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ABSTRACT

Structural morphing is an efficient means to enable the design of aircrafts for diverse requirements, such as high endurance and high speed;
however, there may be side effects on the aerodynamic performance, which needs to be considered before its implementation. In this paper,
we particularly focus on the impact of a representative morphing structure, a continuously extending wall in the chordwise direction, on the
laminar-turbulent transition in subsonic boundary layers. The large-Reynolds-number asymptotic approach is employed, and both the
mean-flow distortion and the perturbation field are described by the triple-deck theory, which leads to a great reduction in the number of
the controlling parameters and shows clearly their interaction mechanisms. Two relevant mechanisms, namely, the local receptivity and local
scattering mechanisms, are considered, whose effects on the development of the boundary-layer instability modes, leading to a change in the
transition onset eventually, are quantified systematically by solving numerically the high-dimensional linear equation system. The receptivity
efficiency is greater near the lower-branch neutral frequency, while the scattering effect increases with the frequency monotonically. Both the
receptivity and scattering calculations show good agreement with the linear predictions when the extending-wall speed is sufficiently low, but
for a moderate extending speed, both the receptivity efficiency and the scattering efficiency increase superlinearly with the extending speed.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0106736

I. INTRODUCTION

With the progressively increasing requirement of the aviation
sector in the modern world, many new technologies and novel
concepts are developed to improve the aircraft performance. In
order to execute multiple tasks in a more efficient way, structural
morphing is preferred in the aircraft designs, which, however,
requires consideration of many fundamental problems relating to
the aerodynamic performance of the flying vehicles. Laminar-
turbulent transition in boundary-layer flows is an unavoidable
problem in aerodynamic designs due to its direct relevance to sur-
face friction, and it is of practical importance to study the morph-
ing effect on transition before its implementation. There have been
quite a few morphing strategies for subsonic and transonic flights,
including planform alternations (chord, span, and sweep), out-of-
plane transformations (twist, dihedral/gull, and spanwise bend-
ing), and airfoil adjustment (camber and thickness).1,2 In this
paper, we particularly focus on the effect of an extendable wall in
the chordwise direction in subsonic boundary layers.

When the wall is extending, the boundary condition of the fluids
at the extending point becomes discontinuous, which leads to a rapid
mean-flow distortion in a localized region. Such a distortion could
either interact with the freestream perturbations, exciting the
boundary-layer instability modes due to the receptivity regime, or
interact with the oncoming boundary-layer instability modes, leading
to a rapid distortion of the latter due to the local scattering regime.
The two regimes affect the accumulation of the instability modes,
which eventually leads to a movement of the transition onset. In order
to predict this movement, the two aforementioned regimes need to be
described quantitatively.

In order to describe the excitation of the Tollmien–Schlichting
(TS) waves due to the interaction of freestream acoustic waves and
roughness, Ruban3 and Goldstein4 developed the first local receptivity
theory, separately. Because both the roughness-induced mean-flow
distortion and TS instability are concentrated in a near-wall thin layer
and have the same length scales in the streamwise direction, their
behaviors and interaction could be described by the same formalism,
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the triple-deck formalism. The receptivity efficiency was quantified by
use of the residual theorem due to the appearance of a discrete pole in
the spectrum solution of the excited perturbation. This theoretical
framework was subsequently extended to the vorticity–roughness
interaction,5,6 the entropy–roughness interaction,7 and the vorticity-
acoustic interaction.8 Such a local receptivity theory also applies for
transonic configurations,9 and even the receptivity of the three-
dimensional Mack first modes with large oblique angles in supersonic
boundary layers.10 However, for the Mack second or higher-order
modes and the quasi-two-dimensional first modes, the local recep-
tivity is described by a different asymptotic theory.11 This paper con-
siders the morphing-wall effect in subsonic boundary layers in which
the instability is of the viscous TS nature, and so its local receptivity
due to the interaction of the morphing wall and freestream acoustic
waves can be described by the same framework as in the Ruban–
Goldstein theory.3,4 It is, however, interesting to note that if the
extending speed of the morphing wall is comparable with the charac-
teristic velocity in the lower deck, i.e., the nonlinearity comes into
the leading order, then the excited TS instability downstream of the
extending point shows a different dispersion relation from the
oncoming TS instability. This can be interpreted as the Doppler effect
in a moving frame.

The local scattering of the oncoming TS waves by localized
roughness in subsonic boundary layers was theoretically formulated
by Wu and Dong,12 in which a transmission coefficient was intro-
duced to quantify the amplitude change in the perturbations due to
the scattering effect. Again, the triple-deck formalism was employed,
which helps to reveal the physical mechanism for the TS-roughness
interaction. Because in the large-Reynolds-number approximation, the
TS waves upstream and downstream of the roughness have the same
shape profiles, although with different amplitudes, a generalized eigen-
value problem, with the transmission coefficient appearing as the
eigenvalue, was formulated. This transmission coefficient can be inte-
grated in the traditional e-N transition prediction method to take into
account the roughness impact. Such a framework was latter applied to
describe the TS-step and TS-step-suction interactions13,14 and the scat-
tering problem in transonic configurations.15 Note that the scattering
mechanism of the inviscid Mack modes in a supersonic or hypersonic
boundary layer is completely different, as revealed by Refs. 16 and 17.
At a finite Reynolds number, the scattering efficiency for both the low-
and high-speed regimes can be alternatively obtained by the harmonic
linearized Navier–Stokes approach,18,19 direct numerical simula-
tions,20 and experiments.21,22 However, the asymptotic description is
more desirable for revealing the underlining mechanism. For the
morphing wall in subsonic boundary layers, the majority formulation
of Ref. 12 can be applied; however, the morphing wall induces a
Doppler effect on the TS instability, rendering a discrepancy of the
perturbation profile in the downstream limit from the oncoming one.
Thus, the generalized eigenvalue problem is not recovered, and a mod-
ification of the formula system is required.

The rest part of this paper is structured as follows. The physical
model and the governing equations are introduced in Secs. IIA and
II B, respectively, followed by the triple-deck descriptions of the mean
flow in Sec. IIC and the perturbations Sec. IID. The inflow perturba-
tions for the receptivity and local scattering calculations are introduced
in Secs. II E and II F, respectively, and the receptivity and transmission
coefficients for quantifying the two regimes are introduced in Sec. IIG.

The numerical results are shown in Sec. III, and finally, we present the
concluding remarks in Sec. IV.

II. PHYSICAL MODEL ANDMATHEMATICAL
DESCRIPTIONS
A. Physical model

In order to show the impact of the morphing effect on the insta-
bility evolution in a boundary layer over a wing, we choose a simplified
model, namely, a flat plate that is extending continuously from a loca-
tion with a distance L to its leading edge; see Fig. 1. The plate is divided
into two subplates, and the second one is moving tangentially with a
constant speed u�s . For simplicity, we assume the plate at the extending
point to be smooth with no steps or gaps, and the wall is assumed to
be isothermal. The moving plate is arranged in a uniform subsonic
stream with zero angle of attack. Two related mechanisms are consid-
ered (see the sketch in Fig. 1): (1) when an incident plane sound wave
is introduced in the free stream, its interaction with the rapidly dis-
torted mean flow around the extending point leads to the receptivity
of the TS waves; (2) when an oncoming TS wave is introduced in the
region upstream of the extending point, it would be deformed rapidly
in the vicinity of the extending point due to the local scattering effect,
leading to an amplitude distortion of the downstream transmitted TS
wave. Both mechanisms influence the accumulation of the TS wave
and eventually change the transition onset.

The flow field is described by the two-dimensional (2D)
Cartesian coordinate system ðx�; y�Þ ¼ Lðx; yÞ, with its origin, o,
locating at the extending point, where L is selected as the reference
length for normalization. In what follows, the asterisk represents the
dimensional quantities. The velocity field u ¼ ðu; vÞ, pressure p, den-
sity q, temperature T, and dynamic viscosity l are normalized as

ðu; p;q;T;lÞ ¼ u�

u1
;

p�

q1u1
;
q�

q1
;
T�

T1
;
l�

l1

� �
; (1)

where the subscript1 denotes the quantities of the oncoming stream.
The time is normalized as t ¼ u1t�=L. The flow is controlled by two
dimensionless parameters, the Reynolds number R, and the Mach
numberM,

R ¼ q1u1L
l1

; M ¼ u1
a1

; (2)

where a1 is the sound speed of the free stream. We take R � 1,
M< 1, and the dimensionless moving speed us � u�s =u1 � 1.

FIG. 1. Sketch of the physical problem and the key scalings.
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Particularly, we also assume us � R�1=8. For convenience, we intro-
duce � � R�1=8 � 1.

B. Governing equations

For a perfect-gas flow, the governing equations are the compress-
ible Navier–Stokes (NS) equations

@q
@t

þr � ðquÞ ¼ 0;

q
@u
@t

þ qðu � rÞu ¼ �rpþ 2
R
r � ðleÞ � 2

3R
rðlr � uÞ;

q
@T
@t

þ qðu � rÞT ¼ ðc� 1ÞM2 @p
@t

þ ðu � rÞp
� �

þr � ðlrTÞ
PrR

þ ðc� 1ÞM2U
R

;

cM2p ¼ qT;

(3)

where the strain rate tensor e and the dissipation function U are
expressed as

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

 !
; U ¼ 2le : e� 2

3
lðr � uÞ2: (4)

Pr¼ 0.72 is the Prandtl number, and c ¼ 1:4 is the ratio of the specific
heat. Here, we choose the Sutherland’s viscosity law

lðTÞ ¼ ð1þ �CÞT3=2

T þ �C ; (5)

with �C ¼ 110:4=T1.
The flow field / ¼ ðu; p;q;TÞ is decomposed into a superposi-

tion of a mean flow �/ and an infinitesimal harmonic perturbation ~/,

/ðx; y; tÞ ¼ �/ðx; yÞ þ ~/ðx; yÞe�ix̂t þ c:c:; (6)

where x̂ is the dimensionless frequency.

C. Mean flow

The mean-flow quantities �/ are governed by the steady NS equa-
tions. The transverse boundary conditions read

�u ¼ HðxÞus; �v ¼ 0; �T ¼ Tw at y ¼ 0; (7a)

ð�u; �p; �q; �T Þ ! ð1; 1=ðcM2Þ; 1; 1Þ as y ! 1; (7b)

where H(x) is the Heaviside step function and Tw denotes the dimen-
sionless wall temperature.

At the still part of the plate (subplate 1; but not in the close neigh-
borhood of the extending point x¼ 0), the mean flow satisfies the
compressible Blasius similarity solution,14,23

ð�uB;R
�1=2�vB; �TB; �qB; �pBÞ

¼
�
F0ðgÞ;R�1=2TðgcF0 � FÞ;TðgÞ; 1

T
;

1
cM2

�
þ OðR�1=2Þ; (8)

where g ¼ R1=2ð2xÞ�1=2 Ð y
0 T

�1dy; gc ¼ T�1
Ð g
0 Tdg, and prime

denotes the derivative with respect to its argument. F and T satisfy

F000 þ FF00

K
þ K 0T 0F00

K
¼ 0;

T 00 þ Pr
FT 0

K
þ K 0T 02

K
þ Prðc� 1ÞM2F0 02 ¼ 0;

(9)

which are subject to the boundary conditions Fð0Þ ¼ F0ð0Þ ¼ 0;
Tð0Þ ¼ Tw and ðF0;TÞ ! 1 as g ! 1, where K ¼ l=T .

At the moving plate (subplate 2) sufficiently downstream of the
extending point, the mean-flow quantities also satisfy (9), but the no-
slip condition is replaced by F0ð0Þ ¼ us.

In the vicinity of the extending point, x¼ 0, the discontinuity of
the wall boundary condition (7a) induces a rapid distortion of the
mean flow, leading to the emergence of the viscous lower deck. This
can be mathematically described by the triple-deck theory.24,25

Following these papers, we know that for R � 1, the thicknesses of
the lower, main, and upper decks are Oð�5LÞ; Oð�4LÞ, and Oð�3LÞ,
respectively, and the streamwise length scale of the triple-deck region
is Oð�3LÞ.

Now we rescale the coordinate system and flow field in the lower
deck, which are expressed as13,14

X ¼ k5=4ð1�M2Þ3=8C�3=8T�3=2
w ��3x;

Y ¼ k3=4ð1�M2Þ1=8C�5=8T�3=2
w ��5y;

ð�U ;UsÞ ¼ k�1=4ð1�M2Þ1=8C�1=8T�1=2
w ��1ð�u; usÞ;

�V ¼ k�3=4ð1�M2Þ�1=8C�3=8T�1=2
w ��3�v;

�P ¼ k�1=2ð1�M2Þ1=4C�1=4��2 �p � 1=ðcM2Þ� �
;

8>>>>>>>>><
>>>>>>>>>:

(10)

where k ¼ ðlwTwÞ1=2�uB;�y j�y¼0 is the wall shear of the Blasius solution
with �y ¼ R1=2y and lw ¼ lðTwÞ, and C ¼ lw=Tw. Note that the
effect of the non-parallelism is OðR�1=2Þ, which is much smaller than
the terms of our interest. The temperature and density distortions do
not appear in the leading-order equations, rendering an incompress-
ible nature of the lower deck. Substituting into the NS equations and
retaining the leading-order terms, we obtain the nonlinear boundary-
layer equations

�UX þ �VY ¼ 0; �U �UX þ �V �UY ¼ ��PX þ �UYY ; PY ¼ 0: (11)

They are subject to boundary conditions

�U ðX; 0Þ ¼ HðXÞUs; �V ðX; 0Þ ¼ 0;
�U ðX;YÞ ! Y þ �AðXÞ asY ! 1;

(12)

ð�U ; �V ; �A; �PÞ ! ðY; 0; 0; 0Þ asX ! �1;

A ! Us asX ! 1;
(13)

where �AðXÞ is named as the displacement function of the mean
flow. The above system is, however, not closed, which requires an
additional condition by matching with the upper-deck solutions
through the main deck. By doing this, we obtain the pressure-
displacement law

�P ¼ 1
p

ð1
�1

�An

X � n
dn; (14)

where the integral is of Cauchy principle value. For Us � 1, this sys-
tem can be solved analytically, but for Us ¼ Oð1Þ, the numerical
approaches as in Refs. 12–14, and 16 need to be employed.
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D. Perturbation evolution around the extending point

The lower-deck perturbation velocity field ~U and pressure �P are
normalized by the same scalings as (10). Because the characteristic TS
frequency is Oð�2u1=LÞ,26 we rescale the time and frequency as

�t ;
1
x

� �
¼ k3=2ð1�M2Þ1=4C�1=4T�1

w u1
�2L

t;
1
x̂

� �
: (15)

Thus, the lower-deck governing equations for the perturbation field
read

~UX þ ~VY ¼ 0; ~PY ¼ 0;

�ix~U þ �U ~UX þ �UX ~U þ �V ~UY þ �UY ~V ¼ �~PX þ ~UYY ;
(16)

which are subject to the transverse boundary conditions

~U ðX; 0Þ ¼ ~V ðX; 0Þ ¼ 0; ~U ðX;1Þ ! ~A; (17)

and the pressure-displacement relation

~P ¼ 1
p

ð1
�1

~An

X � n
dn; (18)

where the displacement function ~A characterizes the perturbation
amplitude.

In the upstream limit, the perturbation field is selected according
to the physical problem of interest. For the receptivity problem, the
upstream perturbation is a Stokes-layer wave induced by a freestream
acoustic wave, whereas for the local scattering problem, the upstream
perturbation is a TS wave. Their profiles are introduced in Subsections
II E and II F.

E. Boundary-layer response to freestream acoustic
waves

Assume the incident acoustic wave to propagate with a frequency
x� and streamwise and wall-normal wavenumbers k�x and k�y , respec-
tively; then, the pressure field can be expressed as

p�a ¼ Eaðeik�y y� þ CRe
�ik�y y

� Þeiðk�xx��x�
at

�Þ þ c:c:; (19)

where t� is the time, Ea is the acoustic amplitude, and CR is the reflec-
tion coefficient. The incident angle of the acoustic wave is defined as
h ¼ tan�1ðk�y=k�xÞ. According to the acoustic-wave dispersion relation
(obtained from the linearized Euler equations in the upper deck), we
obtain that its phase speed

c�a ¼ u1 16ðM cos hÞ2
� �

; (20)

where the plus and minus signs represent the fast (downstream-propa-
gating) and slow (upstream-propagating) acoustic waves, respectively.

Applying the transverse momentum equation at the bottom of
the upper deck and taking into account the non-penetration condition,
we obtain that the transverse pressure gradient should vanish. This
leads to CR¼ 1 for h 6¼ 0, implying an rigid reflection nature.

Because we are focusing on the receptivity of the TS waves by
acoustic forcing, the characteristic acoustic frequency should agree
with the TS frequency, and so x�

a � �2u1=L. It is seen from (20) that
the acoustic speed c�a � u1, therefore, k�x � �2=L, indicating the long-
wavelength nature of the freestream acoustic waves of interest.

According to the lower-deck scalings (10), the dimensionless stream-
wise wavenumber is

kx ¼ �k�5=4ð1�M2Þ�3=8T3=2
w k�xL: (21)

In the lower deck, the freestream acoustic wave drives an
unsteady Stokes-layer wave, whose perturbation profiles, under the
normalization (10), are expressed as3

ðUa;Va;PaÞ ¼ 2EaCp��1 kx
x
Û a; 0; �

�1

� �
eið�kxX�x�t Þþ; � � � ; (22)

where Cp ¼ k�1=2ð1�M2Þ1=4C�1=4, and Û a ¼ 1� e�ð�ixÞ1=2Y . Note
that the wavenumber �kx indicates that the wavelength of the acoustic
wave is much greater than the streamwise length scale of the triple-
deck region and so can be considered as an X-invariant perturbation
to leading-order accuracy. Additionally, it is also seen that Ua and Pa
are Oð��1Þ and Oð��2Þ, respectively; however, this does not mean that
these quantities vary their magnitude in the lower deck, because their
scalings are rescaled according to (10). At the moving wall, the
leading-order solution (22) is also valid because the no-slip condition
for the perturbation field at the wall does not change.

F. TS waves

According to Refs. 26 and 12, we can express the TS wave in the
lower deck as

EðUs;Vs; PsÞeiðaX�xtÞ þ c:c:; (23)

where a ¼ ar þ iai is the dimensionless complex wavenumber with
the opposite of its imaginary part �ai denoting its growth rate and E
characterizes its amplitude. All the quantities are rescaled under the
lower-deck scalings. At the still wall, their solutions are12

Us ¼ q̂
Ð f
f0
AiðfÞdf;

Vs ¼ �ðiaÞ2=3q̂
ðf
f0

ðf� �fÞAið�fÞd�f; Ps ¼ a;
(24)

where f¼ ðiaÞ1=3Y þ f0; q̂ ¼ ½Ð1f0 AiðfÞdf	�1; f0 ¼�ixðiaÞ�2=3, and

Ai is the Airy function of the first kind.27 Its dispersion relation is

Dðx; aÞ ¼ ðiaÞ1=3a
ð1
f0

AiðfÞdf� Ai0ðf0Þ ¼ 0: (25)

If the wall is extending, the base flow ð�U ; �V Þ ! ðY þ Us; 0Þ as
X ! 1. The above dispersion relation is also valid, but with x being
replaced by x� aUs. This indicates that the moving wall induces a
Doppler effect, for which the TS frequency is shifted due to the relative
phase speed with respect to the moving wall. In the following, we
denote the downstream TS wavenumber and eigenfunctions as a1 and
ðUs1;Vs1; Ps1Þ, respectively. Thus, for the scattering calculations, the
upstream perturbations are selected from (24), while the downstream
perturbations have a dispersion relation Dðx� a1Us; a1Þ ¼ 0.

G. Receptivity and transmission coefficients

1. Calculation of the receptivity coefficient

In the receptivity process, the perturbation profiles in the
upstream and downstream limits are predicted as
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ð~U ; ~V ; ~PXÞ ! ðÛ a; 0; ixÞ þ � � � as X ! �1; (26)

ð~U ; ~V ; ~PXÞ ! AðUs1;Vs1; ia
2
1Þeia1X

þ ðÛ a; 0; ixÞ þ � � � as X ! 1; (27)

whereAmeasures the velocity amplitude of the excited TS wave.
The receptivity calculation is conducted by solving numerically

(16) with (17), (18), (26), and (27). The computational domain should
include the extending point, X¼ 0, such that the rapid deformation of
the perturbations due to the scattering effect is well calculated. This
system is somewhat similar to the receptivity of the wake modes to
freestream acoustic waves in the trailing-edge flow as in Ref. 28, and so
following that paper, we can discretize this linear system into a high-
dimensional linear-equation system,

A~u ¼ b; (28)

where ~u is the unknown vector consisting of the perturbation field
and the amplitude A and A and b can be found in Appendix A 2 of
Ref. 28.

When A is obtained, we can predict the pressure perturbation of
the excited TS wave to be a1A in the downstream limit. According to
(22), for an incident acoustic wave with an pressure-amplitude of Ea

and a non-zero incident angle, the amplitude of the Stokes-layer wave
should be 2EaCp��1kx=x. Therefore, the receptivity efficiency K,
defined by the pressure amplitude of the excited TS wave to that of the
incident acoustic wave, is expressed as

K ¼ 2��1Cpkx a1x A: (29)

It is noted that the large prefactor ��1 is due to the mismatch of the
magnitudes of the pressure and streamwise velocity perturbations
between the acoustic and the TS dispersion relations, i.e., for the acous-
tic signature, p�a and u

�
a are of the same order, whereas for the TS wave,

p�s is Oð�Þ smaller than u�s . It is easy seen that the receptivity coefficient
is dependent on three factors, namely, the base-flow effect Cp, the
acoustic-forcing effect kx, and the instability property a1A=x. The for-
mer two factors are determined when the physical problem is fixed and
our task is to solve for the third factor from (28). Therefore, A is also
interpreted as the efficiency function of the receptivity process.

Remarkably, if Us � 1, then the receptivity coefficient can be
obtained analytically, as shown in Appendix. Comparing (27) with
(A8), we find that the efficiency function A for the linear case is pre-
dicted by UsA1 withA1 being defined in (A9).

2. Calculation of the transmission coefficient

In the scattering calculation, the upstream perturbation field
behaves like

ð~U ; ~V ; ~PÞ ! ðUs;Vs; PsÞeiaX asX ! �1: (30)

while, in the downstream limit, the perturbation displacement func-
tion behaves like

ð~U ; ~V ; ~PÞ ! TðUs1;Vs1;Ps1Þeia1X asX ! 1; (31)

where T is the transmission coefficient characterizing the amplitude
of the transmitted TS wave.T may be used as a systematic parameter
leading to the quantitative change in the transition onset.

The perturbation field can be described quantitatively by the local
scattering framework.12 That paper was focusing on the impact of local
roughness on TS instability, and because the upstream and down-
stream perturbations are of the same form to leading order, a general-
ized eigenvalue system was developed. However, in the present paper,
the downstream TS wave shows different eigenfunctions from the
upstream TS wave due to the Doppler effect, and so the generalized
eigenvalue system as in Ref. 12 is not valid. Fortunately, the high-
dimensional linear-equation system as in (28) is also valid for the local
scattering problem, and the same numerical approach as for the recep-
tivity calculations is employed. It is noted that if Us � 1, the transmis-
sion coefficientT to the leading order is exactly unity.

III. NUMERICAL RESULTS
A. Mean flow

The numerical approaches and the code for solving the nonlinear
lower-deck Eq. (11) with (12)–(14) are the same as those in Refs.
12–14. Due to the rescaling (10), the lower-deck system is independent
ofM, R, and Tw, and the only controlling parameter is Us. For the cal-
culation of the base flow, the computational domain is ½�50; 50	

½0; 10	, and non-uniform grid points that are clustered near X¼ 0
and Y¼ 0 are employed, with its number of 1001
 31. Sufficient reso-
lution has been confirmed. Figure 2 shows the contours of the mean
shear �UY in the close neighborhood of the extending point. In the
upstream locations, the mean shear is unity, agreeing with the Blasius
solution. As the extending point is approached, �UY in the near-wall
region increases remarkably. After passing over the extending point, a
low shear region is observed, followed by a gradual increase in �UY ,
approaching the downstream asymptote �UY ! 1 as indicated in (12)
and (13).

Figure 3 plots the streamwise evolution of the normalized mean
pressure �P=Us and displacement function �A=Us for different Us values.
The mean pressure is zero at sufficiently upstream locations and
decreases as the extending point is approached. A drastic increase in �P
is observed immediately downstream of X¼ 0, followed by a mild
decrease, which approaches zero in the downstream limit. The dis-
placement function �A, on the contrary, increases with Xmonotonically,
and the increment is rather remarkable in the close neighborhood of
X¼ 0. For Us � 1, both �P and �A increase with Us linearly, leading to

FIG. 2. Contours of the mean shear �UY and the streamlines for Us ¼ 1.
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an almost overlap of �P=Us and �A=Us, shown by the red and green
lines. When Us ¼ Oð1Þ, both �P=Us and �A=Us are smaller than the lin-
ear cases and increase in Us leads to a decrease in the values. This indi-
cates that the nonlinearity suppresses the strength of the mean-flow
distortion.

B. TS instability

The solutions of the TS dispersion relation (25) for a still wall are
shown in Fig. 4(a). The wavenumber increases with x monotonically,
and the increasing rate shows an apparent change at around x ¼ 1.
The TS wave is stable for small frequencies and becomes neutral at
x ¼ 2:3. It increases with x until the most unstable frequency,
x ¼ 7:25, after which the growth rate reduces. In the following calcu-
lations of the receptivity and local scattering regimes, we are interested
in the unstable frequency band, namely, x � 2:3.

When the wall is extending at Us ¼ 1:0, the dispersion relation is
changed, as shown in Fig. 3(b). Due to the Doppler effect, the neutral
frequency and the most unstable frequency are shifted to x ¼ 3:3 and

9.97, respectively, with the growth rate of the most amplified TS being
reduced to 0.24. Thus, it is convenient to introduce a factor to quantify
the difference of the growth rate between the moving and still walls,
Daiðx;UsÞ � aiðx;UsÞ � aiðx; 0Þ, whose values for three representa-
tive Us values are shown in Fig. 5. In the frequency bands,
x 2[1.35,8.89], [1.49,9.45], and [1.69, 10.35], Dai < 0, indicating the
stabilizing effect of the moving wall for Us ¼ 0:5, 1.0 and 2.0, respec-
tively, while in the rest frequency bands, the moving wall plays a desta-
bilizing role. We are focusing on the behavior of the unstable TS
waves, so the destabilizing frequency band for x < 2 is not of interest.
Therefore, the critical frequency separating the stabilizing and destabi-
lizing effects for Us ¼ 0:5, 1.0, and 2.0 is 8.89, 9.45, and 10.35, respec-
tively, showing an increasing trend of a higher moving speed.

C. TS receptivity calculation

For the receptivity calculations, we introduce a Stokes-layer wave
(26) as the inflow perturbation and solve for the perturbation field ~/
from the linear system (28). The receptivity coefficientK is easy to be
obtained from (29) as long as the efficiency function A is determined

FIG. 3. Streamwise evolution of mean pressure (a) and displacement function (b)
normalized by the moving-wall speed.

FIG. 4. Dependence on the frequency x of the growth rate �ai and wavenumber
ai of the TS wave for Us ¼ 0 (a) and 1.0 (b).
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from the downstream perturbation asymptote. Note that for the calcu-
lation of the perturbation evolution, the computational domain is
changed to be ½�7:5; 15	 
 ½0; 10	, with the number of grid points
1501
 51.

The contours of the perturbation field Re½~AY 	 for x ¼ 6 and Us

¼ 1 are shown in Fig. 6(a), where Re represents the real part.
Upstream of the extending point, the Stokes-layer wave shows zero
gradient in the streamwise direction due to its long-wavelength nature.
After propagating over the extending point, the perturbation profile
undergoes a rapid distortion, showing an oscillatory nature in the X
direction with its amplitude growing drastically. If the Stokes-layer
wave Û a is subtracted out from the perturbation field, shown in panel
(b), the downstream exponentially growing feature is clearly exhibited.

The dependence of the receptivity efficiency function jAj on the
acoustic frequency x is plotted by the solid curves in Fig. 7(a). Overall,
A decreases with x monotonically, showing a stronger receptivity
near the lower-branch neutral point of the TS wave. The implication is
that such a strong receptivity effect induces a relatively large initial
amplitude of the lower-branch neutral TS wave, which further experi-
ences a long-distance accumulation and possibly leads to transition at
a certain downstream location. The faster the moving speed Us is, the
stronger the receptivity efficiency would be. Comparing with (29), it is
seen that the receptivity coefficient also depends on a few other factors.
Usually, a1=x does not vary much, as shown in Fig. 4. Increasing the
Reynolds number (so decreasing �), Cp ¼ k�1=2ð1�M2Þ1=4C�1=4

(decreasing k, M, and Tw), and the streamwise wavenumber of the
acoustic wave also leads to a stronger receptivity coefficient. The linear
prediction of the efficiency function A ¼ UsA1, with A1 defined in
(A9), is also shown for comparison. The agreement forUs ¼ 0:5 is sat-
isfactory, whereas for higher extending speeds, the linear theory
underpredicts the receptivity efficiency.

In Fig. 7(b), we plot the dependence of jAj on Us for three repre-
sentative frequencies, where the linear predictions are also plotted by
the dot-dashed lines. As expected, the receptivity efficiency is well pre-
dicted by the linear theory when Us is slower than about 0.5, whereas
it increases superlinearly withUs for higher Us values.

D. TS scattering calculation

In this subsection, we introduce an oncoming TS wave (30) as
the inflow perturbation and also solve the linear equation system (28)
numerically. Both the perturbation field and the transmission coeffi-
cient are obtained. For demonstration, Fig. 8(a) plots the evolution of
the perturbation amplitude ~A for x ¼ 6 and Us ¼ 1. The perturbation
shows an oscillatory nature in the streamwise direction, whose ampli-
tude grows exponentially as propagating downstream. In the upstream
limit, the perturbation amplitude agrees with the oncoming TS evolu-
tion, eiaX , shown by the blue dashed line, whereas in the downstream
limit, it approaches the transmitted TS evolution,Teia1X , shown by the
pink dot-dashed line. Apparently, these two asymptotic curves show
different growing trends, because the TS growth rate on the moving
wall is distorted; see Fig. 4. Moreover, at the extending point, the two
asymptotic curves show different values. We introduce the transmis-
sion coefficient T to quantify the ratio of the amplitude of the down-
stream asymptote at X¼ 0 to that upstream, namely, T ¼ A2=A1.
Note that both A1 and A2 are complex, so isT. For this case, it is calcu-
lated that jTj � 1:69, indicating an amplification of the amplitude at
X¼ 0 due to the scattering effect. However, the overall impact of the
moving wall is stabilizing for X> 4.0, because there is a continuous
suppress effect on the local growth rate induced by the wall extending.

FIG. 5. The difference of the TS growth rate of the moving wall from that of the still
wall Dai .

FIG. 6. Contours of the real parts of the perturbation field Re½~AY 	 (a) and the
excited perturbation field Re½ð~A � Û aÞY 	 (b) for x ¼ 6 and Us ¼ 1 for the recep-
tivity regime.
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Note that at a finite Reynolds number, the downstream development is
always accompanied by the growth of the local boundary-layer thick-
ness, leading to the increase in the local frequency. When the local fre-
quency is above the most unstable frequency, the aforementioned
suppress effect of the moving wall may be changed to an enhancement
effect, and so a successive destabilizing effect could be met in the fur-
ther downstream locations.

If, on the contrary, the local frequency x is increased to a higher
value, then the TS growth rate at the moving wall may become greater
than that at the still wall, as shown in Fig. 5. Figure 8(b) shows an
example for the evolution of the TS wave at x ¼ 10. Both the local
scattering effect and the local growth-rate correction due to the mov-
ing wall destabilize the TS wave. The implication is that when the
extending point is placed in a downstream location, the overall desta-
bilizing effect becomes greater. Since the local growth-rate correction
is easily to be predicted by the Orr–Sommerfield equations under the
parallel-flow assumption, we will focus on the local scattering calcula-
tions in the following.

Figure 9 compares the perturbation profiles normalized by
their amplitudes, j~U j=~A. The unperturbed TS profile is almost
sustained until the extending point, X¼ 0. However, in the loca-
tions downstream of the extending point, the profile varies rather
drastically and approaches the downstream eigenfunction Us1

asymptotically.

Figure 10 plots the dependence of the transmission coefficientT
on x and Us for representative cases. jTj is greater than unity for all
the frequencies and extending-wall speed, indicating the overall desta-
bilizing effect of the local scattering process. As Us ! 0, the transmis-
sion coefficient approaches unity, agreeing with the linear limit,
whereas for a moderator Us, the scattering effect measured by jTj � 1
increases superlinearly with Us. jTj increases with x monotonically,
confirming that applying the extending wall to a downstream position
may induce a relatively greater destabilizing effect. This effect, com-
bined with the local growth-rate correction, could lead to premature of
transition to turbulence eventually.

IV. CONCLUDING REMARKS

In this paper, we study the effect of the surface morphing of
an extensible flat plate on the subsonic-boundary-layer TS instabil-
ities using a large-Reynolds-number asymptotic approach. Two
relevant mechanisms are considered, namely, the local receptivity

FIG. 7. Dependence of the receptivity efficiency A on x (a) and Us (b).

FIG. 8. Evolution of the perturbation amplitude ~A for x ¼ 6 (a) and 10 (b), with Us
¼ 1 for the local scattering regime. The blue dashed and pink dot-dashed lines
denote the upstream and downstream asymptotes of the amplitude.
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and the local scattering mechanisms, both of which could influence
the transition onset to turbulence by affecting the excitation and
evolution of TS modes in boundary layers. Physically, these two
mechanisms are dependent on quite a few controlling parameters,
including the Mach number, the Reynolds number, the wall tem-
perature, the moving speed of the extending wall, and the fre-
quency of the introduced perturbations (freestream acoustic or
oncoming TS waves). However, in the asymptotic framework, only
two parameters, namely, the dimensionless frequency x and the
wall-extending speed Us, remain, which reduces greatly the com-
plexity of the system and enables a systematic study to visit the
complete parameter space.

In the close neighborhood of the extending point, the discon-
tinuity of the boundary conditions at the wall leads to the emer-
gence of the triple-deck region in which a self-induced pressure
gradient appears. Solving numerically the lower-deck nonlinear
boundary-layer equations closed by the pressure-displacement
relation, we are able to quantitatively describe the rapidly distorted
mean flow. The dispersion relation of the TS instability at the mov-
ing wall shares the same feature with that at the still wall, but a
Doppler effect is observed such that the phase speed undergoes a
shift due to the moving speed.

If a Stokes-layer wave driven by freestream acoustic wave is intro-
duced upstream of the extending point, then the TS wave could be
generated due to the receptivity regime. Solving numerically this linear
system, we obtain the receptivity efficiency function for different fre-
quencies and moving speeds. Overall, the local receptivity is stronger
for a lower-frequency acoustic forcing and a higher moving speed, and
the receptivity calculations approach the linear prediction when Us is
sufficiently small (Us is less than about 0.5). Because in this paper the
frequency is normalized by the local boundary-layer thickness, the
downstream development of the perturbations would be accompanied
by an increase in the dimensionless frequency. Thus, the local receptiv-
ity is more important if the extending point is arranged in an upstream
location.

The scattering calculations are performed by introducing the
oncoming TS waves from the upstream limit. Actually, the TS ampli-
tude development relies on two factors, the local scattering effect and
the modification of the local growth rate due to the continuously mov-
ing wall. The latter is easy to be predicted by solving locally the insta-
bility equation, i.e., either the Orr-Sommerfield equation at a finite
Reynolds number or the dispersion relation (25) in the asymptotic
viewpoint. It is seen from Fig. 5 that for each Us, there exists a critical
frequency, above and below which the moving wall plays a stabilizing
effect and a destabilizing effect, respectively. The local scattering effect
is quantified by the transmission coefficient, which is always above
unity for all frequencies and moving speeds, indicating a destabilizing
effect. In contrast to the receptivity regime, the transmission coefficient
increases monotonically with the frequency. Combining both the
growth-rate correction and the local scattering effects, we find that if
the surface extending point of the moving wall is arranged sufficiently
downstream, a rather strong destabilizing effect would appear, leading
to premature of transition to turbulence eventually.

FIG. 9. Normalized perturbation profiles j~U j=~A at different streamwise stations for
x ¼ 6 and Us ¼ 1.

FIG. 10. Dependence of the transmission coefficientT on x (a) and Us (b).
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APPENDIX: RECEPTIVITY FOR SMALL MOVING SPEED
Us � 1

The flow field / ¼ ðU ;V ;PÞ in the lower deck can be
expressed as the superposition of the base flow, the mean-flow dis-
tortion �/1, the Stokes-layer /a, and the excited perturbation ~/,

/ ¼ ðY ; 0; 0Þ þ Us
�/1 þ Eað/aðYÞei�kxX

þ Us
~/1ðX;YÞ þ � � �Þe�ixt þ c:c:: (A1)

We may describe the flow field by performing Fourier transform
with respect to X,

ð�/2;
~/2Þðk;YÞ ¼

1ffiffiffiffiffi
2p

p f̂
�1ðkÞ

ð1
�1

ð�/1;
~/1ÞðX;YÞe�ikXdX; (A2)

where the factor f̂ ðkÞ denotes the Fourier transform of the Heaviside

step function, f̂ ðkÞ ¼ ffiffi
p
2

p
dðkÞ þ 1ffiffiffiffi

2p
p

ik
. Note that the factor f̂ ðkÞ

appears because both �/2 and ~/2 are linearly dependent on it.
The mean-flow distortion satisfies

ikY �U 2;Y ¼ �U 2;YYY ; �U 2ðk; 0Þ ¼ 1;

ik�P2 ¼ �U 2;YYðk; 0Þ; �U 2ðk;1Þ ! �P2=k:
(A3)

The solutions, combined with the continuity equation, are

�U 2 ¼ 1� 1
DðkÞ

ðn
0
AiðnÞdn; �V 2 ¼ �ðikÞ2=3

ðn
0

�U 2dðnÞ; (A4)

where n ¼ ðikÞ1=3Y and DðkÞ ¼ 1=3� ðikÞ�1=3k�1Ai0ð0Þ.
The excited perturbation in the spectrum space is governed by

d3 ~U 2

df3
� f

d ~U 2

df
¼ Q � ðikÞ�1 d

dY
ðikÛ a �U 2 þ �V 2Û a;YÞ; (A5)

~U 2ðk; f0Þ ¼ 0; ðikÞ1=3~p2 ¼
d2 ~U 2ðk; f0Þ

df2
~U 2ðk;1Þ ! ~P2=k;

(A6)

where f and f0 have been defined in (24) with a being replaced by
k. Solving the above system, we obtain

~P2 ¼
kAi0ðf0Þ

Ð1
f0

GðfÞdf
Ai0ðf0Þ � ðikÞ1=3k Ð1f0 AiðfÞdf

; (A7)

where GðfÞ is the solution of the boundary-value problem
G00 � fG ¼ Q, with G0ðf0Þ ¼ 0 and Gð1Þ ! 0.

The pressure perturbation in the physical space is obtained by
performing the inverse Fourier transform. Noting that the denomi-
nator is singular when the dispersion relation (25) is satisfied, then
by closing the integral path in the upper-half complex plane, the
inverse Fourier transform is estimated by use of the residual
theorem,

~P ¼ Usf̂ ðaÞ~P1 � UsaA1e
iaX ; (A8)

where

A1 ¼
ia�1Ai0ð�f0Þ

ð1
�f0

GðfÞdf

� 4
3
ðiaÞ1=3

ð1
�f0

AiðfÞdfþ 2
3

�f0
a
Aið�f0Þ ��f0 þ iðiaÞ4=3

h i (A9)

with �f0 ¼ �ixðiaÞ�2=3.
Actually, the linear receptivity is the same as the roughness-

acoustic receptivity,3,4,29 with the shape function of the roughness
being replaced by the Heaviside step function. The dependence of
A1 on x is plotted in Fig. 11 in which the monotonic decrease trend
is observed.
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FIG. 11. Dependence of the linear receptivity efficiency A1 on x.
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