
Research Article

Xizhou Wang, Xianghong Xu*, and Yang Gu

Dynamic response of Voronoi structures with
gradient perpendicular to the impact direction

https://doi.org/10.1515/rams-2022-0047
received March 04, 2022; accepted June 03, 2022

Abstract: Gradient porous structures are extensively
studied in impact-resistant structures due to their light
weight and high energy absorption. Different from existing
studies, this article focuses on novel Voronoi structures
with gradient perpendicular to impact direction, and com-
pares their dynamic response with the uniform structure
through numerical simulation. It shows that the novel
gradient design comprehensively improves the impact
resistance of Voronoi structures. Furthermore, density gra-
dient is introduced into the one-dimensional shock model,
and the theoretical solution of the plateau stresses at the
impact end are compared with the simulation results,
which verifies the correctness of the model in this article.

Keywords: gradient Voronoi structure, energy absorp-
tion, one-dimensional shock model

Abbreviations

DOF degree of freedom
EPPR elastic perfectly-plastic rigid
FE finite element
RLHPL rigid linearly-hardening-plastic locking
RPH rigid plastic-hardening
RPPL rigid perfectly-plastic locking
TO topology optimization

1 Introduction

Honeycomb, animal skeleton, corkwood [1], and other
natural porous structures are characterized by lower den-
sity and higher plastic deformation capacity than base
materials. Thus, porous structures have both light weight
and excellent energy absorption performance. At present,
biomimetic porous structures have been widely used in
impact protection structures, such as foamed aluminum
composite armor of armored vehicles, fuselage of large
civil airplanes, automotive crash box, landing pads of
space capsules, explosion-proof deck of naval vessels,
and headstock anti-collision device of high-velocity
trains [2–6]. With the rapid development of modern
science and technology, higher requirements have been
proposed for the impact resistance of materials or struc-
tures. On the premise of light weight, researchers have
adopted methods such as topology optimization of cell
structures [7–9], carbon fiber-reinforced base materials
[10,11], and gradient design of cell geometric parameters
[12–23], aiming to improve the anti-impact performance of
porous structures.

In reported studies on the impact resistance of porous
structures, the gradient design of cell geometric para-
meters is always along the direction of impact. One is
layered gradient porous structure [12–16], i.e., the struc-
ture is equally divided into finite layers along impact direc-
tion, in which cell geometric parameters are uniformly
distributed in a layer and are in gradient distribution
among different layers. Another is continuous gradient
porous structure [17–23], i.e., the cell geometric para-
meters are in continuous gradient distribution along
impact direction. Specifically, if the cell wall thickness
decreases or cell size increases along the impact direc-
tion, it is called positive gradient; on the contrary, it is
called negative gradient.

In terms of numerical simulation and experiment,
Ajdari et al. [12] designed two-dimensional regular hon-
eycombs and Voronoi structures with layered gradient in
cell wall thickness, and analyzed the deformation and
energy absorption characteristics of the gradient
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structures under impact compression at different veloci-
ties with finite element (FE) method. Zhang et al. [13]
designed two-dimensional circle arc porous structures
with layered gradient in cell wall thickness, and simu-
lated the crushing response at different impact velocities
with FE method. Liu et al. [14] designed three-dimen-
sional metal hollow sphere foams with layered gradient
in cell wall thickness, analyzed the stress response and
energy absorption characteristics of positive and negative
gradient structures at different impact velocities with FE
method, and gave the semi-empirical formula for the pla-
teau stress at both ends of the structures. Chen et al. [15]
provided layered design for three-dimensional Voronoi
foams, and investigated the effect of layered arrangement
on structural deformation and energy absorption with FE
method. Liang et al. [17] designed continuous gradient
two-dimensional Voronoi structures and investigated
the effect of the continuous gradient design on the buf-
fering and energy absorption of the structure with FE
method. Chen et al. [18] designed two-dimensional Vor-
onoi structures with symmetrical continuous gradient
distribution, and simulated the effects of cell porosity
gradient, cell wall thickness, cell count, and impact velocity
on structural energy absorptionwith FEmethod. Duan et al.
[20] and Zhao et al. [23] fabricated Voronoi structures with
gradient by additive manufacturing technology success-
fully, and verified the simulation results with experiments.

The gradient design of cell geometric parameters
along the impact direction has different effects on the
energy absorbed by porous structures with different
impact velocities and deformation stages [13–19]. In
the plateau stage, the gradient design along the impact
direction can improve energy absorption of the porous
structure under medium and high-velocity impacts, but
the gradient structure has a poor energy absorption under
low-velocity impact. In case of high-velocity impact, the
energy absorption of positive gradient structure is
obviously higher than that of negative gradient structure
and uniform structure with the same strain; in case of
medium-velocity impact, the positive gradient structure’s
improvement effect in energy absorption is weakened; in
case of low-velocity impact, positive and negative gradient
structures under equal strain have nearly the same energy
absorption, which is lower than that of the uniform struc-
ture. When the nominal strain is 0.5, compared with the
uniform structure, the energy absorption of positive gra-
dient structure under high and medium-velocity impacts
can be improved by up to about 32 [13] and 26% [12], respec-
tively. Under low-velocity impact, energy absorbed by gra-
dient structure can be up to 34% [12] lower than that of
uniform structure. When it comes to the densification strain,

the gradient structure and uniform structure have almost
the same energy absorption under any impact velocities [19].

In terms of theoretical research, Reid and Peng [24]
proposed a one-dimensional shock model for uniform
porous materials, which assumes that the model was in
one-dimensional strain state and ignores the effects of
deformation and inertia effect in the lateral direction.
Based on the one-dimensional shock model and combined
with different engineering backgrounds, researchers pro-
posed some stress–strain idealized models for uniform
porous materials, such as the rigid perfectly-plastic
locking model [24], the elastic perfectly-plastic rigid
model [25], the rigid linearly-hardening-plastic locking
model [26], and the rigid plastic-hardening model [27].
In addition, Shen et al. [28], Karagiozova and Alves [29],
Liu et al. [30], Yang et al. [31], Liu et al. [32], and Ding
et al. [33] developed the one-dimensional shockmodel to
study the dynamic response of gradient porous structures
under uniaxial impact compression. For porous structures
with layered and continuous gradients along the impact
direction, Liang et al. [17] and Zhang et al. [16] developed
corresponding theoretical models, respectively, and veri-
fied them with numerical analysis.

This article is organized as follows. In Section 2,
Voronoi structures with gradient perpendicular to impact
direction were designed. In Section 3, the effect of the
gradient design on the impact compression performance
of the Voronoi structure was analyzed with FE method. In
Section 4, design of density gradient perpendicular to
impact direction was introduced to further develop the
one-dimensional shock model for gradient porous struc-
tures. Section 5 ends the article with some conclusions.

2 Methods and modeling

2.1 Gradient Voronoi structures

Gradient Voronoi structures are generated by combining
the spreading circle method [34] and gradient grid
method [35] (Figure 1).

Step 1: Determine the number of grids per layer.
The rectangular region of length L1 and height L2 is

divided into I layers, and the ith layer is equally divided
into Ji grids,
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where INT refers to the rounding function, N refers to the
total number of cells, and a refers to the gradient coeffi-
cient along the direction of height. Step 1 determines the
gradient of the generated structure by controlling the
value of a.

Step 2: Calculate the length–height ratio.
In the ith layer, the grid length = /l L Ji i1 1 , the grid

height l2i shall satisfy that
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Step 2 ensures that all grids have the same length–
height ratio.

Step 3: Generate cell cores.
In the grid of the ith layer, the spreading circle is

made with grid centroid as center and ξi as radius, and
ξi shall satisfy that,

( )=ξ λ l lmin , ,i i i1 2 (3)

where λ refers to the radius coefficient of the spreading
circle and 0 ≤ λ ≤ 1. In each spreading circle, a cell core is
chosen randomly. Step 3 determines the irregularity of
the generated structure. The smaller the value of λ, the
smaller the differences in shape and size of the cells
within the same layer.

Step 4: Generate Voronoi model.
Delaunay triangulation network is constructed based

on all generated cell cores. For any cell core, a Voronoi
polygon (i.e., a cell) can be obtained by connecting the
circumcenter of all adjacent triangles, and the common
edges of adjacent cells are not connected repeatedly. A
solid Voronoi model can be obtained by translating the

edges of all generated Voronoi polygons in-plane to
ensure that all cell walls have the same thickness b.
The relative density of the model can be obtained by
getting the total area of all cell walls to be divided by
the area of the two-dimensional region. When calculating
the total area of cell walls, if the cell wall thickness b
is far below its length, the overlapped area between
cell walls is a high-order infinitesimal and thus can be
ignored. When the model relative density, length L1 and
height L2, total number of cells N, number of grid layers I,
and gradient coefficient a are given, then layer-cell-
number Ji, grid sizes l1i and l2i (i = 1,2,…I), and the cell
wall thickness b will be uniquely determined. Step 4 gen-
erates Voronoi model according to the cell cores gener-
ated in step 3, and control the relative density of the
generated structure by changing the cell wall thickness b.

Figure 2a gives the distribution curves of layer-cell-
number Ji versus grid layers. The relative density of Vor-
onoi model is 5.5%, length L1 = 20 mm, height L2 =
20mm, out-of-plane thickness L3 = 1 mm, total number
of cells N = 900 ± 5, number of grid layers I = 29, the
radius coefficient of the spreading circle λ = 1/3, and
gradient coefficient a = 0, 0.25, 0.35, −0.4, −0.6, res-
pectively. The 15th layer is the central layer, and Ji is
symmetric about it, and the distribution of Ji along the
direction of height is uniquely determined by the gradient
coefficient a. In order to avoid the appearance of severely
distorted cells, the value of a is between −0.6 and 0.35.
The layer-density is defined as the sum of the cell wall
volume of each layer multiplied by the density of base
materials, and then divided by the total volume of the
grids of the layer, where the volume of cell walls between

Figure 1: Schematic diagram of gradient Voronoi model generated by gradient grid and spreading circle methods. The length and height of
the model are L1 and L2, respectively; the thin solid lines and the thick solid lines represent cell edges and the grids, respectively, the
dashed lines represent the Delaunay triangle network, and the dots represent the cell cores; the number of grid layers is I, Ji, ξi, l1i, and l2i
represent the layer-cell-number, the radius of spreading circle, grid length, and height of the ith layer, respectively.
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two layers is equally shared (Figure 2b). The layer-cell-
size is defined as the average diameter of equal-area cir-
cles of all polygon cells in each layer (Figure 2c).

Figure 3 shows the generated Voronoi models. When
a = 0, Ji is a constant, the layer-cell-size and layer-density
of each layer are nearly equal, which is known as a uni-
form model (Figure 3a); when a > 0, the layer-cell-
number on the upper and lower edges is lower than
that in the center of the model, while the layer-cell-size
and layer-density increase from the center to the edges,
which is known as a positive gradient model (Figure 3b
and c); when a < 0, the layer-cell-number on the upper
and lower edges is higher than that in the center of
the model, while the layer-cell-size and layer-density
decrease from the center to the edges, which is known
as a negative gradient model (Figure 3d and e). It can be
seen that the greater the absolute value of a, the greater
the change gradient of layer-cell-number, and the larger
the varying gradient of layer-cell-size and layer-density.

2.2 FE model

The FE software Abaqus/Explicit was used to numerically
simulate the uniaxial impact compression process of
Voronoi models. The base material of the model is
Al-5052-H39 [36], with a density of 2,750 kg·m−3 and the
bilinear kinematic hardening elastoplastic constitutive
model, its elastic modulus is 68.97 GPa, the Poisson’s
ratio is 0.32, the yield stress is 282 MPa, the post-yield
modulus is 0.69 GPa, and the plastic strain limit is 0.287.
When the strain exceeds this value, the stress will remain
unchanged at 480MPa.

Figure 3a is the schematic diagram of the Voronoi
model under uniaxial impact compression. The support
rigid and impact rigid are set on the left and right sides of
the model, respectively, of which the support rigid is
fixed, while the impact rigid is applied with a constant
impact velocity v along the x-axis. The impact velocities
are 5, 25, and 150m·s−1, respectively. All FE models of

Figure 2: Distribution curve of the (a) layer-cell-number Ji, (b) layer-density, and (c) layer-cell-size versus grid layers. The total number of
cells N = 900 ± 5; number of grid layers I = 29; the radius coefficient of the spreading circle λ = 1/3. All Voronoi models have a relative
density of 5.5%.
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Voronoi structures are meshed by S4R shell element. The
uniaxial impact compression of Voronoi model is a kind
of plane strain problem, which constrains the out-of-
plane rotation and displacement of all nodes in the
model, with three degrees of freedom per node. The dis-
placement along the y-axis direction at the intersection of
the cell walls on the upper and lower boundaries of the
model is constrained. In addition, self-contact is set
between all cell walls and between cell walls and the
rigid plates, with a friction coefficient of 0.02.

3 Results and discussion

3.1 Nominal stress–strain curve and plateau
stress

Figure 4a gives the nominal stress–strain curves at the
impact end of Voronoi structures under uniaxial impact
compression. Specifically, nominal stress is obtained by
getting the support reaction force of the right rigid plate
to be divided by the contact area L2L3, nominal strain is
obtained by dividing the compression of the model along
the length by L1. Similarly, divide the support reaction

force of the left rigid plate by L2L3 to obtain the nominal
stress at the support end of the model (Figure 4b).
Therefore, similar to the uniform structure, the nominal
stress–strain curve of the gradient structure is divided
into three stages, i.e., linear elasticity stage, plateau
stage, and densification stage [37]. The initial stage of
impact compression is the linear elasticity stage, during
which the nominal stress increases linearly with nominal
strain. Later, it is the plateau stage, during which the
nominal stress stabilizes at a certain level and no longer
increases with nominal strain. Finally, it is the densifica-
tion stage, during which the nominal stress–strain curve
rises sharply.

The plateau stress is defined as the average value of
the nominal stress in the plateau stage, the plateau
stresses of the support end and the impact end are
denoted as σ0 and σ*, respectively. In view of the nominal
stress–strain curves under middle or low-velocity impact
compressions (the thick solid line in Figure 5), the onset
point of plateau stage A corresponds to the point where
the stress tends to be stable; the end point of plateau
stage B corresponds to the onset point of the densification
stage, and the strain of the point is denoted as εcd. In the
plateau stage, the stress is stable, and the energy absorp-
tion efficiency ( ) ( )( )∫ /σ ε ε σ εd

ε

0
increases with the nominal

Figure 3: Voronoi models and the schematic diagram of uniaxial impact compression. Gradient coefficient a = (a) 0, (b) 0.25, (c) 0.35,
(d) −0.4, and (e) −0.6.

Dynamic response of gradient Voronoi structures  517



strain; in the densification stage, the stress increases,
while the energy absorption efficiency decreases [38] (the
dotted line in Figure 5). Therefore, the turning point of the
energy absorption efficiency curve corresponds to Point B.
After entering the densification stage, cells are compressed
to fully collapse gradually. When the structure is fully
dense, material of cell walls is compressed [37], and the
point is called as densification point which corresponds to
densification strain εd. In view of high-velocity impact com-
pression, cells collapse layer by layer from the impact end

Voronoi structure is fully dense at the end of plateau stage.
Therefore, the values of εcd and εd are equal at high-
velocity impact, i.e., the end point of plateau stage B
and the densification point C are the same point, which
can be determined by the change in trend of the nominal
stress–strain curve (the thin solid line in Figure 5). For the
same Voronoi structure, the nominal strain is the same
when it is compressed to be fully dense, so εd is unrelated
to impact velocity.

As shown in Figure 6a, the plateau stress of the sup-
port end σ0 is mainly affected by the characteristics of the
structure itself during impact compression. In the plateau
stage, the velocity of materials at the support end is
almost 0 and the deformation is small, the inertia effect
can be ignored, in which case the difference in σ0 of the
same structure is small at different impact velocities. For
the same impact velocity, the larger the varying gradient
of layer-cell-size, the higher the σ0 of the gradient struc-
ture, which can reach up to 2.4 times of that of uniform
structure.

The plateau stress of the impact end σ* is affected by
the characteristics of the structure itself and the impact
velocity. Due to the inertia effect, for the same structure,
the greater the impact velocity, the higher the value of
σ*. Under low-velocity impact, interior of Voronoi struc-
ture is approximately in the state of stress equilibrium,
and σ* is mainly affected by the characteristics of the
structure itself, which is almost equal to σ0; under

Figure 4: Curves of (a) impact end stress, (b) support end stress, and (c) strain energy of the Voronoi models under uniaxial impact
compression.

Figure 5: Characteristic strain points of the Voronoi under impact
compression: A, B, and C represent the onset point of plateau stage,
the onset point of densification stage, and the densification point,
respectively.
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medium-velocity impact, σ* slightly increases than that
under low-velocity impact due to the joint action of the
characteristics of the structure itself and the inertia
effect; under high-velocity impact, σ* is mainly affected
by the inertia effect, which is several times of that under
low-velocity impact. For the same impact velocity, the
larger the varying gradient of layer-cell-size, the higher
the σ* of the gradient structure. Under low-velocity
impact, the maximum σ* of the gradient structure is
about 2.4 times of that in the uniform structure; as the
impact velocity increases, the effect of the characteristics
of the structure itself on σ* decreases. Under high-velocity
impact, the maximum σ* of the gradient structure is only
1.1 times that of the uniform structure.

3.2 Deformation mode

Figure 7 gives the deformation modes of Voronoi struc-
tures under uniaxial impact compression. When the impact
velocity is 5m·s−1, the internal structure is in the state of
stress equilibrium, cells collapse randomly and produce
crush bands, and the macroscopical deformation of the
structure is homogeneous, which is a quasi-static mode
[39] under low-velocity impact. When the impact veloc-
ity is 25 m·s−1, the structural deformation is affected by
the inertia effect, crush bands are mostly concentrated

at the impact end and they are even more densely dis-
tributed in the region with a higher layer-density in the
gradient structure, which is a transition mode [39] under
medium-velocity impact. When the impact velocity is
150 m·s−1, the inertia effect plays a leading role in struc-
tural deformation, and cells collapse sequentially from
the impact end, which is a dynamic mode [39] under
high-velocity impact. At this time, the deformation of
the gradient structure is obviously different from that
of the uniform structure. The layer-densities in the uni-
form structure are almost equal, the shock wave propa-
gates at the same velocity at different ordinates, and the
shock wave front lies on a straight line. In regions with a
higher layer-density in the gradient structure, the shock
wave has a faster propagation velocity, and the shock
wave front is parabolic, which explains why the onset
strain of densification εcd and the densification strain εd
of the gradient structure are lower than those of the
uniform structure.

3.3 Energy absorption

Under impact load, the energy absorbed by Voronoi
structure is mainly transformed into strain energy (elastic
strain energy and plastic strain energy) stored in the
structure. Figure 4c gives the curve of the strain energy

Figure 6: Curves of (a) the plateau stress and (b) energy ratio versus gradient coefficient.
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stored in the model changing with the nominal strain ε.
When ε < εcd, the strain energy stored in the structure lin-
early increases with the nominal strain; when εcd ≤ ε < εd,
the structure is compressed to be dense gradually, and
the slope of the strain energy curve increases gradually;
when ε ≥ εd, the structure has been compressed to be
fully dense and loses its buffering capacity, the strain
energy curve rises sharply.

Under the same impact velocity and characteristic
strain point, the ratio of strain energy stored in gradient
structure to that in uniform structure is defined as
energy ratio. Figure 6b gives the curve for the energy
ratios of three characteristic strain points changing with
gradient coefficient at different impact velocities. Voronoi

structures have the best energy absorption effect in the
plateau stage, stress at both ends of the structure are rela-
tively stable, and the values of εcd in all models is greater
than 0.5, so 0.5 is taken as the first characteristic strain
point, at which the energy absorption performance of dif-
ferent structures under equal strain in the plateau stage
are compared. It can be found that the larger the varying
gradient of layer-cell-size, the higher the energy ratio
under the same impact velocity. The higher the impact
velocity, the lower the energy ratio of the same gradient
structure, and less effect of the gradient coefficient on the
energy ratio. Under low-velocity impact, the energy ratio
can reach up to 2.4; under high-velocity impact, the energy
ratio can reach up to 1.1 only. The second characteristic

Figure 7: Deformation modes of Voronoi structures. Impact velocities are 5, 25, and 150m·s−1, respectively. Gradient coefficient a = (a) 0, (b)
0.35, and (c) −0.6.
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strain point adopts εcd, which corresponds to the end of
the plateau stage and the onset of the densification stage
of the Voronoi structure, where stress at both ends begins
to rise, while the buffering capacity starts to drop, and the
strain energy at the time of εcd can reflect the structure’s
energy absorption characteristics with effective buffering
and protective function. εd is adopted as the third charac-
teristic strain, which corresponds to the Voronoi structure
has been compressed to be fully dense, and the stress at
both ends begins to rise sharply. The strain energy at the
time of εd can reflect the maximum energy absorption
capacity of the moment before the structure loses buffering
capacity. The changing law of energy ratio with gradient
coefficient and impact velocity at εcd and εd is similar to
that at the characteristic strain point of 0.5. The shock
wave first reaches the support end at the layer with the
highest layer-density, so the εcd of the gradient structure is
smaller than that of the uniform structure; similarly, layer
with the maximum layer-density in the gradient structure
is compressed to be fully dense earlier, and thus the εd is
also smaller than that of the uniform structure. In addi-
tion, the larger the varying gradient of layer-cell-size, the
smaller the values of εcd and εd. Compared with the situa-
tion under equal strain of 0.5, the energy ratios of the same
gradient structure at the strain of εcd and εd decrease suc-
cessively. At the same time, the difference in the energy
ratio caused by the change of layer-cell-size becomes
smaller, and the higher the impact velocity, the smaller
the difference. Under low-velocity impact, the energy ratio
at the time of εcd reaches the maximum of about 2.1, and

that at the strain of εd reaches the maximum of about 1.7;
while under high-velocity impact, the energy ratio at the
strain of εcd and εd is about 1.

According to the statistical analysis of the strain
energy stored in the structure at the equal strain in the
plateau stage, effective protection stage and the moment
of full densification, the gradient design perpendicular to
impact direction can increase the energy absorbed by
Voronoi structure under uniaxial impact compression,
and improve its anti-impact performance comprehen-
sively. At the same impact velocity, the larger the varying
gradient of layer-cell-size, the more energy absorption of
the gradient structure. Specifically, the structure whose
gradient coefficient is −0.6 has the best energy absorption
effect. Under low-velocity impact, the energy absorptions
at the nominal strain of 0.5, εcd and εd are 2.4, 2.1, and
1.7 times those of the uniform structure, respectively.
To sum up, as the impact velocity increases, the effect
of the gradient design on structural energy absorption
decreases. At the impact velocity of 150m·s−1, the energy
absorption of the gradient structure is nearly the same as
that of the uniform structure.

3.4 Mechanism analysis of gradient design
on energy absorption

Figure 8 gives the curve for the average Mises stress and
total strain energy of each layer in the Voronoi model at

Figure 8: Curves of the average Mises stress and total strain energy versus grid layers. Gradient coefficient a = (a) 0, and (b) −0.6. Nominal
strain ε = 0.5.
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the nominal strain of 0.5. In the uniform structure, the
average Mises stress of each layer is similar, and the
stored strain energy is nearly the same (Figure 8a).
In the gradient structure, the smaller the layer-cell-size
in the layer, the higher the layer-density, and higher the
average Mises stress and stored strain energy (Figure 8b).
Under the same relative density and impact velocity, the
strain energy stored in the middle layer of the negative
gradient model is equivalent to that of the uniform struc-
ture, while that stored in other layers is higher than that
in the corresponding layers of the uniform structure,
which makes the strain energy stored in the gradient
structure higher than that in the uniform structure.

Specifically, for the negative gradient model whose
a is −0.6, the average Mises stress in the middle layer is
about 0.9 times that in the same layer of the uniform
structure, but that in the marginal layer can reach the
maximum of 2 times that of the middle layer, much
higher than that of the uniform structure. Similarly,
the strain energy stored in the middle layer under low-
velocity impact is about 0.6 times that of the uniform
structure, while that stored in the marginal layer is 14.1
times that of the middle layer, which is 6.6 times that of
the same layer in the uniform structure. With the increase
of the impact velocity, the difference in the energy stored
between the same layer of the gradient structure and uni-
form structure becomes smaller, the difference in the
energy stored between the marginal layer and the middle
layer of the negative gradient structure becomes smaller,
the effect of the gradient design on energy absorbed by
Voronoi structure decreases. Under high-velocity impact,
for the negative gradient model whose a is −0.6, the
strain energy stored in the middle layer is nearly the
same as that stored in the corresponding layer of the uni-
form structure, and the strain energy stored in the mar-
ginal layer is about 2.7 times that stored in the middle
layer.

4 One-dimensional shock model
for gradient Voronoi structure

Under low-velocity impact, the internal structure is in the
state of stress equilibrium, and the plateau stresses on
both ends are almost equal. Figure 9 gives the one-
dimensional shock model for the gradient Voronoi struc-
ture under medium and high-velocity impacts. Assuming
that the specimen is in the state of one-dimensional
strain, the velocity of the area not swept by shock wave

is 0, and the density remains unchanged. The velocity of
the area swept by shock wave is the same as the impact
velocity, and the density after compression is uniform at
each point. In the specimen with length L1, height L2, and
out-of-plane thickness L3, the density is in gradient dis-
tribution along the direction of y-axis, and the initial
density of the micro-element δy at any height y is denoted
as ρ0(y). The support rigid is on the left side of the spe-
cimen, and the impact rigid with a constant velocity v is
on the right side of the specimen (Figure 9a). At time 0,
the impact rigid contacts the right side surface of the
specimen, and the compression process begins. At time
t (Figure 9b), the displacement of the right side surface of
the specimen along the direction of x-axis is u(t). The left
side of the micro-element δy is the area not swept by
shock wave, its length is l(y,t), there is only a small elastic
deformation, the initial density remains unchanged, the
velocity at each point is 0, and the normal stress along
the direction of x-axis is σ0, i.e., the plateau stress at
support end. The right side of the micro-element δy is
the area swept by shock wave, its length is x(y,t), and cells
are collapsed after compression. Assuming that the den-
sity at each point is uniform, the density after compression

Figure 9: One-dimensional shock model for gradient Voronoi
structure: (a) uniaxial impact compression model, (b) at time t, and
(c) at time tcd.
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is ρ1, the velocity is x(y,t), and the normal stress along the
direction of x-axis is σ*, i.e., the plateau stress at impact
end. According to the geometrical relationship:

( ) ( ) ( )= + +L l y t x y t u t, , ,1 (4)

take the derivative of both sides with respect to time t,

( ) ( ) ( )+ = −l y t x y t u ṫ , ̇ , ̇ , (5)

where ( ) =u t v̇ . According to the principle of mass con-
servation, the mass of the area swept by the shock
wave at the micro-element δy remains unchanged during
compression,

( ) ( )[ ( ) ( )]= +ρ x y t δy ρ y x y t u t δy, , ,1 0 (6)

derivation of both sides to t, then the shock wave pro-
pagation velocity,

( )
( )

( )
=

−
x y t

ρ y
ρ ρ y

v̇ , .0

1 0
(7)

Obviously, the propagation velocity of the shock wave in
the micro-element δy is positively correlated with its
initial density ρ0(y). The gradient structure has different
initial densities at different heights y, and then it has
different propagation velocities of shock wave, in which
case the wave front of the gradient structure is parabolic.
According to the principle of momentum conservation,

( )− =σ σ L L δt vδm,⁎
0 2 3 (8)

where δt is the time micro-element, δm is the mass of the
area swept by the shock wave within the time of δt, and

( )∫=δm ρ L x y t δt ẏ , d .
L

0

1 3

2

(9)

Substituting equation (9) into equation (8),

( )∫= +σ σ
ρ v
L

x y t ẏ , d .
L

⁎
0

1

2
0

2

(10)

When y = y0, the initial density ρ0(y) reaches the max-
imum, and the propagation velocity of shock wave hits
the peak. At time tcd (Figure 9c), the shock wave reaches
the support end, and the plateau stage ends, corre-
sponding to the onset strain of densification εcd, and
equation (7) can be expressed as:

( ) ( )= +L x y t u t, ,1 0 cd cd (11)

and ( ) =u t L εcd 1 cd, substituting equation (11) into
equation (6),

( )
=

−
ρ

ρ y
ε1

.1
0 0

cd
(12)

Substituting equations (7) and (12) into equation (10),
the plateau stress at the impact end in the gradient
Voronoi structure can be expressed as:

( ) ( )
( ) ( ) ( )∫= +

− −
σ σ

ρ y v
L

ρ y
ρ y ε ρ y

y
1

d .
L

⁎
0

0 0
2

2
0

0

0 0 cd 0

2

(13)

As for the uniform structure, ρ0(y) in the model is a
constant, denoted as ρ0, equation (13) can be simplified
as = + /σ σ ρ v ε⁎

0 0
2

cd [24].
According to equation (12), density of the dense area

swept by shock wave ρ1 in different gradient structures
can be obtained (Figure 10). At the same velocity, the
larger the varying gradient of layer-cell-size, the greater
the ρ1 value of the gradient structure, the more compact
the structure under compression, and higher the energy
absorption. Figure 6a gives the theoretical solution to the
plateau stress at the impact end at medium and high
velocities obtained according to equation (13). It is found
that the maximum relative difference between the theo-
retical solution result and the numerical simulation result
is about 5.7%, showing high consistency and verifying
the correctness of the theoretical analysis in this article.

5 Conclusions

In this work, we have designed Voronoi structures with
gradient perpendicular to impact direction, and their
dynamic responses under uniaxial impact compression
were studied by numerical simulation methods, and the
corresponding one-dimensional shock model was pro-
posed. Comparing the theoretical calculation with the

Figure 10: Density of the dense area swept by shock wave ρ1.

Dynamic response of gradient Voronoi structures  523



simulation results, the following conclusions can be
obtained:
(1) The gradient design perpendicular to impact direction

can comprehensively improve the energy absorbed by
Voronoi structure, and it is affected by the cell size
gradient and impact velocity. At the same impact
velocity, the larger the varying gradient of layer-
cell-size, the more the energy absorbed by the gra-
dient structure. As the impact velocity increases, the
effect of gradient design on the energy absorption of
the Voronoi structure decreases.

(2) The gradient distribution of layer-cell-size changes
the impact resistance of the Voronoi structure. The
layer with a smaller layer-cell-size is denser and
bears a higher load, and its stored strain energy is
much higher than that of the corresponding layer in
the uniform structure, thereby increasing the energy
absorbed by the gradient structure. As the impact
velocity increases, the strain energy stored in cells
increases, the difference between the gradient struc-
ture and the corresponding layer in the uniform
structure decreases, and the effect of the gradient
design on energy absorbed by Voronoi structure
decreases.

(3) The one-dimensional shock model for the gradient
Voronoi structure in this article is proposed by intro-
ducing density gradient perpendicular to the impact
direction. Theoretical analysis shows that propaga-
tion velocity of the shock wave in the gradient struc-
ture is positively correlated with the initial density of
cells. The larger the varying gradient of layer-cell-
size, the greater the density of the dense area swept
by shock wave, the more compact the structure under
compression, and more the energy absorbed by gra-
dient Voronoi structure. Through calculation, the
theoretical solution of the plateau stress at the impact
end is in good agreement with the numerical simula-
tion result, which verifies the correctness of the the-
oretical model in this article.
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