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Abstract Hypersonic high-enthalpy wind tunnels have been a challenge to ground tests in aero-

space research area for decades and its test flow uniformity is one of the most important parameters

for evaluating wind tunnel performances. Regarding to the performance requirement, theories and

methods for designing hypersonic flow nozzles at high enthalpy conditions are quite difficult, but

very interesting topics, especially when air molecule dissociations take place in wind tunnel test

gas reservoirs. In this paper, fundamental theories and important methods for nozzle designs are

briefly reviewed with the emphasis on two-dimensional axisymmetric nozzles for hypersonic high-

enthalpy wind tunnels, including the Method of Characteristics (MOC), the graphic design method,

the Sivells method, the theory for boundary correction, and the CFD-based design optimization

methods. These theories and methods had been proposed based on several physical issues, respec-

tively, which play important roles in nozzle flow expansion processes. These issues cover the expan-

sion wave generation and reflection, the boundary layer development, the real gas effect of

hypersonic high-enthalpy flows. Difficulties arising from applications of these methods in hyper-

sonic high-enthalpy nozzle design are discussed in detail and the state of the art of the nozzle design

technologies that have reached for decades is summarized with some brief comments. Finally, the

prospect for the hypersonic nozzle design methods, and its numerical and experimental verifications

are provided with from authors’ viewpoint for readers’ reference.
� 2021 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is

an open access article under theCCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Wind tunnels have been one class of the crucial testing facilities
for aviation and aerospace technologies for more than one cen-

tury. The wind tunnel testing for hypersonic vehicles requires
even more higher performances than supersonic ones. To gen-
erate high-enthalpy test flows in a hypersonic wind tunnel, it is

not only that the total temperature must be high enough to
create obvious real gas effects, but also the flow uniformity
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needs to reach a high level to ensure experimental data accu-
racy. Some scholars often use a word, ‘‘hypervelocity”, to dis-
tinguish high-enthalpy flows from high Mach number flows at

low static temperatures, which are produced usually by the
conventional hypersonic wind tunnels.1 In order to generate
the high enthalpy flows the total temperature of which, ranging

from 1500 K to 10000 K for simulating flight Mach numbers
from 5 to 20, the shock-reflected wind tunnel is recognized
as one of the best ground test facilities to investigate the

real-gas effects in the opinion of Stalker. The shock tunnel
operated in the shock-reflected mode creates the high-
temperature air source in a manner of ‘‘what you produce is
what you use”, which would greatly reduce the heat load act-

ing on the wind tunnel so that the high-enthalpy shock tunnel
could be of engineering feasibility.

To improve shock tunnel performances, various shock tun-

nel drivers have been developed over the world to create strong
incident shock waves since the mid-1960s. Of those driver tech-
niques, the free-piston driver and the detonation driver are

widely applied to the high-enthalpy shock tunnels. With the
free-piston driver technique proposed by Stalker,2 the test
gas can be compressed and heated by the incident shock to

obtain a test flow with a velocity as high as 7–8 km/s and an
enthalpy up to 40 MJ/kg. However, the effective test duration
is usually 1 to 3 ms, which results in a big challenge for flow
measurement technologies. Nevertheless, the free-piston shock

tunnel is one of the most commonly applied facilities because it
can generate test flows with both high Reynolds number and
high Mach number simultaneously. This feature is quite useful

to reproduce the flight condition of the hypersonic vehicles
reentering into the Earth’s atmosphere. Bird3 first tried the det-
onation driver for shock tubes to generate a high-enthalpy gas

source, and conducted both computations and analysis on the
detonation-driven shock tube, respectively. Yu et al.4 proposed
a concept that adding a damping tube at the end of the driver

section to receive the detonation front for reducing the pres-
sure load arising from the detonation reflection, so that the
backward detonation-driven technique can be used to produce
high-enthalpy flows. Jiang and Yu5 presented a long-test-

duration shock tunnel theory which can be used to extend
the test duration of the backward detonation-driven shock
tunnel and is named as the tailored condition for the backward

detonation drivers. The JF-12 shock tunnel operated on the
condition is capable of reproducing high-enthalpy air flows
for Mach numbers from 5 to 9 at altitudes of 25 to 50 km with

a test duration as long as 100 ms. The wind tunnel nozzle is a
special devise to expand such the test gases at extremely high
pressure and temperature to required flow speeds, but the
boundary layer and real-gas effect impose a big barrier on

the nozzle design. Therefore, developing special theories and
methods for designing hypersonic high-enthalpy nozzles has
been an important research direction in experimental aerody-

namics for decades.
The first systemic theory on the wind tunnel nozzle design

was proposed by Prandtl and Busemann6 in the 1920s when

more and more wind tunnels were built up in Europe and
called as the Method of Characteristics (MOC) that has laid
a primary foundation for developing modern wind tunnel noz-

zles. In the 1930s and 1940s, a variety of graphic methods
based on the MOC were proposed for designing high-speed
and supersonic nozzles.7–9 However, to meet with the growing
requirement on test flow quality, the nozzles designed with the
graphic methods have some deficiencies. On the basis of the
MOC, various analytic design methods were also devel-
oped.10–15 For example, the nozzle contour can be created with

the MOC algorithm under the radial flow assumption by using
both the theoretical and empirical formulas. The axial Mach
number distribution proposed by Sivells can greatly improve

nozzle flow quality. This classic method for the high-speed
nozzle design is still in use today.

Hypersonic flights, nominally the flight Mach above 5,

became a serious issue in the 1940s and 1950s, and reach to
a great success in both ballistic missiles and Apollo program
in the 1960s. Several wind tunnel technologies were developed
to test hypersonic vehicles and their common problem is how

to deal with real gas effects in designing high-enthalpy flow
nozzles to gain a good test flow uniformity. During this period,
some methods were proposed by considering the change of the

specific heat ratio c,16,17 and the MOC was adopted for com-
puting nozzle contours. In practice application, some certain
errors occur if only the change of c is considered in nozzle

design and these errors’ effect on hypersonic high-enthalpy
flow tests are unacceptable. So, the numerical method from
the Computational Fluid Dynamics (CFD) is introduced into

nozzle contour computations for optimization to meet quality
requirements of hypersonic test flows. This algorithm combi-
nation including more features of the chemically-reacting flows
works well for improving nozzle flow performances, and also

leads to better understanding on limitations of the MOC appli-
cation to hypersonic nozzle designs in the early 1990s. The
MOC and its improved versions are effective to the nozzle flow

Mach numbers equal to 8 or less, and it is recommended to
improve the nozzle contour for even high Mach numbers by
integrating the solver of the Parabolized Navier-Stokes

(PNS) equations.18 This is because that when the flight Mach
number is higher than 8, air dissociations and boundary devel-
opment play more and more important roles in hypersonic

high-enthalpy nozzle flows. There are many papers published
on this topic19–30 and the CFD algorithms are used for the noz-
zle design optimization. These researchers coupled different
optimization algorithms with various CFD solvers, and their

codes can automatically iterate to solve a set of equations
and get optimized nozzle contours. As a result, the nozzle
design methods combining CFD solvers and optimization

algorithms improve the nozzle flow quality significantly, but
the computation code and the optimization process are extre-
mely complicated and time-consuming, and also the code

robustness is also not good enough. Gaffney31 and Tang et al.32

decoupled the CFD solver with the optimization method in
their computational process, which greatly reduces the compu-
tational complexity and workload in the designing process

without obvious effects on nozzle flow quality. Thus, their
methods are quite convenient for engineering applications.

By recalling progresses in wind tunnel nozzle design, most

of the theories and methods were published before the 1970s
and these works can be classified as analytic theories and the
semi-analytic methods. With development of computer tech-

nologies and CFD algorithms, integrating the CFD solver into
the nozzle design process can improve significantly nozzle flow
quality. This is because that the governing equations of gas

dynamics including all the physical phenomena that behave
obviously in nozzle flows. Furthermore, integrating the
computer-aided optimization algorithms into nozzle design
with CFD solvers is also a significant step to obtain the high
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quality nozzle, and it is a kind artificial intelligence that is help-
ful to improve design efficiency and accuracy. Being different
from subsonic and supersonic nozzle designs, these integrated

methods could be more effective for high-enthalpy nozzles
than analytic methods. Since then, several improved design
theories and correction methods considering the high-

temperature gas effects have been brought up, however,
designing a high-enthalpy nozzle with superior quality still
remains a challenge because there exist some difficulties both

in modeling the high-temperature reacting gas flow and solving
the multicomponent reaction equations of the non-equilibrium
flows. The higher the enthalpy flow, the larger the deviation of
the actual flow parameters from design requirements. Hyper-

sonic technology is the core of the future aviation and aero-
space industries and the hypersonic wind tunnel is one of its
main research means, therefore, the research on the design the-

ories and methods for the hypersonic high-enthalpy flow noz-
zles is still of great significance in the foreseeable future.

2. Fundamentals for designing high-enthalpy flow nozzles

In shock tunnels, a nozzle is placed between the driven section
and the test section. Test gas is heated by an incident shock

waves in the driven section. The generated high-temperature
and high-pressure test gas expands through the nozzle shortly
after the incident shock reflection and reaches a uniform test

flow in the test section (see Fig. 1). The nozzle contour is a
key factor for test flow uniformity and the nozzle design is a
process how to determine the nozzle contour. This paper is
dedicated to the design theories and methods of two-

dimensional axisymmetric nozzles for hypersonic and the
high-enthalpy flows.

The test gas reservoir is the original place where the nozzle

flow starts its expansion and the reservoir condition at the end
of the driven section can be determined with the incident shock
wave. At hypersonic high-enthalpy conditions, the test gas in

the reservoir undergoes a physical–chemical reacting process
governing by local gas temperature and its flow expansion
through the nozzle endures high-temperature gas effects. The

expanding gas flow is very difficult to accurately evaluate with
available computational simulations or experimental
measurements.

Therefore, the early nozzle design methods adopt a quasi-

one-dimensional chemical equilibrium flow model for the noz-
zle flow analysis. By supposing that the high-enthalpy flow is
inviscid and adiabatic, and the nozzle flow of chemical equilib-

riums is isentropic. So, the conclusion about isentropic flows
can be accepted to supersede the momentum equation or the
energy equation. Generally speaking, the chemical reaction

equilibrium does not cause the system to be irreversible. If
the chemical equilibrium nozzle flow is reversible, any
chemically-reacting nozzle flow that is heat-insulated without
Fig. 1 Schematic of a shock tunnel in its basic configuration.
shock waves and viscosity will be isentropic and the two-
dimensional axisymmetric nozzle flow can be simplified as a
quasi-one-dimensional flow.33 The cross-sectional area of the

nozzle can be expressed by a function A = A (x) with a vari-
able x , and all the flow parameters are of constant values in
a given section. The flow state parameters at any given location

and the area ratio A/A* depend on three parameters, i.e. the
pressure p, the temperature T and the local speed u, and the
following equations exist:34

A

A� ¼ g1 p0;T0; uð Þ ð1Þ

T

T0

¼ g2 p0;T0; uð Þ ð2Þ

p

p0
¼ g3 p0;T0; uð Þ ð3Þ

where p0, T0 are the total pressure and total temperature,
respectively.

For a calorically perfect gas (specific heat ratio c = 1.4), the
nozzle flow characteristics are governed by the local Mach
number (Ma) only, namely:

A

A� ¼ f1 Mað Þ ð4Þ

T

T0

¼ f2 Mað Þ ð5Þ

p

p0
¼ f3 Mað Þ ð6Þ

So, the equilibrium flow through the nozzle can be simpli-

fied as an isentropic quasi-one-dimensional flow for predicting
expansion flow characteristics. This was demonstrated in detail
by Anderson,34 but the above equations do not apply to non-
equilibrium flows. The non-equilibrium flow phenomenon

leads to some uncertainties in the high-enthalpy flow nozzle
design.

Considering non-equilibrium flow effects, Hall and Tre-

anor35 limited their nozzle flow analysis to steady state. In
1970, a new solution was proposed by Anderson,36,37 and the
unsteady state was involved. By solving the equations with a

time-advancing finite-difference method, the problem arising
from the steady state analysis was avoided.38 In many litera-
tures, the analysis of the non-equilibrium nozzle flows was

based on assumption that the local equilibrium state is reached
at the throat, and the non-equilibrium calculation is started
downstream of the throat. Doing so can avoid dealing with
the problem of the saddle-point singularity and the unknown

mass flow, and Erickson,39 Harris and Albacete40 did their
contributions. The equations for the two-dimensional axisym-
metric non-equilibrium flows were generally solved by using

the MOC6 or CFD for nozzle design. The entropy increase
along streamlines in the non-equilibrium flow is a result of
the irreversible factor in the finite-rate chemical reaction

processes.
When the MOC method is used to non-equilibrium flows, it

is noted that the characteristic curves that go through any
point in the non-equilibrium supersonic flow is based on the

Mach line and the streamline with the frozen sound speed.
The detailed MOC solution can be found in the book by
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Zucrow and Hoffman.41 In the hypersonic nozzle design, the
MOC presents a theoretical limitation when the Mach number
is high. The CFD method was widely used in the nozzle design

to get the whole flow field solutions. But for the high-enthalpy
flow of high Mach numbers, the limitations on the accuracy of
the current chemical reaction models and the CFD techniques

are also observable. Therefore, there are still some problems
that had not been effectively solved for the nozzle design of
the high-enthalpy hypersonic wind tunnels. In high-enthalpy

expansion flows, the specific heat capacity ratio of the test
gas is a variable, the high-temperature affects boundary layer
development, chemical reactions and non-equilibrium pro-
cesses also play an important role in it. These high-

temperature gas effects must be considered to obtain good
quality nozzle designs.

Hypersonic nozzles are usually quite long because of large

area ratio and its dimension includes the length of the uniform
flow area (generally called diamond-shaped area) at the nozzle
exit. The current length-shortening method can do nothing to

reducing the length without performance loss. The extra-long
nozzle causes the increase of the boundary-layer thickness,
and the thickness can occupy even 50% of the cross-

sectional area of the nozzle exit. In addition, it is difficult to
accurately evaluate the boundary-layer development (mainly
turbulent) of the high-enthalpy flows with the current CFD
solvers, which make it impossible to accurately amend the

boundary layer thickness. Moreover, it is also difficult to accu-
rately predict and evaluate high-enthalpy flows with the avail-
able chemical reaction models and its reliability can be hardly

verified using current experimental data. Therefore, the devel-
opment of the theories and methods for designing hypersonic
high-enthalpy flow nozzles to gain high performance is still a

challenge as before.
Fig. 2 Structure of axisymmetric nozzles.
3. Design methodology of hypersonic flow nozzles

The hypersonic vehicle tests impose much strict requirements
on hypersonic tunnel design techniques, especially, the test
flow must be of high-enthalpy, hypervelocity and high unifor-

mity. These requirements highlight the importance of the high-
enthalpy flow nozzles in engineering. The chapter is focused on
the conventional theories and methods for designing the hyper-
sonic wind tunnel nozzles, which are the bases for the current

hypersonic nozzle design.

3.1. Principles for hypersonic wind tunnel nozzles

Wind tunnel nozzles can be divided into four types accord-
ing their configurations: axisymmetric, two-dimensional,
three-dimensional and asymmetric nozzles.10 Generally

speaking, as the Mach number is increasing, the total tem-
perature of the test flows is also increased to match with
flight conditions, at least, to prevent the test gas liquefaction

to ensure gaseous flows.13 By comparing with the axisym-
metric nozzle, it is difficult for the two-dimensional nozzle
to maintain the flow stability at the throat section, and
improve its expansion efficiency under the same design con-

dition, therefore, most of the hypersonic nozzles are made
axisymmetric. So, the theories and methods for two-
dimensional axisymmetric nozzles are selected as a base for

reviewing.
In the early stage, the hypersonic nozzle was designed with
the MOC developed for supersonic nozzles so that the expan-
sion curve from the throat to the exit can ensure that the test

flow at the nozzle exit is parallel and uniform.9 The expansion
curve can be divided into the front section (from A to B, initial
expansion section) and the back section (from B to C, super-

sonic expansion section), as shown in Fig. 2. In this figure,
the cross section, OA at the throat is of the smallest section
area. The line from point A, thru B, to C indicates the nozzle

contour that governs test flow quality. b is an oblique angle;
tanbB is the nozzle contour slope at point B and defined as
the maximum expansion angle. If m1 presents the Prandtl-
Meyer angle corresponding to the Mach number at the test

section, the value of bB is determined with the nozzle flow
Mach number and the design method.33

bB 6 m1
2

ð7Þ

The axial distance from cross-section A to B is called the
initial expansion section. In this section, the test gas flow grad-
ually expanding and accelerating deflects outward along the

wall AB, and a series of expansion waves in the nozzle flow
are generated before it reaches the inflection point B. The axial
distance from cross-section B to C is called the supersonic
expansion section or the wave-damping section where the flow

continues its expansion, but expands mainly inward. The slope
of the nozzle curve BC decreases gradually and becomes zero
finally at point C. The flow expansion process generates a ser-

ies of compression waves along the back section, which can
offset the reflected waves generated by the expansion waves
at the front section. The Mach angle corresponding to the

Mach number at the test section is l, namely the included
angle between the line EC and the axis (see Fig. 2). When
reaching the EC line, the flow expansion and acceleration are

completed, and the flow moves in parallel to the axis, and
achieve the Mach number as required in the nozzle design.

In designing conventional hypersonic nozzles, the diameter
of the nozzle exit at the test section is a constant. The Mach

number at the exit depends on how to change the throat diam-
eter according to the area ratio. The formula presents its
relation:33

A

A� ¼
r2

r�2
¼ 1

Ma

c� 1

cþ 1
Ma2 þ 2

cþ 1

� � cþ1
2 c�1ð Þ

ð8Þ

where, A is the cross-section area of the nozzle; A* is the cross-
section area of the throat; r is the distance from the origin to
any point along the nozzle contour; r* is the diameter of the

throat section; Ma is the local Mach number at the throat; c



Fig. 3 Characteristics mesh for nozzle design.8
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is the specific heat capacity ratio of the test gas, which is 1.4 for

ideal gas. This formula is effective for designing hypersonic
nozzles at low total-temperature conditions. Obvious errors
could be produced for designing high-enthalpy flow nozzles

because the change of the specific heat capacity ratio due is
not taken account.

In order to apply conventional methods in the hypersonic
nozzle design at the high-enthalpy flow condition, the real-

gas effects need to be appropriately corrected. Three steps
are basically involved in the designing process. First, suppos-
ing that the nozzle flow is ideal, the potential flow contour (in-

viscid) can be obtained according to the isentropic
relationship. Then, the boundary-layer development is pre-
dicted to estimate the displacement-thickness of the boundary

layer. Finally, superimpose the estimated displacement-
thickness onto the potential flow nozzle contour in the normal
direction to gain the corrected nozzle contour. In addition, the
design methods discussed mainly focus on the expansion sec-

tion of high-enthalpy flow nozzles. As to the contraction sec-
tion of the nozzle, the polynomial fitting method widely used
is relatively simple and works well so that it would be not dis-

cussed here.

3.2. Conventional design methods for hypersonic nozzles

Asmentioned in the above chapter, theMOC has laid a theoret-
ical foundation for modern nozzle designs. The nozzles for
supersonic and hypersonic wind tunnels were mostly designed

based on the MOC since the MOC were successfully verified
for supersonic wind tunnel nozzles.12,13 Although some special
problemswere encountered in the hypersonic wind tunnel devel-
opment (such as the real-gas effects, the heat dissipation and

deformation of the throat, and the thicker boundary-layer), a
considerable amount of the nozzle design work produced satis-
factory results after necessary corrections were made.

A variety of theoretical methods derived from the MOC
includes the graphic method and the analytic method. The
nozzle contours designed with these methods can be basically

divided into three types: (A) Curved throat contours (with a
large ‘‘curvature radius”) designed with the maximum expan-
sion angle bB ¼ 0:5m1; (B) Curved throat contours (with a large

‘‘curvature radius”) designed with the maximum expansion
angle bB < 0:5m1; (C) ‘‘Abrupt change” throat contours (with
a small ‘‘curvature radius”) designed with the maximum
expansion angle bB ¼ 0:5m1.

33,35,42

Among these three types, the third one produces the short-
est nozzle, followed by the first, and then the second. The third
type of the nozzles had an abrupt expansion near the throat

and a large axial pressure gradient, which often causes an
abrupt change in the boundary-layer thickness on the nozzle
wall, and even flow separation. The nozzle flow quality is poor

in uniformity. The second type of the nozzles uses a smaller
maximum expansion angle than the third one, therefore, it
was too long to produce a thin boundary-layer for hypersonic
flows. Thus, the method for the first type of the nozzle was

commonly used. In conclusion, with the conventional methods
of the MOC family, the nozzle boundary-layer will become too
thick to ignore when the hypersonic test flow is to generate (in

particular, the modern nozzles are generally designed for large
wind tunnels). So, the boundary layer effect must be corrected
to according to the design Mach number at the nozzle exit.
3.2.1. Graphic design method

Various graphic methods were proposed in the 1940s and

1950s, and the Busemann method7,8 is the significant one of
these MOC based methods. By assuming that the flow at the
throat is uniform, the method according to the fundamental

nozzle design theory and experience is used to set an initial
curve AB where the slope is gradually increasing and
bB ¼ 0:5m1 is satisfied at point B. Curve AB, as shown in

Fig. 38, is replaced with polylines AA1A2. . .ANB, where Ai is
the inflexion point. Each polyline turns outward slightly at
the same (or variable) angle Db. The smaller Db is, the more
accurate the result will be. According to the characteristic the-

ory, there exist the expansion waves originating from point Ai,
the reflected waves from the axis or walls, and these waves gen-
erated from flow expansion are intersected with the reflected

waves. All of these waves can be predicted with the character-
istic theory and all the areas surrounded by the wave lines are
of the uniform flow. Finally, points Ai are connected in

sequence to form a continuous smooth nozzle contour. The
supersonic flow travels around the outer obtuse angle to pro-
duce the expansion wave system which is only approximate

to a single wave. This method is very useful for designing the
non-conventional nozzles, while the analytic method devel-
oped later is more convenient and computationally accurate
for the conventional hypersonic nozzles.

Puckett9 modified the conventional Busemsmn method,
and the new method has several advantages. Using the simpli-
fied initial design curve can save almost half of the designing

time or effort. The characteristic curve is calculated from the
middle of the nozzle contour to its two ends. It is assumed that
the flow passing through the nozzle at the maximum expansion

(the inflection point) has a uniform speed and a uniformly-
varying flow direction (see Fig. 4). The condition setting
according to design experiences is reasonable. With these

parameters, the nozzle exit diameter can be determined in
the same way as the Busemann method. Similarly, the initial
expansion section can be constructed. In addition, if b is less
than bB, one or multiple inflection points must be added to

reflect expansion waves. Since the reflected waves can be
selected, several initial curves AB can be also selected so that
the design Mach number can be reached at the contour of

the corresponding damping section. If the mesh size can be
infinitely small, there will be an infinite number of the initial
curves for selection in theory. Likewise, there will be countless

damping section curves corresponding to the specific initial
expansion curves. Despite of these, it does not indicate that
any contour satisfying the area ratio expressed with Eq. (8)
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is appropriate. In addition, for most of the engineering appli-
cations, the errors arising from initial curve selecting can be
ignored as long as an appropriate correction is made.

In the design process with the Busemann method, expan-
sion waves are generated on certain points along a smooth ini-
tial curve. This means that the expansion waves are spaced in

an orderly way though they are not required to be uniformly
distributed. When the mesh size is large, the expansion waves
are sometimes reflected from the wall at some points, which

thus interferes the order of the spaces of the subsequent expan-
sion wave system. As a result, the final nozzle damping section
contour shows slight irregularity. Theoretically speaking, such
the irregularity seems to disappear as the mesh becomes infi-

nitely dense, but the problem cannot be avoided in practice
when the Puckett method is applied. So, it is generally assumed
that the damping curve is not affected by the waveform of the

initial curve and the meshes are made dense enough so that the
error could be ignorable to obtain the smooth contour as much
as possible. However, due to limitations on the computational

technology at the early stage, the design efficiency is decreased
as the computational workload increases when the mesh
becomes denser and denser. Besides, the analytic method

comes out to be far superior to the graphic method in terms
of the nozzle flow quality so that the graphic method had
not been widely applied to the high-speed nozzle design. How-
ever, the clear physical phenomena dealt with the graphic

method is helpful in development of the nozzle design
methods.

3.2.2. Analytic design method and Foelsch method

The analytic method is similar to the graphic method and its
special features will be explained by referring back to the noz-
zle contour as shown in Fig. 510. Point B is the inflection point,

and the slope of contour ABC reaches to the largest value at
point B; and point A is the starting point of the nozzle contour
while C is the end point. Generally, the slope is zero at points

A and C. The analytic method adopts a radial flow assump-
tion. The design principle of the initial expansion section is
to use different approximation methods to transform the sonic

flow at the throat into the radial flow at point B. The damping
section contour is to transform the supersonic or hypersonic
radial flow into a uniform flow moving parallel to the axis at
the design Mach number. In addition, all the expansion waves

originating from walls must be dampened. Various analytic
methods were developed based on the MOC theory for the
nozzle design and their common feature is that the flow at

the inflexion point B is assumed to be a supersonic radial flow.
The contour curve after point B is obtained with the analytic
Fig. 4 Schematic of demonstrating Puckett method for nozzle

design.9
methods. The key point for designing this curve is to dampen
all the expansion waves that is reflecting along the curve.
Although different methods are used to obtain the contour

curve before point B, there is a shared idea that the curve at
the initial expansion section should be able to transform the
sonic flow at the throat into the supersonic radial flow at the

inflexion point.
In the design process of the nozzle contours, a potential

flow nozzle contour is first obtained with a rigorous theoretical

method, then the boundary-layer correction is carried out to
count viscosity effects. However, one problem that needs to
point out is how to evaluate and calculate the boundary layer
development with sufficient accuracy, especially for the hyper-

sonic boundary layer of the high-enthalpy flows in which the
gas flows are reacting. Both theoretical and numerical methods
hardly ensure accurate evaluations, therefore, a very accurate

contour design seems to be impossible. In addition, the
theoretically-calculated wave system may be quite different
from the actual flow structure. So far, most of the potential

flow nozzle contours have been designed with acceptable accu-
racy by using the simple approximation method, which can
greatly reduce nozzle design workloads.

For the nozzle design, especially for low-velocity nozzles,
the radial flow assumption of the analytic method is reason-
able to a certain extent and the design results basically meet
wind tunnel requirements. For designing the nozzles at high

Mach numbers, various optimization techniques had been
applied to obtain a high-quality flow. Several classical analytic
methods with optimization process for nozzle design were

developed and some methods are still in use today.
Foelsch10,11 proposed his approximation method in 1947

and the certain flow area of the nozzle is assumed as the radial

flow. The initial expansion section is designed by using the
empirical formula and the flow is transited to the uniform area
with the MOC. However, due to the limitation on the radial

flow assumption, the nozzles designed with this method are
generally very long. The direct connection between the radial
flow area and the uniform flow area results in a discontinuous
axial velocity gradient, which makes the flow quality unsatis-

factory. The Foelsch method does not guarantee that the
radial flow assumption can be met at the inflection point.
Instead, an empirical curve is used with the curvature changing

monotonically and the area ratio formula is satisfied at point
B. The curve equation is given as below:

y ¼ y� þ x2 tanbB

xB

1� x

3xB

� �
ð9Þ
Fig. 5 Schematic of demonstrating Foelsch method for nozzle

design.10
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where,

xB ¼ 3

2
yB � y�ð ÞcotbB ð10Þ

In the initial expansion section, the actual flow at the inflex-
ion point differs from the radial flow, which has certain

impacts on the flow uniformity in the test section. The damp-
ing section contour connects the starting and end points (B, C)
with discontinuous curvature, but has no impact on hypersonic

nozzles with fixed walls.
Crown42 improved the Foelsch method and proposed a new

curve (see Eq. (11)) as the initial expansion contour, however,

there is no substantial improvement on the Foelsch method.

y ¼ y� þ xB lgbBð Þ x

xB

� �3

1� x

2xB

� �
ð11Þ

where,

xB ¼ 2 yB � y�ð ÞcotbB ð12Þ
The Foelsch method is significant because it ‘‘reasonably”

processes the flow near the nozzle throat by using the radial
flow assumption, and greatly simplifies the design work of

the wall contour at the throat which is the most complicated
part of the nozzle design. As a result, a series of the nozzle
design methods have been derived based on radial flow
assumption so far, and are widely applied to both high and

low-velocity wind tunnels that had been constructed in the last
century.

3.2.3. Cresci method

The Foelsch methods were modified later by Cresci12 and a
damping area was added to the nozzle contour to reduce the
axial velocity gradient discontinuity arising from application

of the Foelsch method. In the Cresci method, the nozzle flow
is divided into three areas, as shown in Fig. 6. Area OABD
is the throat expansion region which is considered as the radial

flow from the origin. Area BDEC is the transition area which
rectifies and straightens the radial flow into the parallel one.
The area indicated with ‘‘uniform flow” is the parallel flow

region which has the uniform flow moving parallel at along
the axis at the same Mach number.

The initial expansion section AB is designed with the empir-
ical curve from the Foelsch method. It is assumed that the

axial velocity distribution satisfies a polynomial in the damp-
ing area BDEF. According to experiences, the Mach number
at point D is 0.2 being less than the Mach number at point

E, i.e., the design Mach number. In this case, suppose that
the velocity distribution of the DE satisfies a cubic polynomial
expressed as
Fig. 6 Cresci method for nozzle design.12
F ¼ c0 þ c1 x
� þc2x

�2 þ c3x
�3 ð13Þ

where, c0, c1, c2, c3 are the undetermined coefficients and

x
� ¼ x� xDð Þ= xE � xDð Þ, the cubic polynomial satisfies the fol-
lowing boundary conditions:

If x
� ¼ 0;F ¼ FD, then,

dF

dx

� �
D

¼ xE � xDð Þ dF

dx

� �
D

ð14Þ

If x
� ¼ 1;F ¼ FE, then,

dF

dx

� �
D

¼ 0 ð15Þ

According to

3 FE � FDð Þ ¼ xE � xDð Þ dF

dx

� �
D

ð16Þ

the value of xE is selected. The positions of points D and E can

be determined by substituting the boundary condition into the
cubic polynomial. The leftward characteristic curve through
point E is a straight line with the design Mach number so that

the endpoint C of the characteristic curve can be determined.
With BD, DE, and EC as the boundary condition, the charac-
teristic curve mesh throughout the flow and the nozzle contour

of the BC section can be obtained with the characteristic the-
ory and the mass conservation law. Since the empirical curve
from the Foelsch method is still used in designing the initial
expansion section in the Cresci method, it is difficult to opti-

mize the nozzle contour obtained on this basis. However, by
comparing with the Foelsch method, the Cresci method is a
more mature technology for nozzle contour designs.

3.2.4. Sivells method

Most of the previous methods focus only on the nozzle con-
tour design, which leads to some undesired phenomena such

as disturbance accumulations at the axis and flow separations
on the nozzle wall. In the late 1960s and the 1970s, Sivells13–15

proposed his design method that relies on the axial velocity

and Mach number distribution specified according to the
Cresci method and the Hall transonic theory.43 With the Siv-
ells method, the nozzle contour being of continuous curvature

can be obtained by setting the axial Mach number distribution.
As a result, there are no concentrated compression waves
inside the nozzle, and the Mach number distribution at the exit
becomes uniform, and the nozzle flow quality is greatly

improved.
When using the Sivells method, the nozzle contour is deter-

mined with the characteristics mesh among the known bound-

ary points, the given axial Mach number distribution, and the
approximate analytic solution at the sonic throat. The nozzle is
divided into three areas, as shown in Fig. 7 and these are the

throat area TIEG, the radial area GEBA, and the downstream
area ABCD. The flow is radial in the radial area GEBA
between the characteristic curves EG and AB, and the nozzle

contour from point G to point A is a straight line inclined to
the axis at an angle of x. Therefore, determining the contour
involves two steps. That is to say, two sets of characteristic
equations are required to solve. First, the throat contour from

point H to point G on the branch line is determined. Point H is
located on the leftward characteristic curve starting from point
I with the sonic speed. The flow in the throat area is calculated
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with the Hall transonic flow solution. Next, the downstream
contour from point A to point D is determined, and as shown
in Fig. 7, the characteristics CD is a straight line where point D

is the theoretical endpoint of the nozzle contour, namely, the
position of the nozzle exit. According to these assumed bound-
ary conditions, the flows in IHGE and BADC areas can be

solved by combining the characteristics mesh with the mass
conservation law, thereby, the nozzle contours along HG and
AD can be obtained. The contour of the TH section is obtained

with the transonic solution where the velocity distribution
from point I to point C is first assumed. The velocity distribu-
tion is made to match with theoretical transonic conditions at
the throat, radial flow conditions through an intermediate

region, and design flow conditions at the nozzle exit.
The axial velocity distribution from point I to point C can

be divided into three parts. The first part is from point I with

the sonic speed in the throat area to point E where the radial
flow is assumed to start. Its velocity distribution is defined
by a quartic polynomial. The second part is from point E to

point B where the radial flow ends. Its velocity distribution
is given with the condition under which the radial flow is gen-
erated. The third part is from point B to point C where the uni-

form flow starts. Its Mach number distribution is defined with
a quartic polynomial. The coefficients of the polynomial are
selected based on the principles that the second derivatives
of the axial velocity are continuous all the time and the deriva-

tive at point C is zero.
As reported by Potter and Carden,44 the conventional

MOC had been used to design two nozzles (one with

Ma= 9 and the other with Ma= 10) for AEDC-VKF
(Arnold Engineering Development Center (von Kármán Facil-
ity) low-density hypersonic wind tunnels). The Cresci

method12 and the Sivells method45 are combined to design
the inviscid potential flow nozzle. The Cresci method based
on the radial flow assumption is used to design the damping

section area (Area III, as shown in Fig. 8). According to the
Sivells idea, the Mach number distribution along the axis is
given to complete the contour design. Because of ignoring
the impact of the variable specific heat capacity ratio and mis-

taking the nozzle flow as the full laminar flow due to its low
density, some design errors emerge. The test flow calibration
shows the actual Mach numbers at the exits of two nozzles

are 10.15 and 9.30, respectively, instead of the design Mach
numbers of 9 and 10. Carefully checking numerical results, it
is observable that the Sivells method can produce the better

nozzle flow quality than the Foelsch and Cresci methods. Its
flow quality can even be further improved as the design Mach
number increases. Therefore, the Sivells method is more
Fig. 7 Sivells method for nozzle design.
promising for designing the hypersonic nozzle that needs to
meet strict requirements.

Because of the limitation on the power of computational

technologies at that time when the Sivells method was pro-
posed, the nozzle length, especially under the high-velocity
flow condition, is quite long. It is okay for small diameter noz-

zles, but becomes unacceptable for large diameter nozzles. To
solve this problem, a number of the design methods for short-
ening nozzles is proposed. For example, a widely-used one was

developed by Ali et al.46 based on the assumption of the
straight sonic line and the curved sonic line at the throat.
The nozzle-shortening method can meet design requirements
at lower Mach numbers, but they can hardly ensure the flow

quality when the flow Mach number gets high, therefore, the
method is not applicable for designing hypersonic nozzles.

In practice, the potential flow nozzle contour designed with

MOC can meet design requirements of hypersonic nozzles
which are not required to take account of real gas effects.
The Sivells method is a milestone since which the conventional

MOC nozzle design techniques have become mature. So far,
the Sivells method is still one of the internationally-
recognized design methods for high-velocity nozzles that fea-

ture high accuracy and gain wide engineering applications.

3.2.5. Theory and method for boundary-layer correction

The viscous nozzle flow behaves different from the inviscid one

and the viscosity effect plays an important role in two aspects.
The first aspect is the boundary layer developing over the noz-
zle wall, and the boundary-layer thickness affects significant on

the nozzle contour design. The thick boundary-layer will
reduce the potential flow area, thereby changing the nozzle
area ratio. As a result, the actual Mach number at the exit will
be lower than the design Mach number. The second one is the

wave system generated in the nozzle expansion and it interacts
with the boundary layer, which results in some flow perturba-
tions. Such the interference affects not only the boundary-layer

development, but also the configuration of the wave system,
therefore, leads to a big difficulty in completely eliminating
both the expansion waves and its reflections in the potential

nozzle flow. As a result, the flow reaching at the nozzle exit
is not uniform.

These two problems become even more prominent and seri-
ous under the high-enthalpy flow condition. Therefore, the

boundary-layer correction must be performed on the designed
potential flow contour. Generally speaking, the displacement is
calculated according to the boundary-layer thicknesses at each

point of the potential flow nozzle contour and then superim-
posed onto the potential flow nozzle contour in the normal
Fig. 8 Schematic diagram for design of inviscidnozzle contour.44
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direction to obtain the new nozzle contour. Namely, the theo-
retical nozzle contour is moved outward by the equivalent
displacement-thickness.

The boundary-layer thickness d at the nozzle wall leads to
the change of the nozzle cross-section area. The change can
be denoted by the distribution of the displacement-thickness

d�. The displacement-thickness, as shown in Fig. 9, is defined

as:

d� ¼
Z d

0

1� qu
q1u1

� �
dy ð17Þ

where q and u are the density and flow speed in the uniform

flow, respectively; q1 and u1 are the density and the flow speed
in the boundary-layer, respectively. The potential flow elimi-

nates the impact of d� on the nozzle contour, so the
boundary-layer correction is that displacing the nozzle poten-
tial flow contour outward along the wall in the normal direc-

tion by d� is namely superimposing d� onto the potential

flow contour in the normal direction. The boundary-layer cor-
rection of the nozzle contour is performed according to the fol-
lowing formula.

x ¼ xpotential flow � d�sinh

y ¼ ypotential flow þ d�cosh

(
ð18Þ

where, xpotential flow and ypotential flow are the coordinates for the

potential flow contour; h is the tilt angle of the potential flow

wall relative to the x-axis. The growth law of d� on the wall is
correlated to the characteristics of the viscid flow in nozzles.

When the nozzle flow is accelerated in the axial direction,

the boundary-layer on the wall develops generally in a favor-
able pressure gradient. The distribution of the boundary-

layer thickness d� can be determined with any theoretical,
empirical or numerical methods. In the nozzle design for
low-velocity wind tunnels, the computation and evaluation

of the displacement-thickness of the boundary layer are rela-
tively simple. A theoretical approximation or an empirical for-
mula is often used because the nozzle is short and a boundary-

layer is thin. This simple correction will not cause obvious
deviations in test flows at the nozzle exit and quite satisfactory
results can be obtained. However, the deviations will become

ignorable for hypersonic nozzles as well as high-enthalpy noz-
zles. This is because that the hypersonic boundary layer is get-
ting thick and the high-temperature makes it develop faster.
Therefore, no matter which method is used, the boundary-
Fig. 9 Schematic diagram for boundary-layer and displacement-

thickness line.
layer correction must be carried out with the accurate evalua-
tion of the boundary layer.

The boundary layer over the nozzle wall of the hypersonic

wind tunnels (except for low-density wind tunnels) is generally
developed into a turbulent state. In order to prevent the test
gas liquefaction in the conventional hypersonic wind tunnels,

the test gas is heated from several hundred to a thousand K.
The nozzle walls require cooling to operate continuously (for
example, in the electric arc wind tunnels). The heat exchange

crossing the nozzle wall makes the boundary-layer computa-
tion complicated, especially for the high-enthalpy boundary
layer where the temperature is high and the test gas is reacting.
The computation and evaluation methods for hypersonic

boundary layers are still not mature at present and the meth-
ods for low-velocity turbulent boundary-layers are still in use
for hypersonic nozzle design. The Sivells-Payne method47 is

commonly used because it is relatively simple in computation.
Of course, the real-gas effect on the boundary-layer develop-
ment is not taken into account. The Persh-Lee method pro-

posed by Preiswerk8 sets up its computation based on the
axisymmetric momentum equations including real gas effects.

On a whole, the conventional nozzle design methods utilize

different techniques to evaluate the thickness of the boundary
layer and determine the displacement-thickness for correction,
and are known as the combination of the Method of Charac-
teristics and Boundary-Layer approach (MOC/BL). The work-

ing core is to make proper boundary layer corrections on the
designed potential flow nozzle contours.

3.2.6. Limitations on the MOC method family

The nozzle design methods discussed above are called as the
conventional MOC-based analytic methods or the MOC
method family. The contour design of hypersonic nozzles with

the ideal gas assumption has become quite mature since the
1940s. By the 1980s, the test flow generated from the nozzles
designed with the MOC/BL algorithms becomes easy to verify

and evaluate with the CFD computation.48 Doing so, Benton
et al.18 had analyzed limitations on the MOC method family in
designing axisymmetric hypersonic nozzles in detail. He

pointed out that these class of the MOC/BL nozzle design
methods become unreliable for the hypersonic nozzle at the
Mach number higher than 8, but is effective for designing
the nozzles with Mach numbers less than or equal to 8.

As the Mach number increases, the boundary layer gets
thicker and thicker and its thickness becomes comparable to
the nozzle diameter. The nozzles designed with the MOC/BL

method hardly meet the design requirements. By solving
Navier-Stokes (N-S) equations at Mach numbers of 13.5 and
17 respectively, Benton48 found that the CFD results are less

consistent with experimental results. The numerical evaluation
is not improved satisfactorily even when changing of the speci-
fic heat capacity ratio was considered. As a result, the nozzle

flow quality is not acceptable or the Mach number distribution
of the nozzle flow does not meet the design parameters. So, the
thin boundary-layer assumption is considered to be unreason-
able for high Mach number flows.

Compression waves are present in all the hypersonic nozzles
that were analyzed by Benton, but always occur near the inflec-
tion point, which results in irregular flow rates. He recom-

mends that a design method should be improved by using
the PNS equations. Candler and Perkins49 analyzed the
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reflection of the characteristic curves in the thick boundary
layer of the hypersonic nozzles. It is recalled that the MOC/
BL method is based on a basic assumption that the

boundary-layer flow and the nozzle core flow are not coupled
with each other. For the case of the low Mach number nozzle
with a thin boundary layer and a short geometrical nozzle

shape, this assumption is reasonable. The reflection position
of flow characteristic curves is approximately located on the
inviscid contour. However, after the reflection from the thick

boundary layer, there is a certain lag between the actual reflec-
tion characteristic curves and the calculated characteristic
curves reflected through the potential flow boundary. This
wave process means the reflection of the characteristic curves

actually occur inside the thick boundary layer instead of at
the potential flow boundary line, which results in that the
actual reflected characteristic curves lag behind the design

reflected characteristic curves, as shown in Fig. 10, thereby
the flow quality of the MOC/BL-based nozzles is reduced.30,50

The nozzle designed with the conventional MOC/BL meth-

ods has a deviation in the characteristic reflection, which
makes the expansion waves in the damping section incom-
pletely eliminated, and thus results in a non-uniform test flow

at the nozzle exit. Benton et al.18 believed that this effect
appears visible when the Mach number is about 7 if the
MOC/BL methods are used to design hypersonic nozzles.
When the turbulent boundary layer transition takes place,

the proportion of the boundary-layer thickness to the nozzle
radius rises, and becomes larger and larger as the Mach num-
ber increases. Therefore, to improve the flow quality of hyper-

sonic nozzles, the advanced nozzle design methods need to be
developed, with which the boundary layer development could
be accurately evaluated.

3.3. CFD-based design-by-analysis method

In order to break through limitations on the conventional

MOC/BL methods for the hypersonic nozzle design, Korte
et al.19–25 proposed a new design method in which the CFD
numerical technique is introduced into the nozzle design pro-
cess for optimization in the early 1990s. Their optimization

algorithm based on the nonlinear least square method51 is cou-
pled with a high-accuracy CFD solver,52 and the nozzle con-
tour can be created with least changes in the flow angularity

and the Mach number at the nozzle exit. The CFD solver is
applied to the PNS equations and ensures high-quality flow
solutions at the exit of the MOC/BL-based nozzle. The Korte
Fig. 10 Lagging between actual characteristic curves reflection

and design characteristic curves reflection.30,50
method is also called as the ‘‘design-by-analysis” method by
Shope.29 The main advantage of the Korte method is that
the CFD solver of the N-S equations is used to have a correct

physical modeling to handle the interaction between the core
flow (inviscid flow) and the boundary layer in hypersonic noz-
zles. During the design process as shown in Fig. 1122, the CFD

solutions of the nozzle flow and the nozzle contour are substi-
tuted into the optimization algorithm. The algorithm iterates
until a uniform flow is obtained at the nozzle exit. The accu-

racy of the Korte method depends on the performance of the
CFD solver and the optimal solution that the optimization
algorithm can achieve. In addition, this design method can
be used to design not only the axisymmetric nozzles but also

the 3D nozzles by using a three-dimensional CFD solver.
Subsequently, Korte et al.21,23 improved the CFD-based

design method for hypersonic nozzles and the improved

method makes it possible to complete the entire design process
with the CFD technology without utilizing the MOC/BL-
based initial nozzle contour. In the design process with the

improved Korte method, the Mach number distribution along
the axis is optimized according to the parameters, such as the
Mach number and the flow angularity at the exit. The Mach

number distribution along the axis in the optimization objec-
tive function remains the usage of the formula of the Sivells
method.14 The Korte method removes the constraints of the
conventional MOC and the designed nozzle flows are of higher

quality than that generated by the theoretical methods. How-
ever, it is obvious that the ‘‘CFD-based design-by-analysis”
method highly depends on the numerical simulation accuracy.

Therefore, the CFD-based numerical method needs to be fur-
ther validated for the high-enthalpy nozzle flows with non-
equilibrium chemical reaction models.

In 2000, Korte26 developed his code to deal with the high-
temperature flow and the specific heat capacity ratio is change-
able with the flow temperature through Sivells’ irrotational

flow MOC.14 This code is used by Gaffney31 to design the noz-
zles for the HYPULSE shock tunnels which are the high-
enthalpy ground test facilities at the NASA Langley Research
Center in the United States. The tunnel nozzles can generate

high-enthalpy flows at Ma = 15 and are to use for evaluating
scramjet engine performances. This code is written by combin-
ing the rotational flow MOC with a solver of Euler equations.

Its advantages are that the code is not limited by the structure
(or programming language) of the existing codes, does not
need to go through the program line by line for possible mod-

ifications, and runs relatively fast. And also, the number of the
points defining the nozzle contour depends on the number of
the specified initial points. The viscosity effect is not
Fig. 11 CFD-based design optimization process.22



Fig. 12 Comparison of initial contour and final contour of

nozzle optimized with method proposed by Chan et al.

(Ma = 7).30
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considered in the Gaffney design method and the non-uniform
distribution of the flow properties of the HYPULSE nozzles is
induced by the viscosity effect because that only the rotational

equations are solved. Final viscosity-corrected nozzle contour
is generated by iterating the MOC solution with the solutions
of full N-S equations.53 Theoretically, the Korte method

allows any combination of the CFD solvers with optimization
algorithms in its design process. Keeling,27 Tolle,28 Shope29

and Chan et al.30 did their improvements on the Korte method

by trying different CFD solvers and optimization algorithms.
In his early work, Korte et al. developed a nozzle design pro-
gram called as CAN-DO.22 The cubic spline interpolation was
applied in the program for contour design, the optimal test

flow was explored by adjusting the spline interpolation points,
and evaluated with a PNS solver.

During the recent years, Chan et al.30 adopted an open-

source RANS (Reynolds Averaged Navier-Stokes) solver,
and Eilmer54 combined it with the simplex optimization
method.55 The goal of the design optimization is to obtain

the nozzle flow with the minimum flow angularity and the min-
imum deviation from the design Mach number at the nozzle
exit. With this program, Chan et al.30 designed the nozzles of

Ma= 4, 7, 10 for the T4 shock tunnel50,56 at the University
of Queensland, Australia, and carried out the comparison
between numerical simulations and experimental data. The
numerical simulations of the nozzle flow showed that the test

flow in the core area has a good uniformity; the discrepancy
of the Mach number distribution at the exit is less than
0.5%; the flow angularity is less than 0.05�; the differences in

both the static temperature and the flow rate are less than
Fig. 13 Comparison of flow properties at nozzle exit between the ‘‘C

BL.30
1%; and the changes in both the pitot and the static pressure
are less than 2%.

In addition, the measured pitot pressures on several sta-

tions downstream from three optimized nozzle exits match well
with the CFD numerical simulations. These comparisons
demonstrated that the ‘‘CFD-based design-by-analysis”

method is effective for the nozzle design at hypersonic high-
enthalpy flow conditions. Figs. 12 and 13 present both the
computational and optimized results produced by Chan et al.30

for the nozzle of Ma= 7, including a comparison of the grid
effect and the MOC design results.

The good results for the design of hypersonic high-enthalpy
nozzles were achieved with the ‘‘CFD-based design-by-

analysis” methods, but the design process turns out to be com-
plicated. In particular, the design process adopts the CFD-
coupling with optimization algorithm, and a suitable optimiza-

tion algorithm has to select because different N-S solvers are
used, which make the method difficult to be popularized in
engineering applications.
FD-based design-by-analysis” method of Chan et al. and MOC/



Fig. 14 Flow chart for CFD-based iterative optimization in

Tang’s work.32
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Tang et al.32 had completed the optimization of several
hypervelocity nozzles using the CFD-based MOC design
method. Being different from Korte and Gaffney methods,

their method does not couple the optimization algorithm with
the N-S solver to optimize the nozzle contour. Instead, based
on the Sivells’ irrotational flow MOC method, they correct

and optimize the inviscid flow contour (potential flow) and
the high-temperature boundary-layer simultaneously by using
the CFD solutions from solving the N-S equations which

include the high-temperature, chemical reactions and non-
equilibrium effects. It is the separately-solving of the CFD
equations and the conventional MOC as well as the optimiza-
tion algorithm for the nozzle contour optimization makes the

design process simple and convenient to use. The boundary-
layer displacement-thickness that is obtained by using the
CFD results from each iteration step is used as the basis for

the boundary-layer correction in the next iteration step.
Besides, the flow information along boundaries is also applied
to the optimizing computation of the next iteration step. All

the initial and boundary conditions used in the MOC method
are derived from the nozzle flow data of the CFD simulations.
Generally, a satisfactory exit flow can be created within two or

three iterations. The evaluation can be carried out by examin-
ing whether the flow angularity and the Mach number distri-
bution in the core flow area of the nozzle exit meet the
design requirements. Fig. 1432 shows the flow chart during

the CFD-based iterative optimization.
In general, the ‘‘CFD-based design-by-analysis” methods

for the nozzles are roughly divided into two types. One is the

Computational Fluid Dynamics/Optimization Methods
(CFD/OM) in which the CFD solver is deeply coupled with
the optimization algorithm. These methods abandon the

MOC analytic design methods and accepts only the MOC
design contour as its initial input condition. Compared with
the conventional MOC/BL analytic methods, the CFD/OM

for the hypersonic nozzle design includes the viscosity effect
into the optimization process so that the boundary-layer cor-
rection would be unnecessary. The uniform flow can be created
and the flow quality can be improved to a certain extent. This

is true especially for the nozzle flow where the boundary layer
is thick and the Mach number is large. Of course, several crit-
icisms on the method were also reported. First, due to limita-

tion of the number of the control points used in optimization
process, much higher computational cost is taken than the
MOC/BL method. Second, the code must be re-modified for

a given situation, and it is not very convenient for other users
to apply. Third, the designed nozzle quality entirely depends
on the accuracy of the CFD results and the optimization algo-
rithm. For hypersonic nozzles, especially the high-enthalpy

flow nozzles, the chemical reacting non-equilibrium flow
occurs and its complexity increases as the flow Mach number
increases. Therefore, improving the accuracy of CFD simula-

tions has been a challenge for decades. The robust of the opti-
mization algorithms also need to be improved further
according to the actual design situation. The other type is

the CFD/MOC/OM in which the CFD solvers, the conven-
tional MOC analytic methods, and optimization methods are
combined in the designing process, but not coupled with

together. Separately-solving the CFD equations, the mature
MOC design methods together with nozzle contour optimiza-
tion could reduce technical difficulties in the computational
process, and produce a high robustness in the combined algo-
rithms and greatly reduce the computation workload. In the
following chapter, the CFD/MOC/OM will be discussed in
detail.

4. Design technologies of high-enthalpy flow nozzles

4.1. Real-gas effects on nozzle design

In the 1950s and 1970s, a series of papers were published on

the design methods of supersonic and hypersonic nozzles with
ideal gas assumption57–60 and some books presented systemat-
ical reviews on the progresses.61,62 When the nozzle exit radius
is selected as the characteristic length and the boundary-layer

thickness is much smaller than the characteristic length, the
nozzle flow can be regarded as an inviscid flow. So, the poten-
tial flow nozzle contour can be taken as the initial step and the

hypersonic nozzle design can be completed by estimating the
boundary-layer displacement-thickness and correcting with
the boundary layer effect.

For hypersonic nozzles at low Mach numbers, satisfactory
results can be achieved with the conventional design methods.
However, the real-gas effects must be considered at the high-
enthalpy flow condition and it is the case for the high-

enthalpy shock tunnels. If the reservoir gas temperature
exceeds 600 K, the gas molecule vibrations will be excited
and the specific heat capacity ratio c becomes a function of

the static temperature rather than a constant. When the tem-
perature reaches 2000 K, the oxygen will begin to dissociate.
The oxygen will be almost completely dissociated into oxygen

atoms and the nitrogen begins to dissociate into nitrogen
atoms after the temperature rises over 4000 K. Therefore, for
the high-enthalpy flow nozzle design, obvious errors will occur

and the conventional optimization methods will no longer be
effective if the ideal gas assumption is still used. The specific
heat capacity ratio c is the parameter that reflects the ratio
of the flow enthalpy to the internal energy, and varies with
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the local temperature. Air at the ambient condition is of
c= 1.4, and its c can remain unchanged as long as the temper-
ature and pressure do not go up too much. At the early devel-

opment stage of the high-enthalpy flow nozzle design, the c’s
impact varying with the temperature and pressure was consid-
ered, but the air dissociations and ionizations were ignored.

This assumption defines a semi-perfect gas that is still suitable
for the state equation that takes into the account the thermo-
dynamic properties (such as the specific heat capacity ratio)

varying with temperature and pressure.
Fig. 15 shows the specific heat capacity ratio (cv is the speci-

fic heat at constant volume) varies with the temperature and
pressure, and the pressure effect vanishes after the temperature

reaches to 600 K as shown in the left figure, but it varies with
the temperature as shown in the right figure. The gas state
parameters in compressible gas flows are closely related with

c, therefore, the wind tunnel test is generally required to main-
tain the same c as in the real flight condition. For the hyper-
sonic nozzle design, the c’s variation must be considered

when the Mach number reaches 7 and becomes necessary when
the test flow velocity reaches Ma = 10 while c of the test gas
varies between 1.15 and 1.2. The large c variation will affect

not only wind tunnel experimental results, but also the nozzle
design of hypersonic wind tunnels.

Johnson and Boney63 clearly explained the effect of c on the
nozzle contour and Fig. 16 presents his comparison of the noz-

zle contours at different Mach numbers and different specific
heat capacity ratios. Obviously, the flow Mach numbers at
the nozzle exit are quite different even for the nozzles of the
Fig. 15 Effect of temperature and pressure

Fig. 16 Effect of c on nozzle contour in case
same area ratio if the specific heat capacity ratios are different.
However, the work done by Johnson et al. was dedicated to
that the fixed area ratio is a comparing object for the change

in the nozzle contour, and there are some simplifications in
their work. Actually, the area ratio of the high-enthalpy flow
nozzles is also affected by the real-gas effects, therefore the dif-

ference could be even large. This physical issue had been
explained in Tang’s work.32

4.2. MOC with a variable specific heat capacity ratio

In the 1950s, the real-gas effect on the hypersonic nozzle design
was investigated by Guentert and Neumann,16 Enkenhus and

Maher,17 Erickson and Creekmore,64 Johnson et al.60,63 The
inviscid flow nozzle contour is computed first with the MOC
method and the change of thermodynamic properties of the
test gas was considered later. For example, the variable c is

taken as an impact parameter and the nozzle contour is finally
determined by superimposing the boundary layer
displacement-thickness onto the inviscid flow nozzle contour.

Because the variable c is only a parameter considered regard-
ing to real gas effects, it is indeed a big simplification, however,
such the design algorithm is a realistic and practical method

for the high-enthalpy flow nozzle design in the early time.
Guentert and Neumann16 proposed a set of the design

methods to gain the inviscid flow nozzle contour of the high-
enthalpy axisymmetric condition. Their methods calculated

the test flow gas with chemical reactions by applying the
MOC with variable isentropic index. Subsequently, Enkenhus
changes on specific heat capacity ratio.38

of same area ratio (L is length of nozzle).63
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and Maher17 proposed a similar method for predicting the
axisymmetric nozzle contour of the high-enthalpy flows, and
independently developed a computation program including

the real-gas effect. Johnson et al.60 improved the above-
mentioned methods by directly applying the thermodynamic
data of the isentropic expansion to the MOC computational

code, and designed a high-enthalpy axisymmetric nozzle at
the Mach number of 17 with total-temperature of 2800 K.
Korte26 developed a simplified design method with a variable

c and the potential flow nozzle contour is designed by the Siv-
ells method. In his nozzle design process with variable c as
shown in Fig. 7, the flow area HIEG was first calculated and
the specific heat capacity ratio c1 was taken to be the average

value of this area so that the initial expansion contour HG can
be created. Then, the flow area ABCD is calculated, and the
specific heat capacity ratio c2 is the average value of this area,
and then, the damping section contour AD is created through
computation. Finally, the area ratio is calculated with a chan-
ged c, so that the length of straight-line GA can be determined.

Making the initial expansion section contour HG, the damping
section contour AD, and the linear segment GA match with
each other results in that the requirements of the following

area ratio formula are met. In the formula, the equilibrium
flow assumption is adopted so the area ratio formula can be
derived based on the isentropic relation:65

A�

A
¼ A�

A

� �
i

F0 T0;Mað Þ ð19Þ

A�

A

� �
i

¼ Ma
ciþ1

2

1þ ci�1

2
Ma2

 ! ciþ1

2 ci�1ð Þ
ð20Þ

where A� and A are the nozzle throat area and the nozzle exit
area, respectively; A�=Að Þi is the area ratio under the ideal gas

assumption, the subscript ‘‘i” indicates the ideal gas; Ma is the

design Mach number. Without taking the variable c into
account, we have
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where, subscripts ‘‘0” and superscript ‘‘*” are for the stagna-

tion parameters and the flow parameters at nozzle throat,
respectively. b and c are the characteristic parameters of flow.
h is the vibrational characteristic temperature that depends on
the gas components. p=p0, q=q0 and T=T0 are obtained with a

series of isentropic relations of the one-dimensional flow. The
detailed derivation process is introduced by Eggers.65 In fact,
the effect of the variable c on the upstream flow in the radial

area (especially, near the throat) is much larger than that on
the downstream flow in the damping section. Because the
downstream flow is expanding to low temperature and is

approximate to the ideal gas flow, it is a proper way to focus
on the radial flow area. As a result, a great deal of simplifica-
tions was achieved for the high-enthalpy flow because the
downstream flow is basically frozen while the test gas near

the throat has a complicated composition of the chemically-
reacting non-equilibrium states.

Zonars66 provided a comparison between the theoretical

evaluation and the experimental measurements of the nozzle
wall pressure in both the equilibrium and the non-
equilibrium flows, as shown in Fig. 17 (here, PT, HT, and TT

are the total pressure, total enthalpy, and total temperature).
Notably, as the total temperature increases, the non-
equilibrium effect will become more and more obvious. As a

result, the evaluation and analysis of the non-equilibrium noz-
zle flow becomes more important than the equilibrium one.
For the design of the high-enthalpy flow nozzles, using the
MOC technology in which only the variable c is considered will

also cause certain design errors. The design error for the hyper-
velocity nozzles will become so large that it would be impera-
tive to develop new design methods coupling with the CFD

technique to meet nozzle design requirements.

4.3. Research on CFD-based design of high-enthalpy nozzles

As the rapid development of the CFD technologies, the
numerical solutions of the high-enthalpy flows gain the higher
and higher accuracy. The feasibility study on the high-enthalpy

flow nozzle design was conducted by using the CFD solvers.
The evaluation on the real-gas effect on nozzle design becomes
easy to implement by using the CFD technique, and this is a
significant advantage of the CFD-based nozzle design method.

Actually, if computational resources allow, we can use the
advanced CFD solver to solve N-S equations implemented
with appropriate chemically-reacting models in which the real

gas effects are fully considered and such the high-accuracy



Fig. 17 Comparison of nozzle wall pressure.66

Fig. 18 Numerical comparison for nozzle design with real-gas

and with ideal-gas.26
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solutions can play a significant role in the high-enthalpy flow
nozzle design.

Korte52 first applied the CFD simulation to the optimiza-
tion design of high-enthalpy flow nozzles and his CFD-based

optimization method is a combination of a CFD solver with
an optimization algorithm, therefore, the design process
becomes much easier than before. What we need to do next

is to replace with the CFD solver implemented with a non-
equilibrium chemical reaction model. Then, high quality noz-
zle contour can be achieved. Korte designed a Mach 15 nozzle

for a helium-driven shock tunnel with the nozzle design pro-
gram called CAN-DO,22 in which the PNS solver is used for
the nozzle flow evaluation but the real-gas effect is ignored.

Subsequently, Korte et al.21 and Hollis67 designed the 22-
inch helium tunnel nozzle using the CAN-DO program at
the NASA Langley Research Center. They simply modified
only the state equation in the CFD solver and the design

results obtained meet the application requirements in that
time. In 2000, Korte26 further improved the area ratio of the
high-enthalpy flow nozzle in his design method to address

the real-gas effect. The main design process is to solve a steady
one-dimensional flow at a given Mach number, and iterate
until a desired nozzle exit condition can be reached (see

Fig. 18).
Shope and Tatum68,69 applied the CFD-based optimization

design methods to high-enthalpy flow nozzles by calculating
chemically-reacting flows, and developed their new character-

istic tracking code. Multi-optimization algorithms, such as
the least-squares optimization70 and the spline-interpolation
optimization71 were integrated in it, controlled and shifted

through scripts. The Shope’s nozzle design code calculates
the expansion of the chemically reacting flows with the modi-
fied spline points from the code of Korte et al. His CFD solver

accepts a computation method called the Data-Parallel Line
Relaxation (DPLR) to solve the N-S equations with chemical
reactions.72–74 When the DPLR method is used to simulate the

calorimetric perfect gas flow, the frozen gas components
include CO2, H2O, N2, O2, and NO. The percentage of each
component is obtained with the CEA96 program75 of the
NASA Glen Research Center (GRC).
The Shope optimization design process can be divided into
two steps. In the first step, the MOC-based Sivells method is
adopted to design the initial nozzle contour by assuming that

the gas flow within the nozzle is the thermal-perfect gas or
the calorically-perfect gas. The design parameters at the nozzle
exit (such as Mach number and velocity), being approximate

to the thermodynamic equilibrium states, can be obtained by
setting the c and other gas constants. In the second step, the
obtained initial nozzle contour is further optimized by remov-

ing the application limitation on the MOC. The key design
process is to correct the spline interpolation in the nozzle con-
tour coordinates. The spline curve goes through only a few of
the defined points along the initial nozzle contour, rather than

interpolates all the coordinate points of the nozzle contour.
The spline interpolation correction allows a sufficient number
of the coordinate points to be used for defining the high-

accuracy nozzle contour, while only a few nodes (design
parameters) are used in such the correction. Then, these design
parameters were used in the repeated optimization process

(namely the MOC design process) to further improve the qual-
ity of the high-enthalpy test flow. Finally, Shope designed a
Mach 6 nozzle for the Aerodynamic and Propulsion Test Unit

(APTU) at the Arnold Engineering Development Center
(AEDC) using this code, and the obtained results as shown
in Fig. 19 look good. However, this method was not verified
further for high-enthalpy flow nozzles at even high Mach

numbers.
Gaffney31,76 designed a nozzle for NASA’s HYPULSE

Shock-Expansion Tunnel (SET). The nozzle flow at

Ma= 15 was simulated with a Euler equation solver by
adjusting c. Although the conventional MOC design process
is adopted, the design results obtained meet well the



Theories and methods for designing hypersonic high-enthalpy flow nozzles 333
requirements. His optimization design code implemented with
chemical non-equilibrium CFD solver proposed by Chan
et al.30 is also applied into the nozzle design of Ma= 10 for

the T4 high-enthalpy shock tunnel in Australia, and relatively
satisfactory test flows were obtained. However, it was found
from their comparison that the design results, numerical com-

putations and experimental data of the nozzles at the Mach
numbers of Ma= 4, 7 agree better than the case at the Mach
number of Ma= 10. This indicates that the real-gas effect

plays a more and more important role in the hypersonic nozzle
design when the Mach number of high-enthalpy ground facil-
ities is increasing.

The combination of the CFD solvers with Optimization

algorithms (CFD/OM) and the conventional MOC imple-
mented with the Boundary-Layer correction (MOC/BL) are
two methods widely used in designing nozzles for hypersonic

wind tunnels. When the boundary layer of the nozzle flows
becomes quite thick, the high-quality nozzle can be obtained
with the CFD/OM methods. For impulse high-enthalpy test

facilities, the nozzle flow has a cold wall boundary and the
extremely-high pressure, and a thinner boundary-layer is also
developed. Satisfactory design results can be still achieved by

using the classic MOC/BL algorithms. This is because that
the finer grid can be accepted with the classic MOC/BL to
accurately simulate the thin boundary-layer, and the grid is
more time-consuming and expensive to use the CFD/OM

methods than the MOC/BL.
Tang et al.32 improved the classic MOC/BL method to

design the hypervelocity nozzle and the real-gas effect was

taken into account. The nozzle flow is simulated with the
CFD code, and the numerical flow data is extracted and then
substituted into the MOC/BL for optimization iterative.

Therefore, their method is different from the conventional
MOC/BL and can be defined as the CFD/MOC/OM algo-
rithm that does not include the complex CFD embedding opti-

mization format method CFD/OM, and just combines the
CFD simulations, the MOC/BL and optimization algorithms
together in the design process, and works like a simpler com-
bined optimization method. Tang et al.32 carried out the design

for a high-enthalpy nozzle at a Mach number of 17 with the
CFD/MOC/OM. The correction of the high-temperature gas
effects is used by considering not only the variable c but also

the species of non-equilibrium flow gases. The average value
of the flow area ABCD (see Fig. 7) is selected in computation
since the specific heat capacity ratio does not change in this

area. In the flow area TIEG, the variable c depending on the
Fig. 19 Spline interpolation correction of nozzle contour.69
temperature is adopted in the CFD simulations and expressed
with the NASA fitting polynomial77,78
c ¼ a1T
�2 þ a2T

�1 þ a3 þ a4T
1 þ a5T

2 þ a6T
3 þ a7T

4 ð30Þ
where the coefficients in the polynomial (see Eq. (30)) can be
obtained through the table look-up method and the flow infor-

mation of gas species is extracted from the high-accuracy non-
equilibrium CFD simulations. Calculating the area ratio
requires the vibration characteristic temperature which is also

affected by the change of gas species. The species components
of the corresponding area are extracted from CFD simulations
to calculate the vibration characteristic temperature. Then, the
new area ratio can be worked out. The initial flowfield data

and computational conditions are extracted from the simu-
lated nozzle flowfield obtained by a CFD computation using
the inviscid nozzle contour. In the iterative computation, the

flow parameters will gradually converge. Generally, a satisfac-
tory result can be achieved through two or three iterations.
Even for the hypervelocity nozzle with a very high-enthalpy,

the number of iterations may be increased, but is acceptable.
In Tang’s work32 on the design of large-scale high-enthalpy

flow nozzles, two techniques adopted are critical. One is the fit-

ting of the area ratio of the hypervelocity nozzles based on the
CFD data. Since the conventional analytic formula for the
nozzle area ratio is suitable for equilibrium flows, the actual
Mach number calculated by the non-equilibrium CFD solvers

has obvious deviations from the design Mach number. In
order to obtain more accurate results of the potential flow,
the area ratio obtained based on the equilibrium flow is cor-

rected with the fitting method. The triangle mark in Fig. 20
is the area ratio obtained with Eq. (19) for different Mach
numbers. The square mark is the actual Mach number at the

nozzle exit, and the area ratio corresponds to the non-
equilibrium CFD simulations. Curve fitting is carried out
according to the relation between the theoretical and simulated
Mach numbers at the nozzle exit. The new area ratio (marked

with a round mark) corresponding to each Mach number is
extracted from the fitted curve, and then substituted into the
code to redesign the nozzle contour. After several iterations,

the final area ratio obtained makes the design Mach number
consistent with the actual Mach number. In fact, the fitting
process of the area ratio is an accurate evaluation on the

boundary layer development of the non-equilibrium nozzle
flow.

Another technique is the nozzle contour optimization that

is realized by using the endpoint slope-controllable Hermitian
spline interpolation. On the whole, the obtained spline curve is
very similar to the reference point given with the original
design. The problem of the local fluctuation at the reference

point is overcame in the optimized curve solvers. In fact, dur-
ing the design process of high-enthalpy flow nozzles to ensure
flow quality at the nozzle exit, the nozzle contour must meet

the following conditions: (A) monotonically increasing; (B)
smooth first-order derivative (continuous second-order deriva-
tive); (C) the nozzle contour going through the defined coordi-

nate point, and the first-order and second-order derivatives
being zero or controllable at the defined point; (D) the refined
connection control at the throat section and the segmented
connection points can be achieved to prevent the occurrence

of any interruption point along the nozzle contour. When
the existing optimization method is used for global fitting,



Fig. 20 Comparison of area ratios obtained by theoretical and

CFD calculations.32

Fig. 21 Iterative optimizations for Ma = 17 nozzle.32
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the local point-by-point fitting or interpolation is difficult to
freely control the spline interpolation.

4.4. A potential application technology for CFD/MOC/OM:
Data mining

In recent years, data mining technology has received wide-

spread attention, and it has been applied in many fields. Data
mining, also called knowledge discovery in databases, in com-
puter science, the process of discovering interesting and useful

patterns and relationships in large volumes of data. Therefore,
data mining is defined as extracting information from huge sets
of data.79,80 At present, data mining technology has been suc-
cessfully applied to CFD and has solved some related opti-

mization problems.81–84 As mentioned above, Tang et al.32

carried out the design and optimization for the high-enthalpy
nozzle at Mach number of 17 using the CFD/MOC/OM (see

Fig. 21). In the process of optimization, the flow information
of gas species, boundary and initial conditions are extracted
from the high-accuracy non-equilibrium CFD simulations.

The accurate extraction of flowfield information will greatly
improve the optimization efficiency. Therefore, the author
believes that data mining technology is a potentially effective

tool, which can be used to optimize nozzle design based on
CFD, i.e., the data mining approaches coupled with the
CFD-based optimization method. Unfortunately, it seems that
data mining technology has not been applied to the optimiza-

tion design of high-enthalpy nozzles.

5. Other aided design techniques

5.1. Multi-throat nozzle design techniques

For the hypersonic wind tunnels operating in a wide range of
Mach numbers, designing one nozzle for each Mach number
requires high costs and large workloads. It is a good strategy

that the multiple throats are designed to share one nozzle so
that the test flows at different Mach numbers can be created
only by replacing the nozzle throat. A Throat Changing Tech-

nique (TCT) was proposed to create a special part of the noz-
zle, in which the throat is located. This work can be done by
adding a straight segment at the inflection point of the nozzle
expansion section or by re-designing the initial expansion sec-
tion, while keeping the original supersonic expansion section
unchanged. In this way, the nozzle area ratio at a given design

Mach number is achieved accordingly, thereby the flow Mach
number is changed at the nozzle exit. In engineering applica-
tions, the nozzle with multi-throats can be designed in advance

so that the test flow at different Mach numbers can be
obtained by replacing with different throats.

The TCT realizes the change of the flow Mach number by

changing the throat area on the premise that the nozzle exit
area is kept unchanged. For the nozzle flow under different
enthalpy conditions, the flow Mach number at the nozzle exit
can be generated by using different area ratios. For the ideal

gas flow, the throat area is generally determined by Eq. (8).
For the high-enthalpy flow, Eq. (19) can be used to determine
the throat size. The good design results can be obtained for

high-enthalpy flow nozzles at high Mach numbers by using
the fitting area ratio processed from the CFD data.

To ensure that the multiple throats can share the same

damping section (supersonic expansion section), we need to
design several initial expansion sections as the throat parts to
meet the area ratio requirement for different flow Mach num-

bers. The nozzle contour determined with the certain design
method should have a straight segment near the inflection
point (the turning point of the contour) as shown in Fig. 22.
The straight segment on the nozzle contour is the place where

the throat part can be replaced without disturbing the flow
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state in the supersonic expansion section. From the hypersonic
nozzle design methods discussed above, the straight segment is
short and the short length sometimes may leads to difficulties

in throat replacement, especially in the case of the flow expan-
sion from a high Mach number nozzle to a low Mach number
one. After completing the initial nozzle contour, the inflection

points (the turning points, namely point E or A in Fig. 22) or
the straight segment of the nozzle contour must be first found
if the multiple throat nozzle is going to design. Then the slope

of the straight segment needs to be calculated and the spline
interpolation can also be performed based on the nozzle con-
tour data to obtain the slope at each point. Generally, the
inflection point is the extreme slope point. Finally, the new

throat radius for producing the required design Mach number
is obtained by using the area ratio computation without any
change in the nozzle exit area. So, a new nozzle design is com-

pleted by using the same expansion angle parameter and the
inflection point of the new nozzle contour is obtained. At this
stage, the slope of the inflection point should be consistent

with the original nozzle contour and the length of the line
EE´ is adjusted so that the inflection point of the initial expan-
sion section of the new nozzle is coincident with point E0.

In engineering applications, the multi-throat nozzle
designed with TCT is generally used for high enthalpy shock
tunnels. The real-gas effect cannot be ignored and the variable
c needs to be applied during the nozzle design. The design

methods for such the high-enthalpy flow nozzle can be referred
from the above chapters.

5.2. Truncation operation of the designed nozzles

The high-enthalpy flow nozzle designed under the hypersonic
condition is usually quite long, and its length varies also with

different nozzle design methods, but is determined mainly by
the characteristics of the hypersonic flows. In particular, the
prismatic uniform area of hypervelocity nozzle flows is very

long itself because the expansion waves propagate downstream
much faster than in the radial direction. However, for engi-
neering applications it is desirable to make the nozzle as short
as possible without sacrificing the uniformity of the flow. Aim-

ing at shortening hypersonic flow nozzles, some attempts were
made in terms of design methods85–87 and some cases of low
Mach numbers have been designed and analyzed. Few litera-

tures have now been reported and published for the nozzle
shortening with a Mach number of 10 or higher. Moreover,
there are some discussions about the necessity and cost perfor-

mance of shortening hypersonic nozzles.88–93 The design meth-
ods working in nozzle-shortening are not reported.

After the inviscid flow nozzle contour is corrected with real
gas effects it is the time to consider how to adjust the nozzle
Fig. 22 Schematic diagram for TCT.
length to meet engineering requirements, therefore, the trunca-
tion of the designed nozzle near the exit is the last issue in the
design process. The truncated position on the high-enthalpy

flow nozzle can be determined under some acceptable condi-
tions that the cross-sectional Mach number distribution should
be kept uniform at the truncated position and the radial veloc-

ity component should meet with design index requirements.
The nozzle-truncated steps are suggested as follows: Complete
the CFD numerical evaluation on flow properties within the

final nozzle contour; Create the potential flow boundary-line
according to the boundary layer displacement-thickness;
Obtain the first-order derivative of the potential flow
boundary-line. If the first-order derivative at point C of the

nozzle contour (at the end of the displacement-thickness
boundary-line, see Fig. 23) is a negative, the position of the
extreme value, named point Q can is determined. With the hor-

izontal coordinate xQ of point Q as the x-coordinate of the
truncation point, the truncated position Pcut of the final nozzle
contour can be determined. At this stage, the flow evaluation

must be made again at the new nozzle exit (the nozzle cross-
section at truncated position) to confirm whether it meets the
design requirements. If the derivative at point C at the nozzle

exit is zero, the truncation operation can be conducted on the
premise that the test flow quality is met. The final step is car-
rying out CFD numerical revaluations on the new nozzle con-
tour after nozzle truncation until its performance meets the

design requirement.
Theoretically speaking, if there is no error in the boundary-

layer correction, the derivative at point C should be zero.

However, the correction errors may exist due to the real-gas
effects. As a result, the displacement-thickness boundary-line
in the high-enthalpy nozzle flow obtained by the CFD solver

does not coincide with the initial inviscid flow contour, espe-
cially for the case where the derivative at point C is negative.
So, it is necessary to perform the truncation operation to

obtain the short nozzle and a large core area of uniform test
flows.

6. Summary and prospective

The nozzle design theories and methods have reached to a sig-
nificant level for a hundred years’ development since the wind
tunnel nozzle design was tried first by Prandtl and Busemann,

and the designed nozzles could meet various requirements
from all the wind tunnels that had been constructed for testing
subsonic, supersonic and hypersonic vehicles from aviation

and aerospace industries. Progresses on the theories and meth-
ods can be classified into three categories and summarized as
follows:
Fig. 23 Schematic diagram for nozzle truncation method.
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(1) The first category is the family of the MOC/BL methods

that combine the MOC with the boundary-layer correc-
tion. The conventional MOC proposed in 1929 is actu-
ally the foundation for nozzle design theories and

many improved versions deduced from the MOC are
still widely in use today. The MOC concept is based
on the control of the expansion wave generation and
elimination which are the key physical issues in nozzle

flow expansion. The boundary-layer correction put the
viscosity effect in consideration. Therefore, the good
design results can be obtained for supersonic wind tun-

nel nozzles, even for conventional hypersonic wind tun-
nels that generate the cold test flows. Some improved
methods had developed for the high-enthalpy flow noz-

zles, but hardly meet evaluation standards.
(2) The CFD-based optimization methods (CFD/OM) are

taken as the second category in which optimization
methods are closely coupling with CFD solvers for

high-enthalpy flow nozzle designs. The real-gas effect
is included with numerical solutions obtained by solving
the nozzle flow governing equations implemented with

chemical reaction models, and the nozzle contour fur-
ther improved with the optimization algorithms. Since
its first appearance in the early 1990s, the CFD/OM

methods have been evolving with the continuous
improvement of the CFD technologies and various opti-
mization algorithms for decades. More satisfying design

results can be obtained for hypersonic high-enthalpy
nozzles than the MOC/BL methods, and actually, the
design accuracy can reach a high level that the modern
CFD technology could reach if the computational

resources are powerful enough. However, some criti-
cisms on the CFD/OMmethods had been reported, such
as the coupling technology of the CFD solver with the

optimization algorithm is demanding, the computa-
tional cost is high and it is not easy to widely apply in
engineering.

(3) The CFD/MOC/OM is considered as the third category
in which the CFD/OM is embedded into the MOC
design process to avoid the criticisms on the second cat-
egory for high-enthalpy flow nozzles. The initial nozzle

contour based on the potential flow is designed first with
the MOC techniques, and the CFD simulations of the
chemically-reacting non-equilibrium flows are then used

to involve real gas effects and the boundary-layer correc-
tion. In its design process, the CFD data are obtained
first in each iteration step, then the flow information is

collected as the initial and boundary conditions of the
MOC design, and finally one iteration step is completed
with the optimization solver for the new nozzle contour.

Satisfactory optimization results can be obtained with a
few iterations. The CFD/MOC/OM does not require the
coupling technology of the CFD solver with the opti-
mization algorithm, therefore the method is simple and

robust, easy to apply in engineering.

During the recent decades, the hypersonic flight vehicles

have been recognized as the key technology for the future
aviation and aerospace industries. Therefore, the increasing
requirement on hypersonic ground test facilities is foreseeable

because flight tests are much expansive and inefficient. This
demand gives rise not only the performance improvement
on most hypersonic high-enthalpy wind tunnels developed
in the last century, but also motives the development of
new hypervelocity wind tunnels generating high-enthalpy test

flows of high quality. Therefore, developing new design meth-
ods to meet the ever-increasing demands on high quality noz-
zles is still a challenge. By reviewing the research progress

achieved in the past hundred years, the following aspects
seem worth of further exploring in future from our
viewpoint.

(1) The MOC/BL design method alone can no longer pro-
duce satisfactory nozzle contours for hypervelocity and
high-enthalpy wind tunnels, but high-quality nozzles

cab be still obtainable with the aid of high-accuracy
CFD simulations. Accurate experimental data of the
high-enthalpy flows can be also used to provide to rea-

sonable MOC conditions setting, thereby further
improving or correcting the design deviation brought
by real-gas effects. In addition, setting the axial velocity

or Mach number distributions based on the Sivells
method is useful for a nozzle design to obtain relatively
satisfactory results.

(2) Great achievements have been gained in the CFD
research area during the recent decades, however, it is
still a great challenge to accurately simulate the hyper-
sonic high-enthalpy flows in which the gas flow is chem-

ically reacting, the boundary layer may be separated and
transfers into turbulent. In particular, most of the ther-
mochemical reaction models have its different limita-

tions on modelling the hypervelocity flows where its
total temperatures range from 1500 to 10000 K, the
boundary layer is affected significantly by the flow tem-

perature and its transition cannot be predicted with
acceptable accuracy. Therefore, the flow modeling and
high-order CFD solvers are significantly important for

the future nozzle design.
(3) One aspect worth exploring further is to take high-

accuracy experimental data of high-enthalpy flows as
the basis for nozzle optimization design or

boundary-condition setting. Two steps are involved
in the exploring. The first step is to correct the nozzle
contour at the throat based on the experimental data

of the designed nozzle. The process is simple and
straightforward, but not cost-efficient. The partial ‘‘re-
design and re-correction” is necessary for the

machined nozzle. The other one is to take the high-
enthalpy flow field data as the design reference condi-
tion, and make correction and optimization with the
CFD technique. In accordance with the flow parame-

ters, such as the flow enthalpy and Mach number, this
way can take the corresponding test measurements as
the reference conditions for optimizing the nozzle

design.
(4) The CFD/OM method is considered to be of the com-

plex design process and high-computational cost, but it

probably represents the one of the development trends
in nozzle design because of the rapid development of
the computer technology in near future. The high-

accuracy CFD simulations with thermochemical non-
equilibrium reaction models are also in urgent need in
view of the hypersonic technology. This huge driving
force will require that chemically-reacting models used
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in the CFD solver must be further improved. Such the

progress may bring a wide application to the CFD/
OM method.

From a point view of methodology, the hypersonic noz-
zle design initiates from theoretical analysis with the
MOC, and was improved with semi-empirical formula
approximations, enhanced with the boundary-layer correc-

tion and fulfilled with the CFD-based optimization methods
(CFD/OM and CFD/MOC/OM). The MOC is a foundation
and the CFD introduction is a big milestone, and the two

achievements are huge. These theories and methods have
developed into a theoretic system so far, and occupy a big
portion of the wind tunnel theories. In order to support

the development of advanced hypersonic vehicles, the
research on the theory and method for designing the high-
enthalpy flow nozzle is still important and should receive
great attention in future.
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