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ORIGINAL ARTICLE

Exact strain gradient modelling of prestressed nonlocal diatomic lattice
metamaterials

Binying Wanga, Jinxing Liua, Ai Kah Sohb, and Naigang Liangc

aFaculty of Civil Engineering and Mechanics, Jiangsu University, Zhenjiang, PR China; bSchool of Engineering, Monash University Malaysia,
Jalan Lagoon Selatan, Selangor Darul Ehsan, Bandar Sunway, Malaysia; cInstitute of Mechanics, Chinese Academy of Sciences, Beijing,
PR China

ABSTRACT
In this article, an exact strain gradient (SG) continuum model to capture the broadband bandgap
characteristics of the prestressed diatomic lattice (PDL) with local/nonlocal interactions has been
proposed. By considering the periodicity of wave motion, the wavelength-dependent Taylor
expansion is established, leading to a desirable prediction when the wavelength is close to the lat-
tice scale. For PDL, the dispersion curves of the proposed continuum model are always consistent
with those of discrete model in the first Brillouin zone. The proposed SG continuum model is
used to investigate the effects of structural parameters, orders of SG continua and various nonlo-
cal interactions on bandgap properties of PDL.

HIGHLIGHTS

� Continuum modelling of prestressed acoustic diatomic lattices.
� Perfect agreements achieved between dispersion diagrams by discrete and proposed con-
tinuum models.

� Effects of prestress, nonlocal interactions, mass and stiffness ratios on band gap struc-
tures analyzed.

� Proper strain gradient (SG) orders determined to guarantee a satisfactory accuracy.
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1. Introduction

In recent decades, efforts have been devoted to researches of
metamaterials to promote both lattice metamaterial theory
and technology development. Metamaterials refer to a new
kind of artificially synthetic materials, which possess some
novel properties not found in conventional materials [1, 2].
In such a context, acoustic metamaterials can exhibit unique
physical characteristics, such as effective negative bulk
modulus, effective negative mass density, etc. These extraor-
dinary properties also make acoustic metamaterials achieve
great progress in practical application including noise con-
trol, vibration suppression, waveguides, invisible cloaks and
so on [3, 4]. Particularly, many researches have been carried
out to analyze the wave propagation, dispersion characteris-
tics and effective negative parameters in elastic metamateri-
als [5–12].

One of the most attractive advantages of metamaterials is
their ability to prevent elastic wave to propagate within cer-
tain frequency ranges, i.e., the so-called bandgaps. There are
two physical formation mechanisms for bandgaps [13]. One
is Bragg scattering, meaning that bandgaps are generated
due to the multiple scattering of periodic structures, when
the wavelength is close to lattice size. The other is local

resonance, signifying that these bandgaps formation relies
on the vibration of local resonators and appear around the
resonant frequency [14]. Therefore, metamaterials with local
resonators can be built to create low-frequency band gaps,
which are suitable for vibration isolation and noise reduc-
tion. However, the narrower band widths often limit the
applicability of them. In the past few decades, many relevant
studies have been conducted to increase the band width and
adjust the band gap distribution. To achieve multiple and
wider bandgaps for broadband vibration suppression, Hu
et al. [15] and Zhao et al. [16] proposed the modified meta-
materials with coupled resonators and discussed band gap
behavior of them based on the corresponding discrete lattice
model. Tan et al. [17] provided a dual resonator microstruc-
ture design for acoustic metamaterials, achieving broadband
effective mass negativity and showing the advantage of wave
attenuation in a larger frequency range. In addition, the
effects of complex structure configuration [18], relevant
structural parameters [19] and hierarchical designs [20] on
bandgaps structure of periodic lattice metamaterials have
been analyzed in detail. These studies can provide a reliable
guidance for the adjustment and design of bandgaps.
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As a benchmark problem, dispersion of the 1D periodic
lattice has aroused increasing research interests. We can take
the periodic lattice as discrete structures, and derive the
equations of motion and the corresponding dispersion rela-
tions, just as done by Zhao, Zhang, Zhao and Deng [16]
and Li et al. [18]. However, when we study a periodic finite
lattice, which consists of numerous masses with boundary
conditions particularly prescribed, the discrete model
becomes too cumbersome and the continuum model tends
to be a better option. A proper continuum model for 1D
periodic mass-spring structure is a necessity. When the dis-
persive behavior of 1D periodic mass-spring structure is
investigated, besides the discrete model, the equivalent con-
tinuum model with microstructure can also be established.
The application of microstructure elasticity theory is easy to
be limited due to the existence of too many motion freedom
and material parameters. As a comparison, more attention has
been focused on the gradient elastic theory with less material
parameters [21]. Mindlin [22] proposed early the strain gradi-
ent (SG) elastic theories to illustrate the microstructure effects,
which has a profound impact on the solid mechanics commu-
nity. As a follow-up discussion, two simple 1D models were
checked by Polyzos and Fotiadis [23] and the effectiveness of
Mindlin type SG continuum model was explicitly confirmed.
Then, a new truncating method for the higher-order SG terms
of displacement Taylor expansions was adopted by De
Domenico et al. [24]. As a result, it could be found that the
continuum model works well in the long-wave range and
shows the instability in certain short-wave range. It is of sig-
nificance to establish an effective continuum model to predict
the dispersion behavior of periodic system.

Furthermore, the continuum model of metamaterials with
local resonators has also been developed. Through the intro-
duction of additional kinematic variables, Huang et al. [8]
firstly proposed the multi-displacement continuum model
for 1D metamaterial with mass-in-mass structure. Then, the
multi-displacement continuum model for 2D elastic meta-
materials with resonators was further developed by Zhu
et al. [25]. The more complex nonlocal strain gradient con-
tinuum model was proposed by Zhou et al. [26] and Zhou
et al. [27]. By considering the nonlocal effects, the corre-
sponding continuum model is unconditionally stable, but it
still cannot quite accurately predict the dispersive behavior
of lattice structure in the entire first Brillouin zone [21].
Although the above problem can be easily solved in the dis-
crete model, an exact continuum model, which can show
the excellent prediction ability, is still lacking.

In addition, the effects of prestress on periodic structures
are also worth discussing. Bigoni et al. [28] firstly proposed
the prestress as an applicable way to reversibly change the
dispersive diagrams of the periodic structure. Efforts were
devoted to studying the effects of prestress on band gaps
structure of periodic system [29, 30]. Apart from theoretical
researches and numerical analysis, some relevant experi-
ments have also been carried out to discuss the tuning of
band-gap of phononic crystals with prestress. The mechan-
ism of the shift of band gaps in phononic crystal, with dif-
ferent initial stress/confining pressure, was studied

experimentally [31, 32]. The above work can provide refer-
ence for tuning the band gap of periodic structure, and it is
rewarding to investigate the influence of nonlocal springs on
lattice system. Challamel et al. [33] studied the scale effect
and higher-order boundary conditions lattices with direct
and indirect elastic interactions. Challamel et al. [34] dis-
cussed the effects of long-range interactions in the longitu-
dinal vibration of the axial lattice. The influence of long-
range interactions on wave propagation and dispersion char-
acteristics of 1D infinite acoustic metamaterials was investi-
gated by Ghavanloo and Fazelzadeh [35]. The effects of
complex nonlocal interactions on the mechanical behavior
of lattice metamaterials need to be further investigated.

In this work, we try to develop an exact SG continuum
model, which can successfully predict dispersion relation
and band structures of PDL throughout the first Brillouin
zone. The article is organized in eight sections. In Section 2,
we establish the discrete model of 1D PDL, exhibit the cor-
responding dispersive diagrams and analyze the movement
of different mass particles. In Section 3, we modify the
Taylor expansion of displacement fields [36] and then pro-
pose a wavelength-dependent SG continuum model to cap-
ture bandgap characteristic of 1D PDL. In Section 4, we
compare two results obtained from PDL and conventional
lattice metamaterials [21]. In Sections 5 and 6, the influence
of stiffness, mass, prestress parameters and SG orders is dis-
cussed, respectively. In Section 7, the effects of nonlocal
interactions on PDL are studied. The conclusions are pre-
sented in Section 8.

2. Discrete model of PDL

An infinite extension for the diatomic lattice chain of one-
dimensional prestressed acoustic metamaterials is taken into
consideration, as shown in Figure 1(a), where the lattice is
composed of the periodic arrangement of multiple particles
and springs. From Figure 1(a), there are two kinds of atoms
alternately arranged in such a diatomic lattice chain. One is
composed of outer mass M1 and inner mass M2 and located
at :::2n� 2, 2n, 2nþ 2::: : The other is composed of outer
mass m1 and inner mass m2 and located at :::2n� 1, 2nþ 1,
2nþ 3::::a is the distance between each two identical atoms.
The stiffness coefficients of springs between one-neighbor
mass particles are K1 and K0

1, respectively whereas those of
springs between two-neighbor mass particles are K3 and K0

3
(called “nonlocal” springs), respectively. The stiffness coeffi-
cients of internal springs, with an initial elongation D, are,
respectively, K0

2 and K2: The original length and the length
after deformation of internal springs are n and ‘, respectively.
For the four mass particles of the unit cell in Figure 1(a), dis-
placement fields u2n1 , u2n2 , u2nþ1

1 and u2nþ1
2 are discrete coun-

terparts of displacements of M1, M2, m1 and m2, respectively.

Briefly, u jð Þ
1 and u jð Þ

2 represent the displacements of the outer
and inner mass particles at any position j, respectively, where
j ¼ :::2n� 2, 2n� 1, 2n, 2nþ 1, 2nþ 2::: : In addition,
we assume that the springs here are all massless.

For different mass particles in the nth unit cell chosen as
shown in Figure 1(a), the corresponding equations of motion,
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hereinafter referred to as EOMs, are expressed as [21]

M1
d2u 2nð Þ

1

dt2
¼ K0

1 u 2nþ1ð Þ
1 � u 2nð Þ

1

� �
� K1 u 2nð Þ

1 � u 2n�1ð Þ
1

� �
þ K3 u 2nþ2ð Þ

1 � u 2nð Þ
1

� �
� K3 u 2nð Þ

1 � u 2n�2ð Þ
1

� �

þ 2K2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ u 2nð Þ

2 � u 2nð Þ
1

� �2r
� n

" #

u 2nð Þ
2 � u 2nð Þ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ u 2nð Þ

2 � u 2nð Þ
1

� �2r ,

(1)

M2
d2u 2nð Þ

2

dt2
¼ �2K2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ u 2nð Þ

2 � u 2nð Þ
1

� �2r
� n

" #

u 2nð Þ
2 � u 2nð Þ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ u 2nð Þ

2 � u 2nð Þ
1

� �2r ,
(2)

m1
d2u 2nþ1ð Þ

1

dt2
¼ K1 u 2nþ2ð Þ

1 � u 2nþ1ð Þ
1

� �
� K0

1 u 2nþ1ð Þ
1 � u 2nð Þ

1

� �
þ K 0

3 u 2nþ3ð Þ
1 � u 2nþ1ð Þ

1

� �
� K0

3 u 2nþ1ð Þ
1 � u 2n�1ð Þ

1

� �

þ 2K0
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ u 2nþ1ð Þ

2 � u 2nþ1ð Þ
1

� �2r
� n

" #

u 2nþ1ð Þ
2 � u 2nþ1ð Þ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ u 2nþ1ð Þ

2 � u 2nþ1ð Þ
1

� �2r ,

(3)

m2
d2u 2nþ1ð Þ

2

dt2
¼ �2K0

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ u 2nþ1ð Þ

2 � u 2nþ1ð Þ
1

� �2r
� n

" #

u 2nþ1ð Þ
2 � u 2nþ1ð Þ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ u 2nþ1ð Þ

2 � u 2nþ1ð Þ
1

� �2r :

(4)

To avoid the nonlinear case, we assume that the relative
displacement is much smaller than the initial deformation of

the internal spring, that is, u jð Þ
2 � u jð Þ

1 � D: Based on this
assumption, Eqs. (1)–(4) can be rewritten as

M1
d2u 2nð Þ

1

dt2
¼ K0

1 u 2nþ1ð Þ
1 � u 2nð Þ

1

� �
� K1 u 2nð Þ

1 � u 2n�1ð Þ
1

� �
þ 2K2

D
‘

u 2nð Þ
2 � u 2nð Þ

1

� �
þ K3 u 2nþ2ð Þ

1 � u 2nð Þ
1

� �
� K3 u 2nð Þ

1 � u 2n�2ð Þ
1

� �
,

(5)

M2
d2u 2nð Þ

2

dt2
¼ �2K2

D
‘

u 2nð Þ
2 � u 2nð Þ

1

� �
, (6)

m1
d2u 2nþ1ð Þ

1

dt2
¼ K1 u 2nþ2ð Þ

1 � u 2nþ1ð Þ
1

� �
� K 0

1 u 2nþ1ð Þ
1 � u 2nð Þ

1

� �
þ 2K 0

2
D
‘

u 2nþ1ð Þ
2 � u 2nþ1ð Þ

1

� �
þ K 0

3 u 2nþ3ð Þ
1 � u 2nþ1ð Þ

1

� �
� K 0

3 u 2nþ1ð Þ
1 � u 2n�1ð Þ

1

� �
,

(7)

m2
d2u 2nþ1ð Þ

2

dt2
¼ �2K0

2
D
‘

u 2nþ1ð Þ
2 � u 2nþ1ð Þ

1

� �
: (8)

Figure 1. (a) 1D PDL with up to 3-neighbor interactions and unit cells for lattices with up to (b) 1-neighbor; (c) 2-neighbor and (d) 3-neighbor interactions.
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The solutions to the lattice wave are

u 2nð Þ
1 ¼ A1e

i kx�xtð Þ, u 2nþ1ð Þ
1 ¼ B1e

i kx�xtð Þ,

u 2n�1ð Þ
1 ¼ B1e

i k x�að Þ�xt½ �, u 2nþ3ð Þ
1 ¼ B1e

i k xþað Þ�xt½ �,

u 2nð Þ
2 ¼ A2e

i kx�xtð Þ, u 2nþ1ð Þ
2 ¼ B2e

i kx�xtð Þ,

u 2nþ2ð Þ
1 ¼ A1e

i k xþað Þ�xt½ �, u 2n�2ð Þ
1 ¼ A1e

i k x�að Þ�xt½ �,

(9)

where A1, A2, B1 and B2 are the amplitudes of lattice wave,
k is the wave number and x is the angular frequency.

Substituting Eq. (9) into Eqs. (5)–(8) yields

M1x
2 � K0

1 � K1 � 2
D
‘
K2 � 2K3 þ 2K3 cos kað Þ

� �
A1

þ 2
D
‘
K2A2 þ K 0

1 þ K1e
�ika

� �
B1 ¼ 0,

(10)

2
D
‘
K2A1 þ M2x

2 � 2
D
‘
K2

� �
A2 ¼ 0, (11)

K1e
ika þ K 0

1

� �
A1 þ

h
m1x

2 � K1 � K0
1 � 2

D
‘
K0
2

�2K0
3 þ 2K 0

3 cos kað Þ
i
B1 þ 2

D
‘
K0
2B2 ¼ 0,

(12)

2
D
‘
K0
2B1 þ m2x

2 � 2
D
‘
K 0
2

� �
B2 ¼ 0: (13)

By requesting that A1, A2, B1 and B2 have non-zero sol-
utions, we get

where we make the following parameter settings:

a ¼ M2
M1

¼ m2
m1

, b ¼ K2
K1

¼ K 0
2

K 0
1
, a0 ¼ M1

m1
, b0 ¼ K 0

1
K1

, c ¼ K3
K1
, c0 ¼ K 0

3
K1

and x2
0 ¼ K1

M1
: The dispersion relation of PDL is given by

Eq. (14).
If K3 ¼ K0

3 ¼ 0 in Eq. (14), the PDL with local and two-
neighbor interactions reduces to be that only with one-
neighbor interactions and then corresponding dispersion
relation is

Figure 2(a) depicts the dispersion curves of PDL. Similar
to the wave in conventional diatomic lattice [21] without
prestress, the wave still has four branches, which are the
acoustic, optical, third and fourth branches, respectively.
The adjustability of three band gaps appearing in the disper-
sive diagram is enhanced when the corresponding prestress
parameter is introduced, which contributes to the metamate-
rial design.

Moreover, the movement of particles in a periodic cell
deserves to be discussed. Setting K3 ¼ K0

3 ¼ 0 in Eqs. (10)–(13),
we obtain

x
x0

� �2

� 2
D
‘
b� b0 � 1

" #
A1 þ 2

D
‘
bA2 þ b0 þ e�ika

	 

B1 ¼ 0,

(16)

2
D
‘
bA1 þ a

x
x0

� �2

� 2
D
‘
b

" #
A2 ¼ 0, (17)

x
x0

	 
2 � 2 D
‘ b� b0 � 1

�2cþ 2c cos kað Þ 2
D
‘
b b0 þ e�ika 0

2
D
‘
b a x

x0

	 
2 � 2 D
‘ b 0 0

eika þ b0 0
1
a0

x
x0

	 
2 � 2 D
‘ bb0 � b0 � 1

�2c0 þ 2c0 cos kað Þ 2
D
‘
bb0

0 0 2 D
‘ bb0

a
a0

x
x0

	 
2 � 2 D
‘ bb0

�����������������

�����������������

¼ 0, (14)

Figure 2. Dispersion curves of PDL with up to (a) one-; (b) two- and (c) three-neighbor interactions, obtained by the discrete and/or present models. Dimensionless
parameters are defined as follows: a ¼ 4, b ¼ 2, a0 ¼ 2, b0 ¼ 0:5, c ¼ 2, c0 ¼ 1, h ¼ 2 and D

‘ ¼ 0:1:
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eika þ b0
	 


A1 þ 1
a0

x
x0

� �2

� 2
D
‘
bb0 � b0 � 1

" #
B1

þ 2
D
‘
bb0B2 ¼ 0,

(18)

2
D
‘
bb0B1 þ a

a0

x
x0

� �2

� 2
D
‘
bb0

" #
B2 ¼ 0: (19)

According to Eqs. (16)–(19), the corresponding amplitude
ratios can be given as

B1

A1
¼ � b0 þ e�ika

	 
�1 x
x0

� �2

� 2
D
‘
b� b0 � 1þ

2 D
‘ b

� �2
2 D

‘ b� a x
x0

	 
2
2
64

3
75,

(20)

A2

A1
¼ 2 D

‘ b

2 D
‘ b� a x

x0

	 
2 , (21)

B2

A1
¼ � eika þ b0

	 

2 D

‘ bb0
þ 1

2 D
‘ bb0 b0 þ e�ika

	 

1
a0

x
x0

� �2

� 2
D
‘
bb0 � b0 � 1

" #

x
x0

� �2

� 2
D
‘
b� b0 � 1þ

2 D
‘ b

� �2
2 D

‘ b� a x
x0

	 
2
2
64

3
75:

(22)

Equations (20)–(22) are the amplitude ratios of particle
vibrations, respectively.

We adopt the aforementioned parameters to reveal rela-
tive motions of particles in the specific case. The relation
curves that amplitude ratios vary with reduced wave number
ka
2p are obtained in Figure 3. Figure 3(a–d) shows the results
for the acoustic, optical, third and fourth branches, respect-
ively. As shown in Figure 3(a), when ka

2p ! 0, amplitude

ratios B1
A1
, B2

A1
and A2

A1
are all close to 1. This suggests that for

the long acoustic wave, several particles in the same unit cell
actually move together like a rigid unit. From Figure 3(a,b),
we find that A2

A1
> 0 is always true in the whole first Brillouin

zone, which means that particles M2 and M1 always move
in the same direction. Furthermore, in Figure 3(a–d), there
are also negative amplitude ratios, indicating that the corre-
sponding two particles vibrate in the opposite direction. In
Figure 3(d), it is worth noting that amplitude ratios B2

A1
and

A2
A1

are very close to 0, suggesting that mass particles M2 and

m2 are approximately at rest. From Figure 3(a–d), in most sit-
uations, the movement of each mass particle in the same unit
cell is different. The lattice wave motion obviously violates the
Cauchy–Born (C–B) continuity hypothesis. For the PDL dis-
cussed in this study, the displacement fields of all mass par-
ticles M1, follow the C–B continuity hypothesis, and so do
those of mass particles M2, m1 and m2: Therefore, there are
four kinds of continuous displacement fields (called multi-dis-
placement method) at the same time. In other words, the
above results indicate that continuity of displacement field in
the periodic unit cell is destroyed and the incursion of the
multi-displacement method is imperative.

3. Exact SG continuum model with a wavelength-
dependent Taylor expansion

With the Taylor expansion of displacements modified, the
wavelength-dependent SG continuum model of PDL is pro-
posed here. The model only with one-neighbor interactions
is studied and that with more complex interactions is dis-
cussed in Section 7. The selected periodic unit cell framed
by a red dashed line is presented in Figure 1(b), which con-
sists of four complete mass particles, two one-neighbor
springs and four internal springs with initial deformation.

Four continuous displacement fields corresponding to the
mass particles of the chosen unit cell in Figure 1(b) are

u 2nð Þ
1 ¼ u1 x, tð Þ, u 2nð Þ

2 ¼ ~u1 x, tð Þ, u 2nþ1ð Þ
1 ¼ u2 x, tð Þ,

u 2nþ1ð Þ
2 ¼ ~u2 x, tð Þ,

(23)

The displacements of adjacent mass particles can be writ-
ten as

u 2n62ð Þ
1 ¼ u1 x6a, tð Þ, u 2n�1ð Þ

1 ¼ u2 x� a, tð Þ (24)

The Taylor expansion of displacements of one- and two-
neighbor mass particles is modified to make results obtained
from SG continua more accurate. Thus, Eq. (24) can be
rewritten as

u1 x6a, tð Þ ¼ u1 x6dI , tð Þ ¼ u1 þ
X1
p¼1

61ð Þp d
p
I

p!
@pu1
@xp

,

u2 x6a, tð Þ ¼ u2 x6dI , tð Þ ¼ u2 þ
X1
p¼1

61ð Þp d
p
I

p!
@pu2
@xp

:

(25)

where the value of dI depends on the wavelength k and is not

x
x0

	 
2 � 2 D
‘ b� b0 � 1 2 D

‘ b e�ika þ b0 0

2
D
‘
b a x

x0

	 
2 � 2 D
‘ b 0 0

eika þ b0 0 1
a0

x
x0

	 
2 � 2 D
‘ bb0 � b0 � 1 2 D

‘ bb0

0 0 2 D
‘ bb0

a
a0

x
x0

	 
2 � 2 D
‘ bb0

������������

������������
¼ 0: (15)
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directly set as the lattice spacing a: For 1D problems, the par-
tial derivative u01 ¼ @u1

@x refers to the normal strain and the nth-

order partial derivative of strain, such as u001 , u0001 and u 4ð Þ
1 , is

called the strain gradient. When the wavelength k is much
larger than the microstructure spacing a, we adopt dI ¼ a, as
most continuum theories have been done under the so-called
long-wave approximation. However, when the wavelength k is
close to a, the so-called long-wave approximation does not
work, which is also the issue we focus on. According to the
periodicity of wave motion, the displacements at the position
x6k are equal to those at x, i.e.,

u1 x6k, tð Þ ¼ u1 x, tð Þ, u2 x6k, tð Þ ¼ u2 x, tð Þ: (26)

If we want to get the Taylor expansion of the displace-
ment located at x6a, to ensure the accuracy, we require to
decide which of x6k and x is closest to x6a, select the
nearest position point and then set the distance between
x6a and that position point as dI: As shown in Figure 4,
displacements located at xþ lk l ¼ 0,61,62,63 � � �ð Þ are
equal to those located at x, and the Taylor expansion should
be carried out according to the nearest location among
all xþ lk:

Based on the above discussion of motion periodicity, we
can obtain

dI ¼
a� k when k 2 a, 2a½ �
a when k 2 2a,1ð Þ

(
(27)

Then, the potential energy density and kinetic energy
density for the chosen unit cell are, respectively

W ¼ 1
2Aa

K1 u 2nþ2ð Þ
1 � u 2nþ1ð Þ

1

� �2
þ K0

1 u 2nþ1ð Þ
1 � u 2nð Þ

1

� �2�

þ2
D
‘
K2 u 2nð Þ

2 � u 2nð Þ
1

� �2
þ 2

D
‘
K0
2 u 2nþ1ð Þ

2 � u 2nþ1ð Þ
1

� �2�
(28)

T ¼ 1
2Aa

M1 _u 2nð Þ
1

� �2
þM2 _u 2nð Þ

2

� �2
þm1 _u 2nþ1ð Þ

1

� �2�

þm2 _u 2nþ1ð Þ
2

� �2�
,

(29)

where Aa refers to the volume of the unit cell containing four
whole mass particles, and is not dependent on the selection of
springs. The same is true in the following discussion.

Substituting Eqs. (23)–(25) into Eqs. (28) and (29) and
truncating the acquired equations after the d8I , we get

Figure 3. Diagrams of vibration amplitude ratios corresponding to the (a) acoustic, (b) optic, (c) third and (d) fourth branches in Figure 2(a) when a ¼ 4, b ¼ 2,
a0 ¼ 2, b0 ¼ 0:5 and D

‘
¼ 0:1:
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W ¼ 1
2Aa

"
K1

 
u1 þ

X8
p¼1

dpI
p!
@pu1
@xp

� u2

!2

þ K0
1 u2 � u1ð Þ2 þ 2

D
‘
K2 ~u1 � u1ð Þ2 þ 2

D
‘
K0
2 ~u2 � u2ð Þ2

#

(30)

T ¼ 1
2Aa

M1 _u
2
1 þM2

_~u 1

	 
2 þm1 _u
2
2 þm2

_~u2

	 
2h i
: (31)

Adopting the Hamilton variation principle, i.e.,

d
ðt2
t1

ð
V
T �Wð ÞdVdt ¼ 0, (32)

we obtain the EOMs:

M1€u1 þ K1 þ K 0
1 þ 2

D
‘
K2

� �
u1 � 2

D
‘
K2~u1 � K1 þ K 0

1

	 

u2

þ K1

X8
p¼1

�1ð Þpþ1 d
p
I

p!
@pu2
@xp

¼ 0,

(33)

M2
€~u 1 þ 2

D
‘
K2 ~u1 � u1ð Þ ¼ 0, (34)

m1€u2 � K1 þ K0
1

	 

u1 þ K1 þ K0

1 þ 2
D
‘
K0
2

� �
u2 � 2

D
‘
K0
2~u2

� K1

X8
p¼1

dpI
p!

@pu1
@xp

¼ 0,

(35)

m2
€~u 2 þ 2

D
‘
K 0
2 ~u2 � u2ð Þ ¼ 0: (36)

Equations (33)–(36) provide the evolutions of the con-
tinuous displacements including u1 x, tð Þ, ~u1 x, tð Þ, u2 x, tð Þ
and ~u2 x, tð Þ in terms of x and t: Therefore, it can be taken
as a continuum model for the studied PDL, just as done by
De Domenico et al. [24] and Polyzos and Fotiadis [23].

The continuous displacement solutions are

u1 ¼ C1e
i kx�xtð Þ, ~u1 ¼ C2e

i kx�xtð Þ,

u2 ¼ D1e
i kx�xtð Þ, ~u2 ¼ D2e

i kx�xtð Þ:
(37)

Substituting Eq. (37) into Eqs. (33)–(36) yields

M1x
2C1 � K1 þ K 0

1 þ 2
D
‘
K2

� �
C1 þ 2

D
‘
K2C2

þ K1 þ K0
1

	 

D1 � K1

X8
p¼1

�1ð Þpþ1 ikdIð Þp
p!

D1 ¼ 0,

(38)

2
D
‘
K2C1 þ M2x

2 � 2
D
‘
K2

� �
C2 ¼ 0, (39)

m1x
2D1 þ K1 þ K0

1

	 

C1 � K1 þ K0

1 þ 2
D
‘
K0
2

� �
D1

þ 2
D
‘
K0
2D2 þ K1

X8
p¼1

ikdIð Þp
p!

C1 ¼ 0,

(40)

2
D
‘
K 0
2D1 þ m2x

2 � 2
D
‘
K 0
2

� �
D2 ¼ 0: (41)

Figure 4. Wavelength-dependent values of dI and dII for PDL with interactions of up to (a) one- and two-neighbor: ‹ a � k � 2a,› k > 2a; and (b) three-neigh-
bor: ‹ a � k � 4a=3, › 4a=3 < k � 2a, fi 2a < k � 4a and fl k > 4a:

Figure 5. Comparison of the present and discrete models of PDL and conventional
lattice when parameters are set as a ¼ 4, b ¼ 2, a0 ¼ 2, b0 ¼ 0:5 and D

‘ ¼ 0:1:
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Equations (38)–(41) are the dispersive equations of the
exact SG continuum model.

Introducing the dimensionless parameters mentioned in
Section 2 and setting the determinant of the coefficient matrix
of Eqs. (38)–(41) to be zero, which ensures that a nontrivial
solution exists, the dispersive equation can be written as

where g1 ¼
P8

p¼1 �1ð Þpþ1 ikdIð Þp
p! and g2 ¼

P8
p¼1

ikdIð Þp
p! :

Similarly, the displacement amplitude ratios correspond-
ing to the proposed continuum model are also derived, i.e.,

D1

C1
¼ � b0 þ 1� gþ1

	 
�1

x
x0

� �2

� 2
D
‘
b� b0 � 1þ

2 D
‘ b

� �2
2 D

‘ b� a x
x0

	 
2
2
64

3
75,

(43)

C2

C1
¼ 2 D

‘ b

2 D
‘ b� a x

x0

	 
2 , (44)

D2

C1
¼ �b0 þ 1þ gþ2

2 D
‘ bb0

þ 1

2 D
‘ bb0 b0 þ 1� gþ1

	 

1
a0

x
x0

� �2

� 2
D
‘
bb0 � b0 � 1

" #

x
x0

� �2

� 2
D
‘
b� b0 � 1þ

2 D
‘ b

� �2
2 D

‘ b� a x
x0

	 
2
2
64

3
75,

(45)

where gþ1 ¼P10
p¼1 �1ð Þpþ1 ikdIð Þp

p! and gþ2 ¼P10
p¼1

ikdIð Þp
p! : It

can be observed that Eqs. (43)–(45) are the same as their
discrete counterparts, i.e., Eqs. (20)–(22).

Figure 6. Dispersion curves of the discrete and present SG models when M2
M1

¼ m2
m1

is set as (a) 1; (b) 4; (c) 8 and (d) 12. For all cases, K2K1 ¼
K 02
K 01
¼ 2, D

‘ ¼ 0:1, M1
m1

¼ 2

and K 01
K1
¼ 0:5:

x
x0

	 
2 � 2 D
‘ b� b0 � 1 2 D

‘ b b0 þ 1� g1 0

2 D
‘ b a x

x0

	 
2 � 2 D
‘ b 0 0

1þ b0 þ g2 0 1
a0

x
x0

	 
2 � 2 D
‘ bb0 � b0 � 1 2 D

‘ bb0

0 0 2 D
‘ bb0

a
a0

x
x0

	 
2 � 2 D
‘ bb0

�����������

�����������
¼ 0: (42)
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4. Comparison and validation

The proposed SG continuum is discussed and applied to
explore the effects of initial deformation on PDL. In this
section, results obtained from discrete and continuum mod-
els of the conventional diatomic lattice [21] with mass-in-
mass structure and PDL are compared. The corresponding
dispersion curves are exhibited in Figure 5.

� Based on the periodicity of the displacements, we intro-
duce the modified Taylor expansion in which the
dependency of dI on wavelength k is emphasized. When
the wavelength k is greater than 2a, that is, the reduced
wave number ka

2p 2 0, 0:5½ �, the corresponding value of dI
is equal to particle spacing a: Nevertheless, when the
reduced wave number ka

2p 2 0:5, 1½ �, dI is equal to a� k
instead of a, as a result, the limitations of the long-wave
approximation can be eliminated. As shown in Figure 5,
results of the present models are in good agreement with
those of the discrete models in the entire first Brillouin
zone, suggesting that the present model can effectively
predict the dispersion relation of the corresponding dis-
crete model. Note that we only adopt the eighth-order
truncation of dI and we will explain the effects of orders
in the next discussion.

� The existence of prestress obviously affects bandgap char-
acteristics of the diatomic lattice. Under the action of
prestress, inner springs have a certain elongation D:
Figure 5 shows the variation of dispersion curves when
D
‘ ¼ 0:1: Due to the introduction of prestress, four
branches of the dispersive curves for the corresponding
models shift to low-frequency region. Relative to the ori-
ginal lattice, the lower frequency band gap is more likely
to occur. The frequency range of the first band gap
(from bottom to top) is extremely shrunk and close to 0
whereas that of the third one becomes wider. Also, the
width of the second band gap decreases. It can be found
that the introduction of prestress parameter contributes
to provide a reliable approach to adjusting band gaps
distribution.

5. Influences of prestress parameter (D‘), mass ratio
(M2
M1

5m2
m1
) and stiffness ratio (K2

K1
5

K 0
2

K 0
1
): 1D diatomic

chain with local interactions as an example

The band gap characteristics of the original 1D diatomic lat-
tice are only affected by mass parameter a ¼ M2

M1
¼ m2

m1
and

stiffness parameter b ¼ K2
K1

¼ K 0
2

K 0
1
: Here, we define an add-

itional parameter, D
‘ , to describe the influence of the

internal springs with prestress on the band gap structure.
The detailed changes of the dispersion curves and band gaps
with the above three parameters are displayed in Figures
6–8, respectively. Moreover, the changes of the width and
lower bound of every band gap with two of three parameters
are presented in Figures 9 and 10. In this section, the pre-
sent model with only eighth-order truncation is adopted. In

the next section, efforts will be devoted to mainly illustrating
the effects of orders of SG continua.

Figure 6 depicts the influence of mass ratio on the band
gap behavior of PDL. When the other parameters are con-
stant and the mass ratio increases, the acoustic, optical and
the third branches approach to the position of the lower fre-
quency gradually whereas the fourth branch is almost
unchanged. According to Figure 6(a–d), the first band gap
(from bottom to top) becomes narrower and appears in the
lower frequency range when the value of mass ratio a
changes from 1 to 12. Moreover, the frequency range of the
second band gap increases and that of the third one
varies slightly.

Figure 7 describes the effects of stiffness ratio on the
band gap behavior of PDL. As the value of stiffness ratio b
increases from 1 to 7, all four branches and the correspond-
ing band gaps go up to the high-frequency region. Besides,
the first and second band gaps are broadened evidently. In
summary, fixing the prestress parameter D

‘ and changing
mass and stiffness ratios are beneficial to regulating the
band gap structure of PDL.

Figure 8 emphasizes the effects of initial elongation on
the band gap structure. With the increase in the value of
parameter D

‘ , the first and second band gaps become wider

whereas the third one becomes narrower. As D
‘ increases, all

four branches rise to the higher frequency zone. From the
above analysis, the prestress parameter plays a significant
role in band gap behavior.

The starting frequency and width of every band gap
deserve to be considered when designing metamaterials. The
lower bound and width of every band gap are defined.
Taking the first band gap between the acoustic and optical
branches as an example, we briefly explain the relevant defi-
nitions. The lower bound is the maximum of the normalized
frequency x

x0

	 
max
ac

corresponding to the acoustic branch

whereas the upper bound is the minimum of the normalized
frequency x

x0

	 
min
op

corresponding to the optic branch. The

difference between the two bound values is the first band
gap width when the band gap does exist. The same is true
for other definitions. The effects of mass, stiffness and pre-
stress parameters on widths and lower bounds of band gaps
are investigated and the results are presented in Figures 9
and 10.

� Figure 9(a,c,e) shows the changes of the lower bound of
each band gap with mass and prestress parameters. For
three band gaps, with the increase in the parameter D

‘ ,
the lower bounds increase whereas with the increase in
the parameter a, those decrease, meaning that for larger
D
‘ and smaller a, the larger lower bound value can be
achieved. According to these analyses, we can get the
desired lower bound by choosing the proper mass ratio a
and prestress parameter D

‘ :� Similarly, Figure 9(b,d,f) describes the effects of mass
and prestress parameters on the three band gap widths.
For a fixed a, the widths of the first and second band
gap increase with the increase in D

‘ and that of the third

MECHANICS OF ADVANCED MATERIALS AND STRUCTURES 9



band gap decreases. For a fixed D
‘ , the first band gap

becomes narrower as a increase whereas the third one
becomes wider. The variation of the second one is more
complex. It can also be found that the second band gap
width varies in a larger parameter space than those of
the first and third gaps. Additionally, when selecting cer-
tain a and D

‘ , we can make the values of band widths
approach to zeros which indicate that the corresponding
band gaps disappear.

� Figure 10(a,c,e) depicts the variation of lower bounds of
three band gaps with stiffness and prestress parameters.
When D

‘ fixed, the values of three lower bounds increase with
the increase in b: Similarly, when b fixed, the values of three
lower bounds increase with the increase in D

‘ : Therefore,
when both parameters b and D

‘ are taken as the larger values,
a maximum point of the lower bound can be formed.

� Figure 10(b,d,f) illustrates how three band gap widths
change with b and D

‘ : The first and second band gaps are
widened with the increase in b or D

‘ whereas the third
one is narrowed. In the given parameter space, the
change of the first band width is weaker and often tends
to zero. Comparatively, two parameters have larger
effects on the second band gap and the variation of cor-
responding value is more obvious. Based on this, the
maximal width of each band gap can be obtained by
selecting appreciate parameters b and D

‘ :

Consequently, adjusting mass, stiffness and prestress
parameters are helpful to control changes of frequency level
and width of each band gap. The higher frequency band
gaps tend to appear in PDL with a lower mass ratio, a
higher stiffness ratio and a larger prestress parameter. The
existence of prestress also provides more parameter choices
for band gap design. Based on the above analysis, choosing
a reasonable parameter space is conducive to achieving elas-
tic wave control and promoting band gap design.

6. Influences of orders of SG continua: 1D diatomic
chain with local interactions as an example

Although it is generally believed that the SG continuum
with higher SG orders can show higher accuracy, determin-
ing which SG order we can adopt to adequately capture sat-
isfactory band gap characteristics is still necessary. In this
section, we compare the dispersion curves of the proposed
continuum model with different orders to obtain more
accurate results. Different from the existing continua, the
present model is modified by adopting wavelength-depend-
ent Taylor expansion. Four continua are examined, i.e.,
fifth-, sixth-, eighth- and tenth-order ones.

Dispersion curves of the present and the discrete models
are shown in Figure 11. According to Figure 11(a–d), it is
obvious that the proposed SG continuum in which the

Figure 7. Dispersion curves of the discrete and present SG models when K2
K1
¼ K 02

K 01
is set as (a) 1; (b) 3; (c) 5 and (d) 7. For all cases, M2

M1
¼ m2

m1
¼ 4, D

‘ ¼ 0:1, M1
m1

¼ 2

and K 01
K1
¼ 0:5:

10 B. WANG ET AL.



wavelength dependent Taylor expansion is employed can
effectively predict the dispersion behavior of discrete model
and the accuracy of prediction is also improved as SG
orders increase. The curves of fifth- and sixth- order con-
tinua are basically consistent with those for the discrete
model, except when wave number ka

2p is around 0.5. The dif-
ference between continuum and discrete models can be
explained as follows. According to Eq. (27), the maximum
of dI namely dmax

I is equal to a: The Taylor expansion
becomes the most inaccurate around ka

2p ¼ 0:5, attributing to
the presence of the maximum of dI , i.e., the distance
between xþ a and the reference position is the maximum
among all wavelengths at that moment. However, increasing
SG orders can easily overcome this problem. For example,
when orders rise to 8 or 10, the bias can be eliminated and
dispersive diagrams of the present model keep a much better
consistency with those of discrete model in the whole first
Brillouin zone. Therefore, the eighth-order SG continuum is
mainly adopted.

7. Lattices with different nonlocal interactions

For general lattice metamaterials, only local interactions
between two adjacent particles are taken into consideration. In
this section, we introduce complex nonlocal interactions and

derive SG continuum model for the corresponding PDL.
Efforts are devoted to analyzing the impact of local and nonlo-
cal interactions on band gap properties. Lattice with up to
two- and three-neighbor interactions are investigated.

The dispersive relationship of the discrete model with up
to two-neighbor interactions has already been derived in
Section 2, i.e., Eq. (14) and there is no more explanation
here. To discuss the effects of two-neighbor interactions, we
adopt the unit cell as shown in Figure 1(c) to develop SG
continuum model for PDL. The chosen unit cell is com-
posed of the whole mass particles M1 and M2, two half
mass particles m1 and m2, two whole internal springs K2

connecting M1 and M2, four half internal springs K 0
2 con-

necting m1 and m2, two one-neighbor springs K1 and K0
1

connecting M1 and m1, two half two-neighbor springs K3

connecting M1 and one two-neighbor spring K0
3 connect-

ing m1:
The kinetic and potential energy densities can be

expressed as, respectively

T ¼ 1
2Aa

M1 _u 2nð Þ
1

� �2
þM2 _u 2nð Þ

2

� �2
þm1

2
_u 2nþ1ð Þ
1

� �2�

þm1

2
_u 2n�1ð Þ
1

� �2
þm2

2
_u 2nþ1ð Þ
2

� �2
þm2

2
_u 2n�1ð Þ
2

� �2�
(46)

Figure 8. Dispersion curves of the discrete and present SG models when D
‘
is set as (a) 0.2; (b) 0.3; (c) 0.4 and (d) 0.5. For all cases, M2

M1
¼ m2

m1
¼ 4, K2

K1
¼ K 02

K 01
¼ 2, M1

m1
¼

2 and K 01
K1
¼ 0:5:
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Figure 9. Variations of lower bounds and band widths of band gaps with mass and prestress parameters, i.e., a ¼ M2
M1

¼ m2
m1

and D
‘
: (a), (b) the first band gap; (c), (d)

the second band gap; (e), (f) the third band gap.

Figure 10. Variations of lower bounds and band widths of band gaps with spring and prestress parameters, i.e., b ¼ K2
K1
¼ K 02

K 01
and D

‘ : (a), (b) the first band gap; (c),
(d) the second band gap; (e), (f) the third band gap.
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W ¼ 1
2Aa

K1 u 2nð Þ
1 � u 2n�1ð Þ

1

� �2
þ K 0

1 u 2nþ1ð Þ
1 � u 2nð Þ

1

� �2
þ2

D
‘
K2 u 2nð Þ

2 � u 2nð Þ
1

� �2
þD

‘
K0
2 u 2nþ1ð Þ

2 � u 2nþ1ð Þ
1

� �2
þD

‘
K0
2 u 2n�1ð Þ

2 � u 2n�1ð Þ
1

� �2
þ 1
2
K3 u 2nð Þ

1 � u 2n�2ð Þ
1

� �2
þ 1
2
K3 u 2nþ2ð Þ

1 � u 2nð Þ
1

� �2
þK0

3 u 2nþ1ð Þ
1 � u 2n�1ð Þ

1

� �2

2
666666666666666666666664

3
777777777777777777777775
(47)

Referencing to the procedure in Section 3 and setting
dimensionless parameters, we can obtain the corresponding
EOMs and dispersive relation.

Equation (48) is the dispersive equation of the proposed

continuum model, where g3 ¼ ðikdIÞ2 þ ðikdIÞ4
12 þ ðikdIÞ6

360 þ ðikdIÞ8
20160

and the value of dI is determined by Eq. (27).
The nonlocal interactions greatly influence the band gap

structure of PDL. The specific dispersion diagrams are shown
in Figure 2(b). The dispersion curves of the present model still

agree well with those of the discrete model in the whole
Brillouin zone, suggesting that the proposed continuum model
can be used to predict bandgap characteristics of PDL with
complex neighboring interactions. Different from band gap dis-
tribution of PDL only with one-neighbor interactions, the first
and third band gaps disappear, whereas the second one exists
in low-frequency range and is narrowed. The shape and pos-
ition of dispersion curves also change significantly. For
example, the acoustic and optical branches locate at the low-
frequency region and the fourth one becomes convex.

The addition of nonlocal interactions and prestress broadens
the space for designing expected band gaps. Figure 12 depicts
the variation of lower bound and width of each band gap as
the function of stiffness ratio c and prestress parameter D

‘ : All
the values of three lower bounds gradually increase with the

increase in parameter D
‘ when c is fixed. When making the

value of D
‘ constant, the first two lower bounds slightly change

with the increase of c, whereas the growth rate of the third
one is relatively large, and the maximum value emerges when
the values of D

‘ and c are higher. As shown in Figure 12(d), as
D
‘ deceases or increases, the trend of the second band width
variation resembles that of its lower bound variation and the
value of width is always less than 1: When c > 1, the other
two band widths values are still equal to zero no matter how D

‘

x
x0

	 
2 � 2 D
‘ b� b0 � 1þ cg3 2 D

‘ b b0 þ 1� g1 0

2
D
‘
b a x

x0

	 
2 � 2 D
‘ b 0 0

1þ b0 þ g2 0 1
a0

x
x0

	 
2 � 2 D
‘ bb0 � b0 � 1þ c0g3 2 D

‘ bb0

0 0 2 D
‘ bb0

a
a0

x
x0

	 
2 � 2 D
‘ bb0

������������

������������
¼ 0, (48)

x
x0

	 
2 � b0 � 2 D
‘ b� 1

�2cþ 2c cos kað Þ � 2h
2 D

‘ b b0 þ e�ika þ heika þ he�i2ka 0

2 D
‘ b a x

x0

	 
2 � 2 D
‘ b 0 0

eika þ b0 þ hei2ka þ he�ika 0
1
a0

x
x0

	 
2 � b0 � 1� 2 D
‘ bb0

�2c0 þ 2c0 cos kað Þ � 2h
2 D

‘ bb0

0 0 2 D
‘ bb0

a
a0

x
x0

	 
2 � 2 D
‘ bb0

����������������

����������������

¼ 0 (49)

x
x0

	 
2 � 2 D
‘ b� b0

�1� 2hþ cg3
2 D

‘ b b0 þ 1þ 2h� g1 þ hg2 � hg4 0

2 D
‘ b a x

x0

	 
2 � 2 D
‘ b 0 0

1þ b0 þ 2hþ g2 � hg1 þ hg5 0
1
a0

x
x0

	 
2 � 2 D
‘ bb0�b0 � 1� 2hþ c0g3

2 D
‘ bb0

0 0 2 D
‘ bb0

a
a0

x
x0

	 
2 � 2 D
‘ bb0

�������������

�������������
¼ 0: (50)
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changes, indicating the absence of gaps. Furthermore, within
the selected parameter range, the first band width is affected
slightly and its value is close to zero.

Figure 13 shows the changes of lower bounds and band
widths of band gaps with stiffness ratio c0 and prestress par-
ameter D

‘ : Three lower bounds increase or decrease as D
‘ and

c0 alter and the variation tendency is similar to that in
Figure 12(a,c,e). Apparently, the first and third band widths
do not any change and the values are always equal to zeros.
The second one changes significantly with the increase in D

‘ ,
whereas the effect of c0 is rather weak. We can set optimal
D
‘ , c and c0 to seek the maximum of band gap width. As a
whole, the nonlocal interactions have a great significance on
PDL band structures.

We further investigate the lattice with up to three-

neighbor interactions to illustrate the effects of nonlocal

interactions on band gap properties of PDL. Following the
derivation procedure in Section 2, the dispersive equation of
the discrete model can be written as
where K4 represents the third nearest neighboring interac-
tions and the parameter h ¼ K4

K1
is set.

Similarly, choosing the unit cell in Figure 1(d) and refer-
ring to derivation procedure given in Section 3, we can get
the dispersive equation of the corresponding continuum
model, that is

where g4 ¼
P8

p¼1 �1ð Þpþ1 ikdIIð Þp
p! , g5 ¼

P8
p¼1

ikdIIð Þp
p! and the

values of dI and dII are determined by the modified wave-
length rule, as shown below.

From Figure 4(b), the wavelength rule is modified and
expressed as
when k 2 a, 4a3

� 

, dI ¼ a� k, dII ¼ 2ða� kÞ; (51)

when k 2 4a
3 , 2a
	 


, dI ¼ a� k, dII ¼ 2a� k; (52)
when k 2 2a, 4að �, dI ¼ a, dII ¼ 2a� k; (53)
when k 2 4a, þ1ð Þ, dI ¼ a, dII ¼ 2a: (54)

The practicable range of the long-wave approximation is
further narrowed due to the addition of three-neighbor
interactions. Moreover, the dispersion curves become more
complex, meaning that more local stationary values exist, as
presented in Figure 2(c). In the whole first Brillouin zone,
the present SG continuum model can well capture the ups
and downs in the dispersion curve, when the wavelength-
dependent Taylor expansion is adopted. Due to the influ-
ence of three-neighbor interactions, only two band gaps
exist. One is relatively narrower and appears in the higher
frequency region, whereas the other one is much wider and
appears in the lower frequency region. Besides this, the
shapes of the third and fourth branches curve changes sig-
nificantly, becoming flatter. The performance of the pro-
posed SG continua for doing with the 1D periodic structure
with local/nonlocal interactions is appreciable.

Figure 11. Dispersion curves of the present and the discrete models (a) The fifth-order truncation; (b) The sixth-order truncation; (c) The eighth-order truncation;

(d) The tenth-order truncation. For all cases, M2
M1

¼ m2
m1

¼ 4, K2
K1
¼ K 02

K 01
¼ 2, M1

m1
¼ 2, K 01

K1
¼ 0:5 and D

‘ ¼ 0:1:
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Figure 12. Variations of lower bounds and band widths of band gaps with stiffness ratio and prestress parameter, i.e., c ¼ K3
K1
and D

‘ : (a), (b) the first band gap; (c),
(d) the second band gap; (e), (f) the third band gap.

Figure 13. Variations of lower bounds and band widths of band gaps with stiffness ratio and prestress parameter, i.e., c0 ¼ K 03
K1
and D

‘ : (a), (b) the first band gap; (c),
(d) the second band gap; (e), (f) the third band gap.
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8. Conclusions

The exact strain gradient model of PDL has been mainly sup-
ported bymodifying the Taylor expansion of displacements.With
the wavelength-dependent Taylor expansion adopted, the present
model successfully predicts the dispersion curves throughout the
first Brillouin zone, suggesting a substantial improvement com-
pared with conventional continuum theories. To the best know-
ledge of the author, the present model is among the first to
successfully predict the bandgap characteristics of PDL.

In this work, a modified lattice system where internal springs
are initially elongated has been presented. The corresponding con-
tinuum model has also been proposed. Based on this, some rela-
tive problems, that is, the effects of mass and stiffness ratios,
prestress parameter, orders of SG continua and local/nonlocal
interactions have been discussed. Themain findings are as follows.
(1) The presence of prestress parameter provides a new approach
for band gap modulation. Through the adjustment of multiple
influencing factors, the intended band gaps can be obtained and
the SG continua can still show robust ability to capture band gap
properties of PDL. (2) The analysis reveals that only increasing the
truncation orders cannot essentially improve the performance of
the proposed continuummodel, but modifying the Taylor expan-
sion of displacement fields can do this. Once the wavelength-
dependent Taylor expansion is adopted, the accuracy of results
achieved from the present model is enhanced as higher-order
terms added. In this study, it can be found that the eighth-order
truncation is enough feasible. (3) Also, it can be demonstrated
that the inclusion of nonlocal interactions increases local
extremum in the dispersion curves and narrows the workable
range of long-wave approximation, making models more compli-
cated. The band gap structures are greatly affected by nonlocal
interactions. It is of significance to select the proper unit cell to
ensure the acquisition of effective prediction.

Although the 1D case has been discussed here, the proposed
methodology is also helpful to investigate features of wave propa-
gations in plane and bulk media with periodic microstructures. In
this work, only linear case has been investigated.

Nomenclature

M1 outer mass located at :::2n� 2, 2n, 2nþ 2:::
M2 inner mass located at :::2n� 2, 2n, 2nþ 2:::
m1 outer mass located at :::2n� 1, 2nþ 1, 2nþ 3:::
m2 inner mass located at :::2n� 1, 2nþ 1, 2nþ 3:::
K1 stiffness of one-neighbor spring connecting m1 and M1

K0
1 stiffness of one-neighbor spring connecting M1 and m1

K2 stiffness of internal spring connecting M1 and M2

K0
2 stiffness of internal spring connecting m1 and m2

K3 stiffness of two-neighbor spring connecting M1 and
next M1

K0
3 stiffness of two-neighbor spring connecting m1 and next m1

K4 stiffness of three-neighbor spring connecting M1 and m1

x0 natural frequency
ffiffiffiffiffi
K1
M1

q
j position parameter

j ¼ :::2n� 2, 2n� 1, 2n, 2nþ 1, 2nþ 2:::ð Þ
u

jð Þ
1 displacement of outer mass located at j

u jð Þ
2 displacement of inner mass located at j

A1 amplitude of the displacement
u

jð Þ
1 j ¼ :::2n� 2, 2n, 2nþ 2:::ð Þ

A2 amplitude of the displacement
u

jð Þ
2 j ¼ :::2n� 2, 2n, 2nþ 2:::ð Þ

B1 amplitude of the displacement
u jð Þ
1 j ¼ :::2n� 1, 2nþ 1, 2nþ 3:::ð Þ

B2 amplitude of the displacement
u

jð Þ
2 j ¼ :::2n� 1, 2nþ 1, 2nþ 3:::ð Þ

a mass ratio M2
M1

and m2
m1

a0 mass ratio M1
m1

b stiffness ratio K2
K1

and K0
2

K0
1

b0 stiffness ratio K0
1

K1

c stiffness ratio K3
K1

c0 stiffness ratio K0
3

K1

h stiffness ratio K4
K1

n original length of internal spring
‘ length after deformation of internal spring
u1 x, tð Þ continuous displacement field of mass M1

~u1 x, tð Þ continuous displacement field of mass M2

u2 x, tð Þ continuous displacement field of mass m1

~u2 x, tð Þ continuous displacement field of mass m2

C1 amplitude of continuous displacement field u1 x, tð Þ
C2 amplitude of continuous displacement field ~u1 x, tð Þ
D1 amplitude of continuous displacement field u2 x, tð Þ
D2 amplitude of continuous displacement field ~u2 x, tð Þ
D initial elongation � u

jð Þ
2 � u

jð Þ
1

dI the first wavelength-dependent correction
dII the second wavelength-dependent correction
a lattice spacing
Aa volume of the unit cell
l arbitrary integer
n arbitrary integer
k wavelength
p any positive integer
x angular frequency
k wave number
T kinetic energy density
W potential energy density
g1 wavelength-dependent Taylor expansion

P8
p¼1 �1ð Þpþ1 ikdIð Þp

p!

g2 wavelength-dependent Taylor expansion
P8

p¼1
ikdIð Þp
p!

gþ1 wavelength-dependent Taylor expansion
P10

p¼1 �1ð Þpþ1 ikdIð Þp
p!

gþ2 wavelength-dependent Taylor expansion
P10

p¼1
ikdIð Þp
p!

g3 wavelength-dependent Taylor expansion

ikdIð Þ2 þ ikdIð Þ4
12 þ ikdIð Þ6

360 þ ikdIð Þ8
20160

g4 wavelength-dependent Taylor expansion
P8

p¼1 �1ð Þpþ1 ikdIIð Þp
p!

g5 wavelength-dependent Taylor expansion
P8

p¼1
ikdIIð Þp
p!
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