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Internal-external coupled full-scale modeling for a rectangular-to-elliptical shape-

transition (REST) scramjet under a high flight Mach number of 12 was modeled by 

Improved Delayed Improved Delayed Detached Eddy Simulation (IDDES) and a 

Dynamic Zone Flamelet combustion Model (DZFM). The modeling is based on a total cell 

number of 63.03 million and a 13s/33r nonequilibrium hydrogen mechanism. The effect 

of differential diffusion was investigated for the flow fields, efficiency indices, and thrust 

performance. A sensitivity analysis of the zone discretion was conducted to select the 

optimal zone number with acceptable accuracy yet high efficiency. The predicted wall 

pressure is comparable with the measurements. Detailed analysis of the characteristics of 

hypersonic flow, reacting species, and combustion was analyzed by using Takeno Flame 

Index (TFI) and Chemical Explosives Mode Analysis (CEMA), etc. 

I. Introduction 

ost of current air-breathing scramjets are designed to operate in the Mach number (Ma) range of 4-8, because 

of the near-term military demands [1]. However, scramjets designed to operate in Mach numbers above 10 

are urgently needed to meet the long-term demands from earth-to-orbit-and-return transportation systems, possibly by 

using a hybrid launcher combining scramjets inline with other propulsion technologies, e.g., rocket [2]. In the hybrid 

launcher, the scramjet mode will continue for some a considerable period to contribute some net thrust even after the 

rocket mode is turned on. Thus there is a Mach number range over which both modes are operational [3]. It is expected 

that the scramjet can still contribute net thrust during the co-operation mode, rather than becoming a burden of the 

whole propulsion system too early. “This requirement makes the understanding of hypersonic combustion phenomena 

as significant as that of supersonic combustion”, as stated by Mehta [3] two decades ago. To achieve this goal, a 

question that must be answered by the propulsion community is that what is the maximum speed a scramjet can still 

provide the net thrust?  

Except for the 10s flight demonstration by the X-43 at Mach 9.68 [4], most of the hypersonic air-breathing vehicles 

were tested at the low end of the hypersonic range (Ma<8), while hypersonic scramjets with Ma≥10 has yet to be 

demonstrated in flight. Theoretical analysis by Weber and MacKay [5] was possibly the first to show that the engine 

efficiency keeps increasing with flight Mach number in the range of 4-7, and the scramjet performs better than the 

ramjet for Ma>7 if an isentropic inlet is used. In any multistaged vehicles for access to low Earth orbit (LEO), scramjets 

can become useful only if the upper limit of their operation can be stretched to Mach 10+ [2]. Scramjets with a 

rectangular-to-elliptical shape-transition (REST) inlet [6-8], inlet injection technique [9, 10], and an elliptical 

combustor capable of delivering net thrust at speeds from Ma=7.5 [11], Ma=8 [12],  Ma=8.7 [13], Ma=10 [14], and 

up to 12 [15-17] have been experimentally tested in University of Queensland’s T4 Reflected shock tunnel (RST). 

Numerical studies for uniform-compression and nonuniform-compression scramjets over the flight Mach number 

range of 7-12 [18]; however, the negative specific impulse was observed for Ma>11. The operating limits are expected 

to be Ma=15 and 10 for hydrogen and hydrocarbon -fueled scramjets [19]. In addition, given the high specific impulse, 

hydrogen is possibly the only fuel that can delive positive net thrust at near-orbital velocities [20]. 

At hypersonic speeds with Ma=10+, the long-lasting conflicts between fast mixing, efficient combustion, and drag 

reduction, do not weaken but instead are becoming more stringent. At the high flight Mach numbers that an access-

to-space scramjet might operate at, even short residence time less than 1/3 milliseconds is left for the mixing and 

subsequent combustion. The chemical dissociations of the oxygen and nitrogen molecules into their atomic form in 
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the incoming air crossflow under high static temperature not only absorb heat from the flow but also considerably 

reducing the combustion efficiency due to the consumption of available oxygen. The extremely high temperature also 

tends to suppress the exothermic reactions by shifting the chemical equilibrium status. Due to the aerodynamic heating, 

the near-wall temperature can easily exceed 2500 K, and the wall heat flux is generally higher than 4 MW/m2, which 

implies that active cooling or advanced materials are more stringently required to survive long-duration flights at 

hypersonic speeds. At Ma=10+, most of the thrust produced by the nozzle has been canceled by the inviscid (pressure) 

and the viscous (skin friction) drag forces. For hypersonic vehicles, more than 50% of the net drag force is produced 

by skin friction [21], and further, while about 60% of the total skin friction drag is produced inside the combustor and 

nozzle [22]. 

A sufficient amount of compression must be guaranteed through the hypersonic inlet while minimizing the total 

pressure loss. A novel inward-turning sidewall-compressed REST scramjet inlet was designed by blending a 

rectangular capture area to an elliptical combustion chamber using the streamline tracing technique [6], which 

produces lower viscous drag and lower total pressure loss. However, the axisymmetric geometric makes the flow 

entering the combustor no longer nonuniform. The REST inlet combined with an elliptical combustor was designed 

with the flight Mach numbers of 7-12, and dynamic pressure of 50 kPa [16]. It is claimed that overboard flow spillage 

can keep the inlet self-started under a variety of adverse conditions, e.g., Mach numbers as low as 4 and back pressure 

ratios as high as 30.3 [23]. In the original design of the REST scramjet, two-stage fuel injections respectively from 

the inlet and the combustor are combined. The former is used to prolong the fuel residence time as well as to provide 

radical farming for the downstream fuel burning. However, robust combustion in the inlet may cause unstart. The 

latter is to reduce skin friction through film cooling and boundary layer combustion. In the modeling, it is observed 

that the combustor injection ignited by the flame from the inlet injection significantly contributes to the overall 

combustion efficiency. Complex shock waves mainly originated from the inlet cowl, the 6o angle transition from the 

inlet to the combustor, and the combustion injection were observed in the previous modeling of the RESE scramjet 

[13]. In addition, low-speed bubbles grown from thickened boundary layer around the perimeter of the isolator and 

swept boundary layer separation inside the isolator were observed in the modeling, while with their formation 

mechanism, characterization, and role in the mixing poorly understood. 

To better understand the complex flow, mixing, and combustion physics inside the REST scramjet, as well as to 

provide optimization principles, high-resolution modeling the hypersonic combustion process is necessary. The 

optimization goal of the first priority is to improve the combustion efficiency over 80%, which is estimated to be the 

minimum requirement to achieve thrust for access-to-space applications [24]. The strong bow shock wave generated 

by a high injection momentum may cause high entropy production that counterbalances the benefits obtained from a 

shorter combustor by using the inlet injection. Thus, the equivalence ratio division between the inlet injection and the 

combustor injection also needs to be optimally determined to make the best use of the pilot ignition while avoiding 

massive entropy loss. Due to the 6o angle of attack and the shape transitions, the impingement of complex shock waves 

on the shear layer and boundary layer will strongly affect the flow structures and the combustion, which needs to be 

carefully scrutinized.  

II. Physical models and numerical methods 

A. Experimental case 

In this study, the modeled REST scramjet has a desired flight Mach number of 12 and a dynamic pressure of q = 

50kPa, which corresponds to an altitude of ∼36 km and a flight stagnation enthalpy H0 ≈ 7.16MJ/kg. The modeled 

geometry, including the planar forebody, as shown in Figure 1, has an entire length of 1,435 mm. The forebody has a 

length of 500 mm and is slightly wider than the inlet capture area. The 476.2-mm-long inlet section extends from the 

leading edge of the body to the throat. The lip of the inlet sidewall turns inward and closes completely respectively at 

129.3 mm and 339.6 mm downstream of the inlet leading edge. The leading edge radii were both ignored since they 

were expected to have a negligible effect on inlet mass capture and efficiency [25]. The isolator section consists of 

two parts: the 29.67-mm-long former transiting from the inlet into an elliptic shape, and the 25-mm-long latter with 

constant-area elliptic shape. The initial width of the inlet is 75 mm, and the final width of the contracting elliptic 

isolator section is 31.05 mm, with an aspect ratio of 1.76. The total geometric compression ratio of the inlet is 6.61. 

The combustor section is connected to the isolator with a 1.25-mm-deep circumferential backward step. In the 

modeling, the combustor section is inclined with a 6° angle to redirect the flow toward the actual vehicle direction. 

The combustor section consists of a 161-mm-long constant-cross elliptical duct, and a 121-mm-long diverging part at 

an expansion ratio of 1.6°. The nozzle section has a uniform conic area expansion ratio of 5. 

Both inlet injection and combustion injection are combinedly used. The inlet injection is made of three 45°-inclined 
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3 

2-mm-diameter portholes on the backside of the compression surface at 755 mm downstream of the leading edge. The 

three inlet injectors are all located at the same streamwise plane with a spacing of 12.5 mm. Five 0.8-mm-diameter 

injectors are positioned along the lower-half perimeter at the combustor entrance (1015.1 mm from the leading edge). 

Among the five injectors, three of them are placed with one centered upon the centerline and the other two on either 

side with a spacing of 6.75 mm. The remaining two are placed horizontally on either side of the wall. The combustor 

injectors were inclined 45o to the local wall normal. The total fuel mass flow rate of 1.75002 g/s is split 29/71 between 

the inlet injection and the combustor injection to achieve a combined global equivalence ratio of ϕ= 1.24, which is 

calculated accounting for both O2 and O. The test conditions of the air crossflow and the hydrogen stream are 

summarized in Table 1.  

Table 1. Summary of test conditions and corresponding flight conditions 

Quantity Test condition Flight condition 

p (Pa) 1176.6  398.66 

U (m/s) 3630.2 3678.41 

T (K) 386.79 243.71 

𝛒 (kg/m3) 0.010507 0.00569 

Ma 9.183 11.75 

q (kPa) 69.23 38.55 

H0 (MJ/kg) 7.01 7.01 

Re 1.695×106 1.34×107 

YN2 0.72845 0.767 

YO2 0.18372 0.233 

YNO 0.082728 0 

YO 0.005102 0 

�́�𝐇𝟐, 𝐢𝐧𝐥𝐞𝐭 (g/s) 0.502635 - 

�́�𝐇𝟐, 𝐜𝐨𝐦𝐛𝐮𝐬𝐭𝐨𝐫H2,inlet (g/s) 1.246795 - 

𝐓𝟎, 𝐇𝟐 (K) 298 - 

𝐌𝐚𝐇𝟐 1.0 - 

 

 (a)  
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(b)   

Figure 1. (a) Geometry and (b) dimensions of the REST scramjet with planner forebody 

The domain is meshed by Immersed Boundary (IB) CutCell method [26] with a total of 63.s03 million unstructured 

cells, with a denser distribution clustering around the injectors, as shown in Figure 2. The maximum cell size is 0.8 

mm and a minimum of 50 μm. A near-wall inflation layer with 13 prism layers and a total thickness of 1 mm is 

attached to the chamber wall to ensure that the first near-wall cell located in a nondimensional wall distance y*<1. 

High-quality uniform hexahedral grid cells for most of the domain, while tetrahedron, wedge, or pyramid cells filled 

only in large-curvature regions. Mesh quantity analysis shows that 90.7 vol% of the domain is meshed by hexahedral 

cells, cells in 95.8% of the domain volume have skewness less than 0.05, and cells in 94.2% of the domain volume 

have orthogonal quality larger than 0.95. 

 
 

Figure 2. Mesh clustering around the inlet injectors 

B. Governing equations with dynamic zone flamelet model (DZFM) 

The unsteady and three-dimensional Favre-averaged compressible reactive Navier-Stokes equations (rNSE) are 

solved for a set of conservative variables (ρ̅, ũi, H̃t, Ỹα) [27, 28],  

                                                                                   
∂ρ̅

∂t
+
∂ρ̅ũj

∂xj
= 0 (1) 

                                                                    
∂ρ̅ũi

∂t
+
∂ρ̅ũjũi

∂xj
+

∂p̅

∂xi
−
∂τ̃ij

∂xj
= −

∂τij
 

∂xj
 (2) 

                                         
∂ρ̅H̃t

∂t
+
∂ρ̅ũjH̃t

∂xj
−

∂

∂xj
(ρ̅DT

∂H̃t

∂xj
+ ∑ ρ̅Dα

∂Ỹα

∂xj
H̃α

L
α=1 ) −

∂p̅

∂t
−
∂ũjτ̃ij

∂xj
= −

∂ΨT,j

∂xj
 (3) 

                                                                
∂ρ̅Ỹα

∂t
+
∂ρ̅ũjỸα

∂xj
−

∂

∂xj
(ρ̅Dα

∂Ỹα

∂xj
) = −

∂Ψα,j
 

∂xj⏟                        
not solved

 (4) 

                                                                
∂ρ̅ξ̃

∂t
+
∂ρ̅ũjξ̃

∂xj
−

∂

∂xj
(ρ̅Dα

∂ξ̃

∂xj
) = −

∂Ψ𝜉,j
 

∂xj
 (5) 

𝜉"2̃ = 𝐶𝑣𝑎𝑟Δ
2 (

∂ξ̃

∂xj

∂ξ̃

∂xj
) (6) 
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                        ρη
∂Qα

∂t
+ ⟨ρuj|η⟩zone

∂Qα

∂xj
= ρη

Dα

Dξ
⟨χ|η⟩zone

∂2Qα

∂η2
+ ρη (

Dα

Dξ
− 1)Mη

∂Qα

∂η
+ ρη⟨Wα|η⟩  (7) 

                                                                                       p̅ = ρ̅RT̃ (8) 

                                                               H̃t = H̃ +
1

2
ũiũi = H̃

0 + ∫ CpdT
T

0
+
1

2
ũiũi (9) 

Here the bar “-” and the tilde “~” represent averaged and Favre-averaged quantities respectively, t denotes the time, 

xi is the Cartesian coordinate in direction i, ρ̅ is the density, ui and ũi are the velocity component in the xi direction 

(spatial dimension i = 1, 2, 3), p̅ is the pressure, τ̃ij is the viscous stress tensor, H̃t = H̃ + 0.5ũi
2 is the total absolute 

enthalpy obtained as the sum of the absolute enthalpy H̃ and the resolved kinetic energy, the absolute enthalpy H̃ is 

calculated as the sum of the formation enthalpy H̃0 at standard reference state and the sensible enthalpy change from 

the reference temperature to T; Ỹα is the mass fraction of species α (α = 1 , ..., L, with L the total species number); the 

specific heat Cp is a function of species concentrations and temperature; ω̅α is the averaged mass production rate of 

chemical species α in the unit of kg ∙ m−3 ∙ s−1, Wα denotes the reaction rate with unit s-1; Dα is mixture-averaged 

mass diffusivity of species α , Dξ  represents the mean mixture diffusivity, DT  is the thermal diffusivity, T̃ is the 

temperature; R = Ru W⁄  is the gas constant,
 
Ru = 8.314 J ∙ mol

−1 ∙ K−1  is the universal gas constant, W =
(∑ Yα Wα⁄L

α=1 )−1 is the molar weight of the multicomponent mixture; the local filter width, Δ, serves as the length 

scale of the subgrid turbulence. 

To alleviate the huge computational cost in turbulent combustion modeling, the dynamic zone flamelet model 

(DZFM) [29] was adopted in this study. The main principle of DZFM is decoupling the turbulence-chemistry 

interaction (TCI) zone by zone, through dynamically dividing the whole combustion field into a finite number of 

flamelet zones. The turbulence-influenced thermochemical profile in each zone is represented by a local flamelet, 

which evolves according to the spatial exchange with its neighbors, chemical reactions controlled by representative 

temperature, and differential diffusion in the mixture fraction space. Both the zone division and its representative 

flamelet are dynamically updated for better representing the local chemical status. Through adapting to the evolution 

of flow fields, DZFM allows a better local statistical homogeneity and diminishes the redistribution effect of 

conditional variances. DZFM has been previously successfully applied to the modeling of a kerosene-fueled scramjet 

[30], a GH2/GO2 jet flame in a single-element rocket combustor [31], and a supersonic hydrogen jet flame [29]. 

In DZFM, the zone flamelet equation, Eq. (7) is solved instead of the conventional species equation, Eq. (4). The 

conditional species mass fraction Q𝛼 is related to the conventional unconditional species mass fraction Y𝛼 as, 

Y𝛼(x, t) = Q𝛼(η = ξ(x, t), x ∈ zone, t) + Y𝛼
′ (x ∈ zone, t) (10) 

where η is the sampling variable in mixture fraction space, x represents the physical coordinate, x ∈ zone indicates 

that the conditional average is confined within the zone. Here, Yi
′ represents the deviation of instantaneous value from 

the conditional average within the current zone. Certainly, it has ⟨Qi
′|η, x ∈ zone⟩ = 0 , and the zone-averaged 

〈Qi
′〉zone = ∫⟨Qi

′|η, x ∈ zone⟩P(η) dη = 0 , with P(η)  the probability density function (PDF) describing the 

distribution of instantaneous ξ within the zone. Here, the 𝛽-function PDF is used because of its continuous shape for 

integration and the implication of 𝛿-function in its expression. 𝑃(𝜂) is given as a function of the mean mixture fraction 

𝜉 and its variance 𝜉"2̃. Favre mean equations for 𝜉 is solved from Eq. (5), while 𝜉"2̃ is calculated by the algebraic 

gradient model as Eq. (6) [32]. Then the unconditional species mass fractions 𝑌�̃�  are recovered by PDF weighted 

integration, 

                                                                         𝑌�̃� = ∫𝑄𝑖𝑃(𝜂)𝑑𝜂  (11) 

A statistical approach is used to obtain the conditional temperature, which controls the reaction progress in each 

conditional bin. Note that the temperature �̃� is reversely obtained given �̃� and 𝑌�̃�, rather than from the integration of 

the conditional temperature, to better account for the compressibility effect in supersonic combustion. As seen, unlike 

the traditional coupling between CFD and CMC, only the conditional mass fraction is returned for the PDF integration. 

According to the Stokes’ hypothesis which ignoring the bulk viscosity, the shear-stress tensor for a Newtonian 

fluid is calculated as: 

                                                                      τ̃ij = ρ̅ν(T̃) (2S̃ij −
2

3
δijS̃kk) (12) 

where ν is a temperature-dependent kinetic viscosity, and the strain-rate tensor of the resolved scales is calculated as: 

                                                                            S̃ij =
1

2
(
∂ũi

∂xj
+
∂ũj

∂xi
) (13) 

The thermodiffusion (Soret effect), barodiffusion, and mass-driven diffusion of heat (Dufour effect), SGS species 

diffusive flux, SGS energy diffusive flux, SGS viscous dissipation are all ignored in Eqs. (3)-(4).  
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6 

The turbulent Reynolds stresses (τij
 ) and turbulent fluxes (ΨT,j and Ψα,j

 ) in Eqs. (2)~(5) are unclosed, and both 

require specific modeling. The Reynolds stress defined as  τij
 = ρ̅(uiuj̃ − ũiũj) is modeled by the Boussinesq eddy 

viscosity hypothesis, where the Reynolds stresses are also taken to be proportional to S̃ij,  

                                              τij
 = (τij

 −
1

3
δijτkk

 )⏟        
deviatoric

+
1

3
δijτkk

 
⏟    
isotropic

= −ρ̅νt (2S̃ij −
2

3
δijS̃kk) +

2

3
δijkt (14) 

Here νt is the eddy viscosity given by a specified turbulence model that will be described in the following section, 

kt
 
is the unresolved turbulent kinetic energy.  

The turbulent enthalpy flux term ΨT,j = ρ̅(ujHt̃ − ũjH̃t) is modeled by the gradient diffusion assumption as 

                                                                               ΨT,j = −2ρ̅
νt

Prt

∂H̃t

∂xj
 (15) 

where Prt  is the turbulent Prandtl number. The turbulent species diffusion term Ψα,j
 = ρ̅(ujYα̃ − ũjỸα)  is also 

modeled using the gradient diffusion assumption as 

                                                                  Ψα,j
 = −2ρ̅

νt

Sct

∂Ỹα

∂xj
  (16) 

where Sct is the turbulent Schmidt number. In this study, unity Prandtl and Schmidt numbers are assumed. 

C. Turbulence closure, property modeling, and solver details 

It is well known that the total computational cost of DNS (Direction Numerical Simulation) depends on the product 

of the cell numbers and the number of time-steps, hence to Re11/4. For wall-bonded flows, such dependence is even 

stricter. To maintain a constant nondimensional wall grid spacing, ∆yn
+ = ∆ynuτ/ν, the required grid number in the 

wall-normal direction n is, 

                                                                  Ni =
L

∆yn
=

L

∆yn
+ν/uτ

~Re1−ζ/2 (17) 

where the friction velocity uτ = (τw/ρ)
1/2 = (0.5CfU

2)1/2, τw is the viscous stress on the wall, U is the outer velocity, 

the friction coefficient is empirically correlated to the Reynolds number as Cf~Re
−ζ with ζ ≈0.2-0.25. Assuming a 

roughly constant grid aspect ratio, the total number of grid points in the boundary layer is proportional at least to Re2.6. 

Similarly, the requirement of time steps for the boundary layer modeling is also proportional to Re1−ζ/2, hence the 

total cost scales approximately as Re3.5. As seen, for hypersonic flows typically with Re>5×105, the resolving of the 

boundary layer would require a major effort even with high-performance supercomputers. A compromise way is to 

model the boundary layer using RANS (Reynolds Averaged Navier Stokes) model while resolving the internal flow 

by LES (Large Eddy Simulation) model. 

Hence in this study, the turbulence closure is modeled by Improved Delayed Improved Delayed Detached Eddy 

Simulation (IDDES) [33] based on the background RANS model one-equation Spalart–Allmaras model [34] to reduce 

the huge computational cost in modeling the wall boundary layer as well retain LES accuracy in the internal domain. 

In IDDES, the near-wall region is resolved by traditional RANS modeling, and the outer flow region is treated with 

LES, with a smooth transition between the two regions. Near the wall, the IDDES length scale is determined by both 

the local cell sizes and the off-wall distance, and a shielding function is used to adjust the length scale to avoid the 

mismatch of the boundary layer edge due to excessively low subgrid viscosity. Such a treatment ensures that the 

boundary layer is fully covered by the RANS mode independent of the mesh distribution near the wall since the 

boundary layer thickness cannot be determined in prior. As mentioned before, the effect of turbulent fluctuation on 

the turbulent reaction rate has been accounted for by the DZFM model, assuming β-function PDF (probability density 

function) distributions of reacting scalars. 

The combustion chemistry and fluid properties are simulated based on a 13-species, 33-reaction mechanism of 

Jachimowski [35], whose prior and updated versions have been previously applied in hypersonic combustion 

modelings and exhibit good agreements with the experimental data [9, 15, 36]. Accurate evaluation of fluid properties 

is crucial to reproduce the flow behaviors. Thermally perfect gas behavior was used as described in Eq.(18). The 

thermodynamic and transport properties of the gas mixture, such as absolute enthalpy, specific heat, thermal 

conductivity, viscosity, thermal and mass diffusivities are calculated using the open-source chemical kinetics package-

II [37] based on the JANAF (Joint Army-Navy-Air Force)-format thermochemical database [38] and a CHEMKIN-

format transport database. The viscosity, specific heat and conductivity are all assumed independent of pressure and 

only depend on temperature. The mixture-averaged viscosity and thermal conductivity are calculated using the 

modified Wilke’s law [39] and the combination averaging, respectively. The mixture thermal diffusivity is then 

calculated based on the conductive and specific heat. Mixture-averaged mass diffusivities are used, and the mass 

conservation is achieved by setting the nitrogen as inert gas, whose mass fraction is computed by subtracting the sum 

of the remaining mass fractions from unity. 
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7 

The computation is performed by an OpenFOAM [40] based compressible reacting flow solver Amber (formerly 

AstroFoam), which adopts the low-dissipative hybrid scheme [41] combining the dissipative Kurganov-Tadmor 

scheme [42] with the nondissipative central scheme [43]. The AstroFoam was firstly validated for various frozen flows, 

including the canonical shock tube problem, forward step flow, hypersonic flow over a biconic, and supersonic jets 

[44-51], and then applied to various scramjet combustor cases [52-58] to examine its accuracy and robustness in the 

modeling of complex supersonic combustion. 

III. Results and discussion 

Figure 3 compares the predicted pressure profiles on the bodyside and cowlside by DZFM with the experimental 

measurements and the previous prediction by using an equilibrium combustion model [16]. For the bodyside, both the 

current and previous predictions exhibit double peaks. The measured peak value at x=1.08 m was slightly 

underpredicted. At around x=0.89 m, there is a secondary peak caused by the reflected shock wave of the bow shock 

wave arisen by the inlet injection. Whereas in the previous prediction [16], the reflected shock wave impinges on the 

bodyside at a more downstream location x=0.96 m. The pressure oscillations around x= 0.75 m and 1.03 m are due to 

the disturbances by the inlet injection and the step between the isolator and the combustor, while the pressure 

oscillation at x=0.58 m is due to the geometric transition from the forebody to the inlet. The pressure agrees with the 

measurement much better in the diverging combustor and nozzle sections after x=1.18 m. For the cowlside, the current 

predicted pressure profile matches the measurements better, especially for the combustor and nozzle sections after 

x=1.1 m. The pressure rises in the inlet section are due to the reflected oblique shock waves. 

The predictions without differential diffusion effect, i.e., with Dα = Dξ in Eq. (7), are also present in Figure 3.  The 

diffusivity of hydrogen is one order of magnitude higher than the air mixture under the same condition; thus, the unity 

Lewis assumption tends to reduce the mixing efficiency and correspondingly the momentum exchange, which implies 

a less pressure drop as indicated in Figure  (a). Due to the higher pressure in the boundary layer, the disturbance by 

the fuel injection is less obvious. The peak pressure is slightly higher without differential diffusion, but the pressure 

in the divergent combustor and the nozzle is almost identical to the one with differential diffusion since the hydrogen 

fuel has been completely mixed. For the cowlside, the stronger interaction between the incoming hypersonic flow and 

the unmixed fuel stream causes more intense oblique shock waves, and higher pressure rises in the inlet and isolator, 

as shown in Figure 3 (b). Similarly, the influence of differential diffusion on the pressure is unobvious in the combustor 

and nozzle since where complete mixing has been achieved. 

(a) (b)  

Figure 3. Mean pressure distribution on the (a) bodyside and (b) cowlside 

Figure 4 shows the flow fields predicted by the DZFM model with and without differential diffusion effect, 

respectively. From Figure 4 (a) and (b), the high pressure (above 6 KPa) mainly occurs inside the constant-area 

combustor and the front part of the diverging combustor. Without differential diffusion, the disturbance of the 

incoming flow by the inlet fuel injection is stronger; thus, the pressure raised by the bow shock wave and the 

subsequent reflected shock waves inside the inlet and isolator is remarkably higher. Part of the high-pressure region 

even moves upstream to the isolator. The mass capture of the engine in the current prediction is 57 g/s with differential 

diffusion, and 55 g/s without differential diffusion, both are close to the 59.35 g/s in the previous prediction [16]. It is 

assumed that the inlet injection does not affect inlet mass capture [16], however when a sufficient pressure rise occurs 

near the cowl inner margin as in Figure 4 (b), the influence on the mass capture does exist though small. To minimize 
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the influence of inlet injection on the mass capture, a slight moving towards the downstream can be made in the port 

location. From the temperature contours in Figure 4 (c)-(d), it is clear that the fuel begins flowing along the surface, 

then diffuses through the boundary layer toward the freestream. The inlet injection remains a near 10-cm long trail 

from the injector port before being visually diffused. The high temperature and pressure in the case without differential 

diffusion preheat and ignite the fuel stream earlier, causing a 30% reduction in the cold jet trail. While on the other 

hand, the early ignition is unfavorable since it will influence the mass capture and even may causing unstart. In the 

case with differential diffusion, the high-temperature (above 2500 K) region starts after the combustion injection and 

fills the whole combustor. In the case without differential diffusion, the main heat release region indicated by the high 

temperature starts before the combustor injection, and the heat is released in a more extended region covering both 

the isolator and combustor. It is the early heat release that causes the higher pressure rise from the secondary peak to 

the double peaks in Figure 3 (a). From the distribution of the main product H2O, the initial combustion reaction starts 

at a far downstream location of the inlet section, while the combustion reacting occurs immediately from the inlet 

injection. The combustion seems to be closer to equilibrium for the unity-Lewis case, as indicated by the more 

productive H2O distribution inside the nozzle. OH is an important intermediate species in the chain branching of the 

hydrogen-oxygen reaction scheme, because there are more than half, 18 elementary reactions involve it in the total 33 

steps. The high OH concentration in the diffusive interface between the fuel stream and the airflow near the bodyside 

wall indicates the ongoing nonequilibrium oxidation process there, while the low OH concentration in the combustor 

and nozzle indicates the near-equilibrium status. There are OH and H2O before the cowlside notch, suggesting that 

part of the hydrogen has been convected from the combustor by the pressure-rise-induced backflow. The Mach number 

distribution is visually similar in the downstream after the combustor injection; however, the ignorance of differential 

diffusion has observably reduced the overall Mach number in the inlet to be below 6, especially in the region between 

the inlet injection and the cowlside leading edge. The location and angle of the primary oblique shock wave generated 

by the cowlside leading edge are less affected by the differential diffusion since the mixing has not started. 

Figures 4 (k)-(p) shows the mixing and combustion-related indices calculated from the instantaneous flow fields. 

The turbulent scalar mixing problem characterizes the rate of mixing at the molecular level, which is proportional to 

the square gradient of the scalar Ns = D𝜉|∇ξ|
2. Its conditional value represents the diffusion rate across the iso-surface 

of a specified mixture fraction point. It is generally considered that the turbulent scalar dissipation rate is an essential 

quantity in the description of the scalar evolution. However, previous analysis has pointed out that the characteristic 

time scale of scalar diffusion is much longer than the convection time scales in supersonic flows [57], and the 

supersonic mixing is considered to be dominant by the momentum exchange between the fuel stream and the airflow.  

A higher scalar dissipation rate close to the extinction limit may prohibit the autoignition. In the current study, the 

high scalar dissipation rate mainly distributing in the fuel jet trail is of the order of 10 s-1, which is far less than the 

extinction strain rate of the order of 103 s-1 [59]; therefore fluctuations of the quantity caused by the turbulence have 

weak influence on the combustion process. In turbulent combustion, only a thin region around the reaction zone is 

governed by molecular transport, whereas unity Lewis numbers can be assumed since turbulent transport is 

predominant in most of the mixing region. Therefore, the scalar dissipation rate is weakly influenced by the differential 

diffusion effect. 

Figures 4 (m)-(n) show the Takeno Flame Index (TFI) [60] to distinguish the premixed (TFI≥0) and non-premixed 

(TFI<0) regions. In reference to Figures 4 (e)-(h), the fuel has been premixed with the air before the reactions take 

place in the fuel jet trails, especially remarkable for the combustor-injected fuel stream. In the constant-area combustor, 

the entrainment of the air by large-scale vortex motions results in wavelets-like well-mixed regions of vortex size. 

Usually, those premixed regions are favorable for the flame holding of their neighbor non-premixed regions through 

providing ignition source and farming radicals. There is a unique phenomenon for the premixed regions in hypersonic 

combustion, that is the premixed regions are not separated as in subsonic flames [60] but appear as end-to-end 

connected strips. In addition, the area of premixed regions seems to overwhelm that of non-premixed regions.  It 

suggests that the short convection time does not allow a complete burning even under well-mixed conditions, high 

temperatures (≥ 2000 K), and for hydrogen with high reactivity. That is why a much longer scramjet combustor is 

usually required for high-Mach flights to provide sufficient flow residence time. The magnitude of TFI denotes the 

supplying rate of fuel and oxygen by molecular diffusion, which is proportional to the fuel and oxygen gradients. 

High-rate reactions quickly consume both the fuel and oxygen and tend to enhance the TFI magnitude. 

Chemical Explosives Mode Analysis (CEMA) was conducted to distinguish the explosive mode (CEMA>0 s-1) and 

equilibrium-evolving mode (CEMA<0 s-1). CEMA is obtained from the eigendecomposition of the chemical source 

term Jacobian, whose positive eigenvalues define explosive modes with a characteristic timescale λ𝑖
−1  and the 

maximum one, i.e., the CEMA variable defines the fastest explosive mode. Figures 4 (o)-(p) shows the signed log-

scaling of the CEMA variable, sign(CEMA) × log10(1 + |CEMA|), where a minimum of 1 s-1 is added to filter out 

the chemically inactive zone denoted by |CEMA| < 1. From the current modeling, no detonation region of significant 
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size has been identified in the reacting field, whereas the negative CEMA denotes slow chemistry gradually evolving 

towards equilibrium in most of the flow field. The detonation mode usually occurs in the transient ignition process, 

however, from the analysis of TFI, the ignition regions in hypersonic combustion has been stretched by the high-speed 

flow to be thin yet long, thus significantly relaxing the reaction progress and explosiveness. The post-ignition and 

diffusion-controlled regions usually have negative CEMA, shown in Figures 4 (o)-(p) as the trail regions with the 

lowest CEMA<-7 s-1. The post-ignition region starts more upstream without differential diffusion, probably because 

the ignition distance has been considerably shortened by the high temperature near the inlet injector. Note that the 

nonequilibrium air chemistry has been incorporated in this study, the incoming air before any fuel injection still has 

non-zero values. 

 

(a)  

(b)  

(c)  

(d)  

(e)  

(f)  
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(g)  

(h)  

(i)  

(j)  

(k)  

(l)  

 

(m)  

(n)  
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11 

 

(o)  

(p)  

Figure 4. Contours on the centerplane along the streamwise direction for (a)-(b) pressure, (c)-(d) 

temperature, (e)-(f) H2O mass fraction, (g)-(h) OH mass fraction, (i)-(j) Mach number, (k)-(l) log-scaling of 

scalar dissipation rate, (m)-(n) Takeno flame index (TFI), (o)-(p) signed log-scaling of CEMA 

Figure 5 shows the quasi-one-dimensional indices along the flow path to evaluate the mixing and combustion 

performance of the REST hypersonic combustor. The coefficients of mixing, combustion, and total pressure loss were 

calculated following the similar approaches in [57], except for some minor changes in the calculations of reactable 

and reacted fuel. The time-averaged mixing efficiency is calculated as,                                                                        

                                              𝜂𝑚𝑖𝑥 =
1

𝑛
∑

�̇�𝑓𝑢𝑒𝑙,𝑟𝑒𝑎𝑐𝑡𝑎𝑏𝑙𝑒

�̇�𝑓𝑢𝑒𝑙,𝑡𝑜𝑡𝑎𝑙
𝑛 =

1

𝑛
∑

∫(𝜌�⃗⃗� 𝑌𝑓,𝑟𝑒𝑎𝑐𝑡)∙𝑑𝐴 

∫(𝜌�⃗⃗� 𝑌𝑓)∙𝑑𝐴 
𝑛    (14) 

with                                                         𝑌𝑓,𝑟𝑒𝑎𝑐𝑡 = min (𝑌𝐻 , 𝑌𝑜/𝑠) 

where �̇�𝑓𝑢𝑒𝑙,𝑡𝑜𝑡𝑎𝑙 is the total fuel mass flow rate, �̇�𝑓𝑢𝑒𝑙,𝑚𝑖𝑥𝑒𝑑  is the mass flow rate of reactable fuel that has been well 

mixed locally, 𝑌𝐻  is the mass fraction of H element, 𝑌𝑜  is the mass fraction of the O element; 𝑠  is the mass 

stoichiometric ratio in the global reaction 𝜈𝑓Fuel+ 𝜈𝑜Oxygen→Products and is defined as 𝑠 = 𝜈𝑜𝑊𝑜𝑌𝑓
0 𝜈𝑓𝑊𝑓𝑌𝑜

0⁄ , 

where 𝜈𝑓 and 𝜈𝑜 are the coefficients corresponding to fuel and oxidizer, 𝑊𝑓 and 𝑊𝑜 are the molecular weights of the 

fuel and oxidizer, 𝑌𝑓
0 and 𝑌𝑜

0 are the initial mass fractions of fuel and oxidizer in the fuel and oxidizer streams. Note 

that 𝑌𝑓 is derived from the element fraction to adapt Eq. (14) for bot non-reacting and reacting cases. Combustion 

efficiency is calculated as the ratio of the fuel that has been completely converted to the final products, e.g., H2O:                                                               

                                                        𝜂𝑐𝑜𝑚𝑏 =
1

𝑛
∑

[ 1
𝜈𝐻2𝑂

∫(𝜌�⃗⃗� 𝑌𝐻2𝑂)∙𝑑𝐴 /𝑊𝐻2𝑂]
𝑖𝑛𝑙𝑒𝑡

𝑥

1
𝜈𝑓𝑢𝑒𝑙

�̇�𝑓𝑢𝑒𝑙,𝑡𝑜𝑡𝑎𝑙/𝑊𝑓𝑢𝑒𝑙
𝑛  (15) 

where the subscript inlet denotes variables on the air inlet plane, the surface integration is performed on each cross-

section at different streamwise locations, YH2O is the mass fraction of H2O, 𝑊𝑓𝑢𝑒𝑙  and 𝑊𝐻2𝑂  are the molecular 

weights of the fuel and H2O, 𝜈𝑓𝑢𝑒𝑙 and 𝜈H2O are the stoichiometric coefficients of the fuel and H2O. The total pressure 

loss is calculated as, 

                                                               𝜂𝑃𝑡 = 1 −
1

𝑛
∑

∫(𝜌�⃗⃗� 𝑃𝑡,𝑥)∙𝑑𝐴 

∫(𝜌�⃗⃗� 𝑃𝑡,𝑖𝑛𝑙𝑒𝑡)∙𝑑𝐴 
𝑛  (16) 

where 𝑃𝑡,𝑥 and 𝑃𝑡,𝑖𝑛𝑙𝑒𝑡  are the total pressure at the streamwise location 𝑥 and the air inlet plane, respectively. From 

Figure 5 (a), the mixing efficiency before and after x=1.015 m corresponds to the mixing behavior of the inlet and 

combustor injections, respectively. For the case with differential diffusion, more than half, 68.5% of the inlet injection 

has been mixed before encountering the combustor injection; the final mixing efficiency at the nozzle outlet is 90.3%, 

which is satisfactory. If without differential diffusion, the mixing efficiency is slightly higher than the case with 

differential diffusion for the inlet injection stage and becomes lower for the combustor injection stage. This suggests 

that the stronger shock waves in the case without differential diffusion may help to enhance the mixing. Under the 

good mixing and favorable conditions (higher temperature and pressure), the combustion efficiency in the case without 

differential diffusion is initially higher, but the final value is 6% lower than the value of 84% in the case with 

differential diffusion. The case with differential diffusion obtains a final total pressure loss of 95%, while the strong 

shock waves in the case without differential diffusion cause more substantial total pressure loss approaching 99%. 

The total pressure loss can be caused by skin friction, shock waves, and heat addition. The skin-friction drag and wave 
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12 

(or pressure-related) drag comprise the total drag, whose reduction is especially important in improving the thrust of 

high-Mach scramjets. The total pressure loss implies that a considerable part of the available propulsive energy is 

transformed into heat, and to the induced vortices of the flow, which are finally converted to energy as well. The small 

nonmonotonicity in the coefficients the mixing, combustion, and total pressure loss are caused by the flow 

unsteadiness and local backflow. The impulse force function in the streamwise direction, defined as the summation of 

pressure force and momentum flux I = pA + ρu2A, can measure the streamwise force according to the conservation 

of momentum F𝑏𝑥 = Δ𝐼. Here the streamwise momentum contributed by the fuel addition is ignored since the injection 

direction is nearly normal to the streamwise diction, and the mass flow rate of fuel is negligible compared with the air 

stream. The momentum conservation is not valid for the flow from x=0.5 to 0.84 m, because part of the incoming air 

slips away from the inlet cowlside. In the inner part of the inlet and the isolator from x=0.84 to 1.0 m, the reduction 

of impulse force indicates that the net thrust is negative. The geometry is expanding for the combustor and nozzle 

since x=1.0 m, the increase in the impulse force demonstrates that the thrust provided by the pressure force exceeds 

the viscous drag (wall friction) to gain a net thrust in the two sections. The incorporation of the differential diffusion 

effect gains more net thrust in the combustion and nozzle sections. A more accurate determination of the net thrust is 

by direction surface integration over the internal walls. Defining that a drag force has a negative magnitude, and a 

thrust force has a positive magnitude, the friction drag is -26 N, while the pressure thrust is +30 N, and the total net 

thrust is +4 N. Although a phenomenal net thrust has been attained, the large drag force underscores the importance 

of skin-friction reduction techniques in producing a viable hypersonic vehicle. From the impulse force distribution, it 

is clear that the main burden in the drag reduction lies in the inlet section, where both the pressure drag and viscous 

drag are in comparable magnitude with the thrust force produced in the combustor and nozzle. 

 (a)  

(b)  
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(c)  

(d)  

(e) 

Figure 5. Quasi-one-dimensional indices along the flow path, (a) mixing efficiency, (b) combustion efficiency, 

(c) total pressure loss coefficient, (d) streamwise impulse force 

The main idea of DZFM is to divide the whole combustion field into a finite number zones and assign a local 

flamelet to each zone. As seen, the prediction is influenced by the zone division. By grouping the whole field into a 

single flamelet zone, DZEM degrades into the conventional unsteady flamelet model [61]. Under the most extreme 

condition, the zone division is refined to a level close to the CFD meshing, DZFM can be considered identical to the 

traditional full-transport finite-rate chemistry models, e.g., PaSR, since the chemistry is solved zone by zone and the 

spatial transport of species are solved across the whole domain. However, as the zone division is refined, a zone 

independence behavior should be achieved, thus through configuring an optimal zone division, one can achieve 

accurate yet highly efficient modelings. Figure 6 compares the prediction of pressure by different zone discretization 

schemes. In this study, the spatial discretization is achieved by firstly equidistantly dividing the computational domain 

into swathes along the streamwise direction, and then further dividing each swath into 91 layers according to the 1-

FTT moving-window-averaged mixture fraction field. Because the quasi-averaged mixture fraction field will evolve 

with the flow, the zone division is constantly updated to ensure that each zone corresponds to a narrow bin in the 

mixture fraction space. From the comparison, the zone schemes of 1×91 and 39×91 considerably underestimate the 

peak values, while the 78×91 zone scheme shows small but noticeable discrepancies. The schemes with streamwise 

discretization numbers larger than 156 show close predictions for both the bodyside and cowlside. Figure 7 shows the 

mixing and combustion efficiencies predicted by different zone discretization schemes. Only the 1×91 zone scheme 

shows small discrepancies with the others, which overlap with each other with an indistinguishable discrepancy. 

Compared with the discrepancies between different zone schemes, the ignorance of differential diffusion causes a 

more noticeable difference. 
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(a) (b)  

Figure 6. Pressure predicted by different discretization numbers of flamelet zones on the (a) bodyside and (b) 

cowlside 

 

 

F 

 

 
Figure 7. (a) Mixing and (b) combustion efficiencies predicted by different zone division schemes 

 

 

Figure 8 shows the contour of the O atom, which plays the primary chaining role in producing OH and is a good 

indication of the initial reactions. The major drawback of using a single global flamelet zone is that the upstream 

mixture may be artificially “ignited” by the downstream burnt mixture since they share the same flamelet under burnt 

status. From Figure 8 (a), the reaction starts early because the upstream flow inherits the downstream reaction status. 

By further increasing the streamwise zone division, the upstream and downstream interacts only through the 

convective exchange of flamelet variables across the zone boundaries, as the way the convection of radicals aids 

ignition in the full-transport combustion models. The reaction inside the fuel trail also starts more upstream for the 
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39×91 scheme than the cases with more streamwise discretization, which are all similar. 

(a)  

(b)  

(c)  

(d)  

(e)  

(f)  

(g)  

Figure 8. Instantaneous contours of O mass fraction predicted by different zone division schemes, (a) 1×91 

zones, (b) 39×91 zones, (c) 78×91 zones, (d) 156×91 zones, (e) 234×91 zones, (f) 312×91 zones, (g) 390×91 

zones 
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IV. Conclusions 

The internal and external coupled flow for the full-scale REST hypersonic combustor was modeled by using large 

eddy simulation and a DZFM model. The pressure prediction is generally comparable with the measurements. For the 

bodyside, both the current and previous predictions exhibit double peaks. The ignorance of differential diffusion 

causes higher pressure rise in the inlet and isolator for the bodyside, while the unobvious influence on the pressure in 

the combustor and nozzle since where complete mixing has been achieved. Without differential diffusion, the 

disturbance of the incoming flow by the inlet fuel injection is stronger; thus, the pressure raised by the bow shock 

wave and the subsequent reflected shock waves inside the inlet and isolator is remarkably higher. The mass capture 

of the engine in the current prediction is 57 g/s with differential diffusion, and 55 g/s without differential diffusion, 

both are close to the 59.35 g/s in the previous prediction. The inlet injection remains a near 10-cm long trail from the 

injector port before being visually diffused. The high temperature and pressure in the case without differential 

diffusion preheat and ignite the fuel stream earlier, causing a 30% reduction in the cold jet trail. 

In the constant-area combustor, the entrainment of the air by large-scale vortex motions results in wavelets-like 

well-mixed regions of vortex size. Unlike in subsonic flames, the premixed regions appear as end-to-end connected 

strips, indicating that a complete burning cannot be attained even under well-mixed conditions, high temperatures (≥ 

2000 K), and for hydrogen with high reactivity. Therefore it is usually concluded that a much longer scramjet 

combustor is required for high-Mach flights to provide sufficient flow residence time. Chemical Explosives Mode 

Analysis (CEMA) identifies no detonation region of significant size in the reacting field, whereas the negative CEMA 

denotes a slow-chemistry post-ignition and diffusion-controlled modes in most of the flow field. The ignition regions 

in hypersonic combustion have been stretched by the high-speed flow to be thin yet long, thus significantly relaxing 

the reaction progress and explosiveness.  

The final mixing efficiency at the nozzle outlet is 90.3%, and the final combustion efficiency is 84%. A total 

pressure loss approaching 95% is arrived with differential diffusion, while 99% if without differential diffusion. A 

phenomenal net thrust pf +4 N has been attained, with The friction drag is -26 N, and the pressure thrust is +30 N. 

The large drag force underscores the importance of skin-friction reduction techniques in producing a viable hypersonic 

vehicle. The main burden in the drag reduction lies in the inlet section, where both the pressure drag and viscous drag 

are in comparable magnitude with the thrust force produced in the combustor and nozzle. 

A sensitivity analysis of the DZFM zone discretization was conducted. The zone schemes of 1×91 and 39×91 

considerably underestimate the peak pressure values and predict early reactions, while the schemes with streamwise 

discretization numbers larger than 156 show indistinguishable predictions. Compared with the discrepancies between 

different zone schemes, the ignorance of differential diffusion causes a more prominent difference. 
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