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Abstract. Based on the requirement of field engineering, we proposed a new numerical 

method for analyzing the solid mechanics with Euler variables. By replacing the Lagrange 

variables with the Euler variables, there will be three new items appearing in the equation. We 

use the fixed Euler grid to calculate solid mechanics, and use the boundary of material 

regiment to describe the movement of the boundary of material, after the boundary of material 

regiment moves beyond the Euler element grid size, new Euler element grids will appear and 

the corresponding old Euler element grids which have been out of the region of material will 

disappear. By this way, the movement of solid could be calculated in the Euler fixed grids. 

Then we did some test cases, we get the result that the new method is right and could be used 

to calculate the solid mechanic problems. 

1. Introduction 

Normally in the research, we compute the fluid mechanics with Euler variables, and the solid 

mechanics with Lagrange variables. While with the development of field engineering, new mechanical 

problems have been raised, such as, nowadays with more and more mining enterprises using 

interference radar monitoring technology to monitor the deformation of the slope of the open-pit mines, 

more and more researchers begin to focus on the problem how to use the interference radar monitoring 

data to analyze the stability of the slope (e.g., [1, 2, 3, 4, 5]). Due to the data gotten by the interference 

radar monitoring technology is based on the Eula coordinate system which means that this monitoring 

technology focus on monitoring the motion of the material at the fixed coordinate positions, while 

nowadays most numerical software used to analyze the solid mechanics is developed based on the 

Lagrange coordinate system, so a new mechanical problem has been improved, we need to develop the 

new numerical method for analyzing the solid mechanics based on the Euler coordinate system. 
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Actually for the numerical method analyzing solid mechanics in Euler coordinate system, there are 

many researchers studying on this problem all around the world, because they want to find a method to 

deal with the large deformation problem in solid mechanics, or they want to reduce the computation 

cost for the solid with very complex boundaries. With they researching on these problems, how to deal 

with the deformable boundaries of the solid model in Euler grids has been a topic of great interest for 

centuries (e.g.,[6-10]). Prof. Liu Chuanqi and his colleagues [11] have done a thorough research on 

this problem ,they proposed an implicit material point method designed to bypass meshing of bodies 

by employing level set functions to represent the boundaries at Euler grids. This implicit function 

representation provides an elegant mean to link an unbiased intermediate reference surface with the 

true boundaries by closest point projection as shown in Leichner et al. (2019). For this problem, other 

researchers also has done many studies, such as, in order to deal with the computational challenges of 

the multi-particle contact problems in assemblies of deformable bodies, a popular way is to simplify 

the nature of the contact by allowing overlapping of particles and then approximate the quasi-static 

responses with an explicit time integration scheme with an artificial damping [12-14]. Besides, an 

implicit function representation approach is often used to capture the interactions of particles of non-

spherical shapes [15-16]. This scheme is firstly proposed in [15] by using level set, or signed distance 

function to identify the location of the particle boundaries. And then using a constrained optimization 

algorithm to compute the contacts and the overlapping distance of the particles. Additionally, there is 

an alternative but computationally more demanding approach, which is to explicitly model the 

deformation of particles and captures the evolution of contacts in a finite element (FE) framework. 

This algorithm has been extensively studied for decades. By designating master/slave ( or mortar/non-

mortar ) pairs, contact constraints are imposed via node-to-segment [17-18], or segment-to-segment 

( latest mortar method ) [19-21]. There are also many other researchers having done great 

achievements for this research, here we do not list them one by one because of the length of the article. 

Compared with the above thorough researches on this question, we want to propose a new method 

to deal with our problem from a new view point. We compute the solid mechanics with Euler variables 

in the fixed Euler grids, and use the boundary of material regiment which is composed of the 

boundaries of the Euler element grids plus the displacement field within the elements to describe the 

movement of the boundary of material, after the boundary of material regiment moves beyond the 

Euler element grid size, new fixed Euler element grid will appear and the corresponding old Euler 

element grids which have been out of the region of solid materials will disappear. By this way, the 

movement and the deformation of the solid material could be calculated in the Euler fixed grids. 

2. Discussion 

Nowadays, normally we compute the solid mechanics under the Lagrange coordinate system which 

use the Lagrange grid, a kind of moving grid which moves with the solid, while we solve the fluid 

mechanics under the Euler coordinate system by using the Euler grid. The Euler grid is fixed grid and 

we focus on the motion of the material in the grid. In order to analyze the numerical method for 

analyzing the solid mechanics under Euler coordinate system, namely focusing on the solid mechanics 

in the fixed Euler grids, we need to understand the difference of the two kinds of methods under 

different coordinate system firstly. Here we need to know the two kinds of variables, Lagrange 

variables and Euler variables. Lagrange variable is the variable of time, while the Euler variable is 

variable of both spatial coordinates and time. So we need to use the Euler variables instead of the 
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Lagrange variables in the new method for analyzing the solid mechanics. Then there will be new items 

appearing in the equations. Secondly, we need to consider the problem that how to describe the 

movement of the Lagrange boundary of the solid in the fixed Euler grids. For this question, the 

concept of the material regiment was firstly raised by Prf. Li Shihai, namely we need to analyze the 

variation of the boundary of material regiment in the fixed Euler grids, which means that the 

description of the boundary of material regiment could be moved, while the Euler grid is fixed. 

 

 

Fig. 1 The boundary of material regiment 

 

Just as in Fig.1, The boundary of material regiment is composed of the boundary of the Euler 

element grid plus the displacement field within the element. By using the boundary of material 

regiment to describe the surface of the moving material, and calculating the variation of the boundary 

of material regiment, the dynamic boundary problem under Euler grid could be solved. Because the 

Euler grid is fixed grid, when the material moves, we use the boundary of material regiment to 

describe the movement of the boundary of material, and after the boundary of material regiment 

moves beyond the Euler element grid size, new Euler element grid will appear and the corresponding 

old Euler element grid will disappear. By this way, the movement of solid could be calculated in the 

Euler fixed grids. 

By dealing with the momentum balance equation of the solid mechanics  
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, in the weak formulation, the right hand side of the equation will 

become 

 d
d

d

t

v


. In order to analyze the numerical method for analyzing the solid mechanics 

under Euler coordinate system, we need to use the Euler variables to replace the Lagrange variables. 

Namely, in the new method, v is not only the variable of time, but also the variable of spatial 

coordinates. Then 
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where eLE 
 , Ω is the region of material regiment and Ωe is the region of fixed Euler grid 

elements. 

According to the concept of divergence [26], just as in Fig. 2 

 

Fig. 2 Description of divergence 
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where H is the joint forces. 

So we only need to calculate the other three items, 
 d)v(

e
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, and then push the item V2 into the joint forces, by this way, we could get 

the numerical results. 

3. The first item 

By introducing 

 

The first item 
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4.  The second item 

The second item 
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5. The third item 

While for the third item, due to the boundary of material regiment ( as in Fig. 1 ) is composed of the 

boundary of the Euler element grid ( as in Fig. 3 ) plus the displacement field within the element.  
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 Fig. 3 the boundary of the Euler element grid 

 

The lengths of the three edges of material regiment are as follows: 

22 )()( xiixjjyiiyjjij uxuxuyuys 
， 

22 )()( xjjxmmyjjymmjm uxuxuyuys 
， 

22 )()( xmmxiiymmyiimi uxuxuyuys 
. 

In order to facilitate the numerical calculation, the coordinate system is transformed into the natural 

coordinate system. 

 

Fig. 4 The transformation of the coordinate between two different coordinate systems 

 

As in Fig. 4, the transformation of the coordinate between the two different coordinate systems 

obeys 

  sincos yxx 
，

  cossin yxy 
. 

Where  yx ,
are the variables in the natural coordinate system. The trigonometric functions 

corresponding to the three edges of material regiment are as follows:  
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6. Verification and validation 

In order to verify our proposed method, we did some test cases. 

Firstly, just as in Fig. 5, we did a test case of the wave propagation in a rod. In this case, all the 

physical process of solid mechanics occurs in a fixed mesh without the mesh moving, by this way, we 

could compare the results of different numerical method with different variables. Just as in Fig. 6, we 

get the result that the results of the new method are the same as the results in the old method which 

calculates the solid mechanics with Lagrange variables, which means that the results of the new 

method calculating the solid mechanics with Euler variables obey the physical process of the solid 

mechanics. 
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Fig. 5 Test case of wave propagation in a rod 

 

 

Fig. 6 Results of the first test case 

 

Secondly, we did a test case of a slider sliding on a slope. The length of the slop is 1000 meters and 

the height of the slop is 200 meters. We let the friction coefficient of the slop equal to 0.3. 

In this case, we use the fixed Euler grids to calculate, we use the boundary of material regiment to 

describe the movement of the boundary of slider, and after the boundary of material regiment moves 

beyond the Euler element grid size, new Euler element grid will appear and the corresponding old 

Euler element grid will disappear. By this way, the movement of slider could be calculated in the 

Euler fixed grids. The result is as in the figure 7 : 

 

 

Fig. 7 Test case of slider sliding on a slope 

 

The curves of the variation of velocity and displacement with time are as in the figure 8 : 
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Fig. 8  Curves of the variation of velocity and displacement with time 

 

From the figures, we could know that the variation of the velocity is the first order curve and the 

curve of the variation of displacement is quadratic curve, which obeys the moving law of the solid 

mechanics. And the acceleration gotten in the numerical results is 1.635, which equals to the 

corresponding mathematical results. Then we could get the result that the new method which 

calculates the solid mechanics with Euler variables is right and could be used to calculate the solid 

mechanic problems. 

7. Conclusions 

In this work, we proposed a numerical method for analyzing the solid mechanics with Euler variables. 

By replacing the Lagrange variables with the Euler variables, there will be three new items appearing 

in the equation. We use the fixed Euler grid to calculate solid mechanics, and use the boundary of 

material regiment to describe the movement of the boundary of material, after the boundary of 

material regiment moves beyond the Euler element grid size, new Euler element grid will appear and 

the corresponding old Euler element grid will disappear. By this way, the movement of solid could be 

calculated in the Euler fixed grids. Then we did some test cases, we get the result that the new method 

is right and could be used to calculate the solid mechanic problems. 
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