗-integral is related with the line integral around the integration
contour ahead of the creep crack tip, numerical computation difficulty and high
expense of calculations in estimation of C∗-integral exist for complex components
and structures in practical engineering practices. Furthermore, C∗-integral is a crit-
ical parameter to estimate the growth rate of creep crack extension, which is related
with lifetime prediction of the crack contained structure at elevated temperature
[Ainsworth and Budden, 1994]. Hence, it is very crucial to estimate the C∗-integral.
In order to avoid the time-consuming computation cost during the evaluation of
creep crack growth, a simplified method but with good precision is indeed required
for engineering assessment. Reference stress method (RSM) is one such kind of
simplified method to calculate C∗-integral for creep crack [Fujioka and Ainsworth,
2013; Xuan et al., 2009]. Discussions on C∗-integral with various aspects can be
found in following references [Kim, 2001; Kim et al., 2002; Oh et al., 2010].

Although the estimation of C∗-integral is a topic which has been discussed with
efforts of many years, there still remain some problems which are not studied in-
depth. For example, the quantitative study of biaxial effect on C∗-integral and
engineering evaluation method to estimate C∗-integral considering biaxiality are
still not investigated thoroughly as far as the authors’ knowledge. The discrepancies
of fracture behaviors for cracked body within various materials between uniaxial
loading state and biaxial loading state are obviously, which is an important topic
in fracture mechanic even for creeping solids.

Regarding to the estimation of fracture parameter considering biaxiality, some
investigations on J-integral can provide us some enlightenments. Kim et al. [2001]
proposed the Enhanced Reference Stress Method (ERSM) to evaluate the J-integral
and crack tip displacement. Lei [2004] presented a limit load solution for compu-
tation of J-integral of semi-elliptical surface crack. Comparing with those investi-
gations on estimation of J-integral within elastoplastic solids under biaxial loading
[Madia et al., 2014; Miura and Takahashi, 2010], studies on effect of biaxial loading
on the C∗-integral in creeping solids are quite limited. However, one deduction is
almost assured, i.e., C∗-integral is surely affected by its loading state, according to
studies given by Xu et al. [2017] and Kobayashi et al. [2017].

The aim of this paper is to present a method to estimate C∗-integral, which can
take the biaxial effect into account. Towards this aim, an extended reference stress
method (ERSM) is proposed, and the C∗-integral of central cracked plate (CCP)
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under biaxial loading is selected as the analyzed case to perform those numerical
computations. The validation and applicability of this method are also discussed.
The specific organization of this paper is given as follows. The RSM to calculate
the C∗-integral with classical definition is firstly reviewed in Sec. 2. The proposed
ERSM is stated in Sec. 3. The results and discussions are shown in Sec. 4. The
conclusions of this paper are drawn in Sec. 5.

2. Theoretical Framework

2.1. Retrospect of RSM

The key step to use RSM is to compute the reference stress. Herein, the reference
stress σref is defined as follows [Ainsworth, 1984]:

σref =
P

γPL
σy (2.1)

where P , PL, σy and γ are the applied load, the limit load, the yielding stress and
modification coefficient [Kim et al., 2001], respectively. γ is identical to 1 for simple
condition. With the reference stress defined in Eq. (2.1), the reference strain εref is
calculated at the given reference stress, σref , based on the true stress-strain curve
of the selected material. The following formula is obtained with the definitions of
reference stress and reference strain as follows [Kim and Budden, 2002]:

JP

Je
=

Eεref

σref
(2.2)

where JP , Je and E are J-integral under elastoplastic condition, purely elastic
condition and Young’s modulus, respectively.

Some researchers [Madia et al., 2014; Miura and Takahashi, 2010] considered
the biaxial effect on estimation of J-integral in elastoplastic materials. An ERSM-
considering the biaxiality in evaluation of J-integral was proposed by Miura and
Takahashi [2010] as follows:

JBiaxial

Je
=

EεBiaxial
ref

σBiaxial
ref

(2.3)

where E, εBiaxial
ref and σBiaxial

ref are Young’s modulus, reference strain and refer-
ence stress under biaxial loading condition, respectively. Herein, JBiaxial and Je

are the J-integrals under biaxial loading state and within linearly elastic materials,
respectively.

According to the relations between J-integral and C(t)-integral [Assire et al.,
2001], there exists the following relation for C∗-integral considering creep and
C∗

linear-integral considering linearly elastic properties with the definition of refer-
ence stress and reference strain.

C∗

C∗
linear

=
Eε̇ref

σref
(2.4)
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where C∗ is the C(t)-integral under extensive creep and C∗
linear is the C∗-integral

without considering creep. ε̇ref is the reference strain with rate form, and it can be
obtained by substituting reference stress σref into the creep constitutive equation.
The computation of reference stress is the same as that defined in Eq. (2.1). As
a matter of fact, C∗

linear is identical to Je. The applicability of RSM is based on
the assumption that the structure is under primary load, and secondary load is not
taken into account. It should be pointed out that the formula (2.4) has not taken
the biaxial effect into consideration.

2.2. Extended RSM considering biaxial effect

Herein, an extended biaxial reference stress for a structure under biaxial loading is
defined as follows with a similar form as defined by [Miura and Takahashi, 2010]

σbiaxial
ref =

P

P biaxial
L

σy (2.5)

where σbiaxial
ref denotes the reference stress of a structure under biaxial loading, and

P biaxial
L is the limit load of a structure bearing biaxial loadings. The ratio of uniaxial

reference stress given by Eq. (2.1) and the improved reference stress presented by
Eq. (2.5) is given as follows:

σuniaxial
ref

σbiaxial
ref

=
P biaxial

L

P uniaxial
L

(2.6)

where σuniaxial
ref and P uniaxial

L are the reference stress and limit load under uniaxial
loading, respectively.

With Eqs. (2.4) and (2.6), the C∗-integral under biaxial loading is given by

C∗
biaxial

C∗
uniaxial

=
σuniaxial

ref ε̇biaxial
ref

σbiaxial
ref ε̇uniaxial

ref

(2.7)

where C∗
biaxial and C∗

uniaxial are denoted as the C∗-integral under biaxial loading and
uniaxial loading, respectively. ε̇biaxial

ref and ε̇uniaxial
ref are the creep strain under biaxial

and uniaxial states, respectively.
For a CCP, as seen in Fig. 1, the lower bound of biaxial limit load for a long

plate in y-direction is represented as [Meek and Ainsworth, 2015]

P biaxial
L =

4σy√
3

min
[

1
|λ| ,

1 − a/W

1 − λ(1 − a/W )

]
(W − a) (2.8)

where λ is the stress biaxiality which is defined by λ = Sx/Sy, a is the crack depth
and W is the width of plate. Sx and Sy are the applied loads in horizontal direction
and vertical direction, respectively. The upper bounds of biaxial limit load based
on slip line theory for CCP are also given by Meek and Ainsworth [2015] which is
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Fig. 1. CCP under biaxial loading.

given as follows:

P biaxial
L =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

4σy√
3

min
[

1 − a/W

1 − λ(1 − a/W )

]
(W − a) for (H > W − a)

4σy√
3

min
[

1 + a/W

1 − λ(1 − a/W )

]
(W − a) for (H > W + a)

(2.9)

where Eqs. (2.8) and (2.9) are obtained from slip line theory with two different
kinds of modes, i.e., ahead of crack and behind the crack. The limit load for CCP
under uniaxial loading is given as [R6, 2010]

P uniaxial
L =

4σy√
3

(W − a) (2.10)

where Eq. (2.10) is available for two-dimensional CCP with thickness of 1mm.
With those limit load expression given in Eq. (2.9), the reference stress under

biaxial loading is given as follows according to upper bound limit sloads:

σbiaxial
ref =

|1 − λ(1 − a/W )|
1 − a/W

σuniaxial
ref (2.11)

σbiaxial
ref =

|λ(1 + a/W ) − 1|
1 + a/W

σuniaxial
ref (2.12)

where those quantities in Eqs. (2.11) and (2.12) denote the same meanings as
those defined in Eq. (2.8). However, for condition considering lower bound limit of
Eq. (2.9), the formulae between reference stress under biaxial loading and uniaxial
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loading is given as follows:

σbiaxial
ref =

1

min[ 1
|λ| ,

1−a/W
1−λ(1−a/W ) ]

σuniaxial
ref (2.13)

From Eqs. (2.8) to (2.13), the C∗-integral under biaxial loading with ERSM is
presented as follows:

C∗
biaxial =

Eε̇biaxial
ref

σbiaxial
ref

Je (2.14)

From Eq. (2.14), the relation between C∗-integral under biaxial loading and that
under uniaxial loading is given as follows:

C∗
biaxial

C∗
uniaxial

=
(

σbiaxial

σuniaxial

)n−1

(2.15)

There also exists the following relations:

C∗
biaxial

C∗
uniaxial

=
( |1 − λ(1 − a/W )|

1 − a/W

)n−1

(2.16)

and

C∗
biaxial

C∗
uniaxial

=
( |λ(1 − a/W ) − 1|

1 + a/W

)n−1

(2.17)

Herein, an analytical relation between C∗-integral under biaxial loading and
C∗-integral under uniaxial loading is given. It indicates that the ratio between C∗-
integral under biaxial loading and C∗-integral under uniaxial loading is dependent
on creep exponent, biaxiality and crack depth ratio. In order to denote the classi-
cal RSM, the method presented in this section is denoted as ERSM. It should be
emphasized that the derivations of this section does not involve any usage of mate-
rial constants in detail, which indicates the solutions are theoretically applicable to
all kinds of creeping materials.

3. Material Properties and Numerical Procedures

3.1. Material properties

In order to study and validate the biaxial effect on C∗-integral, the following creep
constitutive equation with power-law form is adopted:

ε̇ij =
1 + v

E
Ṡij +

1 − 2v

3E
σ̇ijδij +

3
2
ε̇0

(
σe

σ0

)n−1
Sij

σ0
(3.1)

where ε̇ij , σ̇ij , Ṡij , σe, σ0 and δij represent the creep strain tensor, stress tensor,
deviatoric stress, von Mises equivalent stress and reference stress, respectively. The
quantities with a dot form represent the differential of creep time. Herein, n is the
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Table 1. Material properties used in calculations
[Zhao et al., 2015].

Material property Value

Elastic modulus E 125 GPa
Poisson’s ratio v 0.3
Yielding stress σ0 180 MPa
Creep exponent n 5.23
Creep coefficient B 2.64 × 10−16 MPa−n

creep exponent. Creep coefficient is defined as B = ε̇0/σ̇n
0 . For the computations,

the specific material properties adopted in this paper are given in Table 1, and the
data are selected from Zhao et al. [2015].

3.2. Numerical procedures

In fact, the contour integral implanted in ABAQUS is a robust method to calculate
the C(t)-integral for creep crack. The C(t)-integral with the definition is as follows
[Landes and Begley, 1976]:

C(t) =
∫

Γ→0

[
Ẇdy − Ti

(
∂u̇

∂x

)
ds

]
(3.2)

where Ẇ is the strain energy rate density, Ti is the traction force component and u̇

is the displacement rate. Equation (3.2) is established on the assumption that the
integral contour should approach to the crack tip infinitesimally. For steady state
creep, the dominant parameter C∗-integral is defined as follows [Landes and Begley,
1976]:

C∗ =
∫

t→∞

[
Ẇdy − Ti

(
∂u̇

∂x

)
ds

]
(3.3)

where the equation above is built upon the assumption that the creep time is very
long. In calculation, the C(t)-integral shows the path dependence compared with
C∗-integral of the path independence. To denote the transition between the C(t)-
integral and C∗-integral, the redistribution time is always defined as

tred =
K2

E′C∗ (3.4)

where the determination of redistribution time tred is strongly dependent on the level
of C∗-integral. Note that K and E′ are the stress intensity factor and generalized
Young’s modulus which depends on plain stress or plain strain states.

The finite element (FE) code ABAQUS is adopted to perform the creep analyses.
A CCP is adopted to perform the numerical analysis. A one quarter model with
symmetric boundary conditions is used to perform the numerical computations of
CCP, and the detail model is shown in Fig. 2. The element type here is CPE4H, i.e.,
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Fig. 2. FE meshes for (a) CCP, (b) crack tip region and (c) crack tip.

four nodes plane strain element with hybrid formulation. The element numbers of
the computed models are between 2650 and 3560. The height and width of the CCP
are 40mm and 20mm, respectively. The strain hardening creep is used to simulate
the power-law creep constitutive. The material properties can be seen in Table 1.
During the analysis, the contour integral for calculation of fracture parameters,
e.g., J-integral, stress intensity factor and C∗-integral will be used. Ten integration
contours are selected to extract the computed fracture parameters, e.g., J-integral,
stress intensity factor and C∗-integral. It should be pointed out that the computed
solution of the first contour is neglected as larger numerical error could exist at
the first integration contour. All the values in the following article for J-integral,
stress intensity factor and C∗-integral are computed by averaging the computational
values of the other nine contours.

4. Results and Discussions

4.1. C∗-integral of CCP under biaxial loading

In order to verify the estimation accuracy of the C∗-integral of CCP under biaxial
loading with ERSM, the solutions computed with different methods are discussed
in this section. Three methods are performed to make the comparisons. Those three
methods are reference stress method, extended reference stress method and contour
integral method calculated with ABAQUS itself, i.e., FE solutions. Herein, the RSM
is the traditional RSM to compute C∗-integral. ERSM is the method proposed in
Sec. 2.2 of this paper. Two different crack depth ratios are adopted to make the
comparisons, i.e., a/W = 0.15 and a/W = 0.5.
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(a) (b)

(c) (d)

Fig. 3. Comparisons of C∗-integral obtained with RSM, ERSM and FE extraction for CCP with
a/W = 0.15: (a) λ = −1.5; (b) λ = −1.0; (c) λ = 0.5 and (d) λ = 0.

The solutions of the C∗-integral computed with different methods for crack
depths with a/W = 0.15 and a/W = 0.5 under different biaxial loading conditions
are given in Figs. 3 and 4, respectively. It can be seen that the discrepancies between
the results calculated with RSM and solutions computed by FE are obvious for shal-
low crack specimens, i.e., a/W = 0.15. However, it can be found that C∗-integral
under biaxial loading through ERSM agrees quite better with the solutions com-
puted with ABAQUS than those computed with RSM. For deep crack specimens,
the solutions predicted with ERSM proposed in this paper agree more closely with
the FE solutions, however, the traditional solutions calculated with RSM deviates
from the FE solutions greatly. In general, the solutions computed with ERSM are
better than that of RSM.

Figure 5 is presented to better understand the variations of C∗-integral with
different biaxial ratios. It can be seen that the solutions calculated with traditional
RSM deviate from the FE solutions extracted from ABAQUS significantly. However,
the results calculated by ERSM agree quite closely with those numerical computa-
tions. It implies the efficient and superiority of the proposed ERSM. Especially, the
closer of solutions obtained by FE and RSM, the smaller of the biaxial ratio will be.
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(a) (b)

(c) (d)

Fig. 4. Comparisons of C∗-integral obtained with RSM, ERSM and FE extraction for CCP with
a/W = 0.50: (a) λ = −1.5; (b) λ = −0.5; (c) λ = 1.5 and (d) λ = 2.

(a) (b)

Fig. 5. Comparisons of C*-integral obtained with RSM, ERSM and FE extractions under different
biaxiality ratios for CCP.
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(a) (b)

Fig. 6. Comparisons of C∗
biaixial/C∗

uniaxial obtained with ERSM and FE solutions under different
biaxiality ratios.

It can be found that the C∗-integral with negative stress biaxiality ratios is higher
than that of C∗-integral under uniaxial and positive stress biaxiality ratios. Under
the same loading, the value of C∗-integral with a/W = 0.5 is greater than that of
a/W = 0.15. Furthermore, it can be seen that the solutions presented with ERSM
agree with the solutions computed via FE very well. However, the solutions with
traditional RSM are not as good as the ERSM presented in this paper.

The variations of ratio of C∗-integral under biaxial loading and uniaxial loading
with biaxiality with different crack depths are given in Fig. 6. It is seen that the
ratio of C∗-integral between biaxial loading and that of uniaxial loading varies
differently. For shallow crack condition, the C∗-integral decreases firstly with the
increase of biaxiality. C∗-integral approaches to the lowest value around biaxiality 1.
The solutions computed with ERSM agree with the numerical computations quite
closely. For deep crack specimen, similar variation tendencies can be also found.
The lowest C∗-integral is around biaxiality 1.5. Those solutions present the “V ”
shape variation tendencies. It also implies that the C∗-integral is highly dependent
on the biaxial loading state.

4.2. Relations of C(t) and C∗-integral under biaxial loading

There are many estimation formulae for the relationship between C(t)-integral and
C∗-integral of power law creep constitutive equation. Riedel [2014] presented an
approximation between C(t)-integral and C∗-integral as follows:

C(t)
C∗ = 1 +

1
n + 1

tred
t

(4.1)

Compared with Eq. (4.1), Ainsworth and Budden [1990] proposed another dif-
ferent relationship between C(t)-integral and C∗-integral as follows:

C(t)
C∗ =

(1 + t/tred)n+1

(1 + t/tred)n+1 − 1
(4.2)
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(a) (b)

Fig. 7. Comparisons of C(t)/C∗ relationship in CCP under uniaxial loading for (a) a/W = 0.15
and (b) a/W = 0.50.

Similarly, Kim et al. [2001] presented another relationship as follows:

C(t)
C∗ =

(1 + t/tred)4.5

(1 + t/tred)4.5 − 1
(4.3)

It should be pointed out that the applicability of these relationships to biaxial
loading conditions is still unknown. Hence, these relationships are discussed in what
follows. Comparisons of C(t) and C∗ relationships of those equations under uniaxial
loading condition are given in Fig. 7. It can be seen that those proposed relations
agree quite well in Fig. 7 regardless of crack depths.

The variation tendencies of C(t) ∼ C∗ relationships for CCP with shallow crack
and deep crack are given in Figs. 8 and 9, respectively. It can be deduced that the
traditional formula of C(t) ∼ C∗ relations are still applicable under biaxial loading
conditions though the loading state is under biaxial condition.

4.3. Discussions

From the numerical computation and numerical analysis, it can be found that the
C∗-integral is strongly dependent on its biaxiality. It varies with the variations of
biaxiality. The reason is analyzed as follows.

For a biaxial loading state, the von Mises stress can be obtained as follows:

2σ2
y =

√
(σ1 − σ2)2 + (σ2 − σ3)2 + (σ1 − σ3)2 (4.4)

where σ1, σ2 and σ3 are the principle stresses in three different directions and σy

is the yielding stress. For the two-dimensional condition, Eq. (4.4) is simplified as
follows:

σ2
y =

√
σ2

1 + σ2
2 − σ1σ2 (4.5)
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(a) (b)

(c) (d)

Fig. 8. Comparisons of C(t)/C∗ relationship for CCP under different biaxialities for a/W = 0.15.

For CCP under biaxial loading, the equivalent stress is presented as follows:

σeq =
√

λ2 − λ + 1Sy (4.6)

where Sy is the loading in y-direction as shown in Fig. 1. From Eq. (4.6), it can
be found that equivalent stress obtains the smallest value for λ = 0.5. Hence, there
is no difficulty to understand that the solution of C∗-integral is lowest under this
condition.

The variations of C(t)/C∗ for CCP with a/W = 0.15 under λ = 1.0 are shown
in Fig. 10. It should be known that variations of C(t) ∼ C∗∗ with different selec-
tions of C∗-integral where the C∗-integral here are all from the C(t)-integral with
path-independence. Three different kinds of loading levels are obtained here, i.e.,
the curve I with C∗ = 0.00536N/mmh, curve II with C∗ = 0.000346N/mmh and
curve III with C∗ = 3.751×10−5 N/mmh are very similar to each other, and the dif-
ference is the offsets between them. Obviously, the selection of C∗-integral for path-
independence solutions does not influence the shape and tendency of C(t)∼C∗.
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(a) (b)

(c) (d)

Fig. 9. C(t)/C∗ relationship for CCP under different biaxialities for a/W = 0.5.

Hence, the C∗-integral with contour integral is not only path-independence, but
also at the “platform” region. In engineering practices, the relationship here can
be used to check out the accuracy of C∗-integral. For an accurate C∗-integral,
C(t) ∼ C∗ relationships are satisfied perfectly. If the C(t) ∼ C∗ relationships are
not satisfied, the C∗-integral computed may be not correct.

The effect of biaxiality on the C∗-integral is mainly caused by the increase of
loading level. However, the variation tendencies between different biaxialities still
obey the relations which are not specified with biaxial consideration (see Eqs. (4.1)–
(4.3)). The main reason is that the C∗-integral is essence of a line integral which can
reflect the input or output of deformation energy ahead of crack tip. Thus, those
relations, which are derived with the crack tip characteristics, have incorporated
the biaxial condition. However, RSM is a kind of simplified method to evaluate C∗-
integral with rough accuracy where the estimation accuracy will be influenced by
biaxial loading. Hence, the usage of RSM to estimate of C∗-integral under biaxial
loading state should be very careful as the accuracy of this method is not that
high. However, the proposed ERSM in this paper can help improve the estimation
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Fig. 10. Variations of C(t)/C∗ with different levels of C∗-integral.

accuracy. It has to be mentioned that ERSM and RSM are all engineering estimation
methods, and there could be some errors between those engineering methods and
accurate solutions. In general, ERSM presents a better estimation results compared
with that of RSM. Although lots of biaxial ratios have been considered in this
investigation, the biaxial ratio is always not allowed to differ significantly for the
purpose of engineering safety in actual engineering practices. Hence, ERSM can
provide reasonable solutions with a relative larger range of biaxial ratios.

5. Concluding Remarks

The estimation of C∗-integral under biaxial loading is investigated in this paper.
Through theoretical analysis and numerical computations, the following conclusions
are obtained:

(1) A theoretical formula is presented to estimate the ratio of C∗-integral under
biaxial loading and uniaxial loading for CCP. The C∗-integral is highly depen-
dent on the biaxial stress state, material properties of creep constants and crack
depth for CCP. It is found that the increase of equivalent loading level height-
ens the level of C∗-integral. The variation tendencies for the ratio of C∗-integral
between biaxial loading and uniaxial loading for CCP with biaxiality present
to be “V ” shape.

(2) An ERSM considering biaxial effect is reported. The presented ERSM is verified
with a good agreement with the numerical solution compared with that of
traditional RSM. The ERSM proposed in this paper can be extended to the
other conditions under biaxial loading for crack contained structural integral
assessment considering creep behaviors.
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(3) The variation of C(t)/C∗ with normalized creep time is discussed in this paper.
The classical relationship of C(t)/C∗ is still applicable under biaxial loading
condition. The reason is that C∗-integral is a kind of line integral which is
dependent on the energy state ahead of crack tip. Different biaxial ratios will
lead to the variations of C∗-integral levels, however, they will not affect the
slopes of C(t)/C∗ relations within different creep ranges for CCP.
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