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A two-bubble model with radiate (α bubble)-receive (β bubble) structure is constructed to study the energy transfer from one bub-
ble to another. The influence of the non-dimensional distance d and the initial energy ratio ψ on the energy transfer rate is
investigated via numerical simulation. The relative received energy ε, relative jet energy J, and energy transfer rates η are de-
fined to quantify energy transfer. Results show that the energy transfer rate decreases with the increase of d and ψ when the two
bubbles’ initial radius is identical. With the increase of d, the interactions between two bubbles are weakened, and the relative
received energy satisfies the law of ε ∝ 1/d2. With the increase of ψ, the maximum inner pressure of the β bubble increase first
and then decreases, while the jet energy of bubble β changes with the law of J ∝ ψ. It is found that the energy storage capacity
increases with the bubble radius by simulating different bubble radius ratios.
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1. Introduction

Bubble collapse is an indispensable feature of cavitation,
which occurs when the local pressure is lower than sat-
urated pressure and the liquid water changes into vapour
[1]. Bubble collapse is essential for high-speed underwa-
ter vehicles, playing a central role in erosion [2-4]. High-
pressure pulse and liquid jets caused by bubble collapse can
result in structure vibration and material destruction. On
the other hand, bubble dynamics is also used in the fields
of water treatment, surface cleaning, and material process-
ing [5-7]. Therefore, the profound study of bubble dynam-
ics is of great significance. Rayleigh [8] deduces the sim-
plified equation of bubble motion by assuming the liquid
is incompressible. Based on the Rayleigh equation, Plesset
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includes the influence of viscosity and surface tension. It
is found that viscosity delays the collapse strength and sur-
face tension affects the collapse time [9]. The velocity of the
bubble boundary is comparable to the sound speed of water
while the bubble collapse violently. In such a situation, the
compressibility can not be ignored. Therefore, a series of
bubble dynamics equations of compressible is established by
Keller et al. [10] and Prosperetti [11].

The compressibility causes the bubble to produce pressure
waves, making the bubble radiate more energy and reduc-
ing collapse pressure [12, 13]. Yang et al. [14] use high-
precision numerical methods to study the shock waves in-
teracting with a heavy elliptical bubble. The results show
that the gas densities and shock intensities significantly affect
the shock-bubble interaction. Bempedelis et al. [15] com-
putationally investigate the energy concentration during the
shock-induced collapse of a focusing triangular three-bubble
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array. The result shows that collapse pressure is 55 times the
initial pressure. Moreover, the liquid jet produced by non-
spherical bubbles collapse is another hotspot in bubble dy-
namics. The Kelvin impulse can determine the direction of a
jet and predict the bubble’s collapse cycle [16]. The collapse
of a bubble near a solid wall will produce a liquid jet toward
the wall [17]. However, the collapse of a bubble near the
free surface will produce a liquid jet away from the surface
[18-20]. When the interaction between a bubble and free sur-
face is strong, a fast free-surface spike will rapidly form [21].
For bubble-boundary interaction, visualizations and pressure
measurements suggest that non-dimensional distance is an
essential factor determining the contribution of the pressure
wave and liquid jet in the damage [22-24].

In the study of bubble clusters, researchers find that the
collapse propagates inward with apparent geometrical focus-
ing, generating impulsive pressures near the cluster centre.
Besides, bubbles’ arrangement strongly influences the col-
lapse pressures. Higher initial pressure inside bubbles will
lead to more powerful collapse pressure and a longer cycle
[25, 26]. To simplify bubbles interaction, researchers study
bubbles dynamics from the view of energy. Considering the
heat transfer and phase change, Yang et al. [27] derives
energy conservation of bubble based on the Navier-Stokes
equations. Then based on Hamiltonian mechanics, Benjamin
[28] and Ilinskii et al. [29] proposed a multi-bubble model to
describe the pulsation and translation of any number of the
spherical bubble. Luo et al. [30] study the mechanism of in-
teraction between a cavitation bubble and an air bubble, the
relative distance, and the relative size effect that the air bub-
ble exerted on the shock wave produced from the first col-
lapse of the cavitation bubble. Ice-breaking caused by a pair
of interacting collapsing bubbles is studied by an experimen-
tal approach by Cui et al. [31] They find the bubble-induced
shock waves turn out to be crucial to the fracturing of the ice.
Liang et al. [32] study non-dimensional parameters on the
motion of two bubbles.

Prominent approaches to bubble simulation are the volume
of fluid method (VOF), the smoothed particle hydrodynamics
(SPH), the boundary element method (BEM), and the eule-
rian finite-element method (EFEM). After years of develop-
ment, these methods can solve the non-spherical collapse of
bubbles, the transmission of pressure waves, and jets’ forma-
tion well. The VOF is widely employed to capture the in-
terface in multi-fluid flow problems and is a flexible method
for addressing complex free boundary problems. Only one
memory location is required for one mesh cell, which is also
applicable to other variables. Tomiyama et al. [33] and Ga-
roosi et al. [34] studied the rise of bubbles based on VOF.
The SPH is suitable and conservative for simulating dynamic
phenomena with large deformation, moving boundary and

multiphase mixing. Zhang et al. [35] and Cheng et al. [36]
simulated the bubble rising problem with SPH, the results
of which match the experimental ones well. The BEM im-
proves efficiency and decreases the numerical error generated
by discretization. BEM method is mainly used to simulate
the axisymmetric model early [37]. In recent years, Zhang
et al. [38] used the density potential method based on BEM
to simulate the collapse of three dimensional (3D) bubbles.
The EFEM is a practical approach to computational fluid dy-
namics which has been widely used in the hydrocodes. Liu
et al. [39, 40] study the interaction of two underwater ex-
plosion bubbles, and the pressure characteristics satisfy the
experimental result.

This paper adopts the VOF method and constructs a
two-bubble energy transfer model with a radiation-receiving
structure based on the Navier-Stokes equations and energy
conservation law. The effects of non-dimensional parameters
on the motion of two bubbles and energy transfer rate are
studied via the numerical method.

2. Two bubble energy transfer model

Firstly, the relationship between the bubble’s energy and
the work done by the bubble is analyzed. Then, to ana-
lyze the energy transferred from one bubble to another, the
radiate-receive bubble energy model is constructed in Fig. 1.
The non-dimensional parameters and energy transfer are pro-
posed in later.

The two bubbles are set in infinite domain of water. The
pressure within receiving bubble β is equal to the ambient
pressure, while the internal pressure of the radiation bubble
α is not. The β bubble can only passively react to the influ-
ence of the α bubble.

Figure 2 is the schematic of a bubble system, take the fluid
within the bubble and spherical boundary (r ≫ R) as the
control volume Ω. The liquid is considered incompressible
when motion is of low-speed. The adiabatic assumption is
valid, and the parameter of air such as Cp, dynamic viscos-
ity et al. are constant. For simplicity, gravity and inertia are
neglected as well.

Bubble b Bubble a

y

x

y = 2x = 150RB

2RB<D<10RB

RB

pB= p

RA

pA

D

Figure 1 Schematic of the two-bubble energy transfer model. The β bubble
on the left and the α bubble on the right.
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Figure 2 Schematic of bubble system energy conversion. R(t), pb(t), Ṙ,
ṙ, p∞ denotes bubble radius, bubble pressure, bubble boundary velocity, fluid
velocity at r, and far-field pressure, respectively.

The energy of the bubble is potential energy, and the en-
ergy of the water is kinetic mainly. The continuity equation
is shown in Eq. (1):

∇ · u = 0. (1)

In spherical coordinates, uθ = 0, uϕ = 0, Eq. (1) can be sim-
plified to

1
(r∗)2

∂
[
(r∗)2 · ur

]
∂r∗

= 0. (2)

The differential equation is solved as

ur∗ · (r∗)2
= const. (3)

The relationship between the two boundaries of the control
body is

ur∗ |r∗=R =
dR
dt
, ur |r∗=r =

dr
dt
. (4)

Therefore, the fluid velocity passing through the two
boundaries of the control body satisfies that

4πR2 · dR
dt
= 4πr2 · dr

dt
. (5)

The work done by p∞ and pb(t) is as follows:

dWk(t) = 4πR2 · pb(t) · dR − 4πr2 · p∞ · dr

= [pb(t) − p∞]dV(t), (6)

where V(t) is bubble volume. Wk(t) will be converted into
the kinetic energy of water according to the conservation of
energy.

Wk (t) =
∫ V(t)

V0

[
pb (t) − P∞

]
dV(t)

=
1
2

∫
Ω

mv2(t)dς = Ek(t), (7)

where m and v represent the mass and velocity of the fluid
microelement.

The potential energy of the bubble at time t is defined as
Ep(t) = 1

1−γ pb (t) V (t) [41]. The bubble potential energy at
the initial time is indicated as Ep(0), the relationship between
the work and bubble potential energy is∫ V

V0

Pb (t) dV (t) = Ep(t) − Ep(0). (8)

For a multi-bubble system, the contribution of individual
bubble to the kinetic energy of water is quantified by its work
in this paper.

In order to quantify the energy transfer between bubbles,
energy transfer rate ηk, relative received energy ε, and rela-
tive jet energy J are defined by Eq. (9).

η =
max |WkB|
max |WkA|

, ε =
ER (t)

EpB (0)
, J =

E j (t)
EpB (0)

, (9)

where WkA and WkB represent the total work. EpB (0), ER and
E j(t) represent the initial potential energy, receive energy and
jet energy of the β bubble.

In Fig. 1, D, pA(0), pB(0),RA(0), and RB(0) denote the ini-
tial distance between the two bubbles, the initial pressure of
the α bubble, the initial pressure of the β bubble, the initial
radius of the α bubble and the initial radius of the β bub-
ble, respectively. These variables affect the two bubble mo-
tions. Moreover, air density ρa, water density ρl, air viscosity
µa, water viscosity µl, and adiabatic coefficient γ are also re-
lated to bubbles motion. By selecting pA(0), ρl D as the basic
quantity and considering that the physics parameters of water
and air are constant, two non-dimensional parameters can be
obtained: the non-dimensional distance between two bubbles
d and the initial energy ratio of the two bubbles ψ.

d =
D

RA max + RB(0)
, ψ =

pA(0)R3
A(0)

pB(0)R3
B(0)

, (10)

where the RA max is calculated by pA(0) and RA(0). The ef-
fects of d and ψ on the motion of two bubbles and energy
transfer rate are studied in the following parts.

3. Numerical method and analysis

3.1 Numerical method

Ignoring heat, mass transfer and turbulence effect, the gov-
erning equations of the flow field are

∂ρ

∂t
+ ∇ · (ρU) = 0, (11)

∂ (ρU)
∂t

+ ∇ · (ρUU) = −∇p + ∇ · τ + fσ, (12)



Z. Bian, et al. Acta Mech. Sin., Vol. 38, 322099 (2022) 322099-4

cp

[
∂

∂t
(ρT ) + ∇ · (ρUT )

]
= ∇ · (k∇T ) +

Dp
Dt
+ q̇V , (13)

where τ is the viscous stress tensor which is calculated as
τ = µ

[
∇U + ∇UT − 2

3 (∇ · U) I
]
. µ, I, and U denote dy-

namic viscosity, unit tensor, and velocity, respectively. fσ
represents the source term caused by surface tension [42,43].
q̇V , cp, and k represent the rate of heat source or sink within
the material volume per unit volume, specific heat at constant
pressure, and the thermal conductivity of the substance. ρ is
the mixture density of water and air, which is calculated as
ρ = αlρl + αaρa, where αl and αa represent the volume frac-
tion of the liquid and air phases.

The VOF model is used in a compressible two-phase flow
problem, and the volume fraction is solved with the transport
equation [44]:

∂αl

∂t
+ ∇ · (αlu) + ∇ · [αl (1 − αl) Ur]

= αl (1 − αl)
(

1
ρa

Dρa

Dpa
− 1
ρl

Dρl

Dpl

)
Dpl

Dt
+ αl∇ · u, (14)

where u, Ur, pl, and pa represent the velocity field, the rel-
ative velocity between the two phases, the pressure of the
liquid phase, and the pressure of the gas phase, respectively.

The state equations of gas and pure water are given in Eqs.
(15) and (16).

paVa = nRTa, (15)

where VA, Ta, n, and R represent gas volume, gas tempera-
ture, the amount of substance of gas, and ideal gas constant.

1
ρl
= 0.001278 − 2.1055 × 10−6Tl + 3.9689 × 10−9T 2

l

− 4.3772 × 10−13 pl + 2.0225 × 10−13 plTl,

(16)

where Tl denotes liquid temperature.
Parameters used in the numerical are shown in Table 1.
At the inlet and outlet boundary of computational do-

main, which is located far from the bubble, the velocity satis-
fies a pressureInletOutletVelocity boundary condition, which

Table 1 Parameters used in the numerical

Parameters Air Water Mix

Specific heat capacities Cp (J/(mol K)) 1007 – –

Specific heat capacities Cv (J/(mol K)) – 4195 –

Dynamic viscosity µ (Pa s) 1.84 × 10−5 8.55 × 10−4 –

Prandtl number Pr (1) 0.7 7.0 –

Heat of formation H f (J/mol) 0 0 –

Surface tension coefficient σ (N/m) – – 0.07

Ideal gas constant R (J/(mol K)) – – 8.31

Gravity acceleration g (m/s−2) – – 0

allows the velocity to adjust its component normal to the
boundary freely. For the pressure field, the pressure satis-
fies a waveTransmissive boundary condition with the atmo-
spheric pressure p∞ as mean value, i.e., an approximate non-
reflecting boundary condition with linear relaxation to the at-
mospheric pressure p∞ [45]. The Euler, Gauss linear, and
Gauss upwind discrete methods are adopted in partial deriva-
tive, gradient term, and convection term, respectively.

In this paper, the compressibleInterFoam solver of Open-
FOAM framework is used to solve Eqs. (11), (12), and (14)
by using the pressure-correction and PIMPLE loop.

3.2 Verification

The verification simulation is the motion of a single bubble
in the free field with a two-dimensional axisymmetric model.
The initial bubble radius is 0.6 mm in the core area, and the
initial bubble pressure is 0.6 MPa.

Figure 3 shows the schematic diagram of computational
mesh, and the z-axis is the axis of symmetry. Four mesh
resolutions are tested in Table 2. The only difference is the
number of the nodes inside the initial radius of the bubble in
the simulation. For each mesh, the resolution near the bubble
is high enough to simulate the motion.

Figure 4 is the result of verification. In the first cycle,
the evolution of bubble radius is consistent with the Keller-
Herring equation. Considering the calculation accuracy and
efficiency, the resolution with 60 nodes inside the initial ra-
dius of the bubble is adopted in this paper.

4. Results and discussion

Energy transfer is affected by the deformation and the states
of two bubbles. Two different typical motions of the β bubble
are focused. The two bubbles oscillate when the interaction

Figure 3 Schematic diagram of the computational mesh [46]. The whole
calculation domain is 45 mm × 90 mm, and the maximum aspect ratio out-
side is 1:10. The core region is 1.8 mm × 3.6 mm in the centra of the mesh,
and the aspect ratio of the grid in the core area is 1:1. The red semicircle
indicates the position of the bubble.

https://cpp.openfoam.org/v8/compressibleInterFoam_8C.html
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Table 2 Number of the nodes inside the initial radius of the bubble and number of cells

Mesh resolution Number of the nodes inside the initial radius of the bubble Number of cells Error (%)

Coarse 10 45000 9.97

Medium 20 180000 6.25

Fine 60 1620000 4.02

Hyperfine 80 2880000 4.02

is weak, and the β bubble collapses violently when the inter-
action is strong.

The white curve in Fig. 5 represents the shape and posi-
tion of the two bubbles. Overall, the pressure wave gener-
ated by the α bubble is the medium of energy transfer, which
indirectly changes the surface pressure of the β bubble and
makes β bubbles deform. The red curve in Fig. 5 indi-
cates the shape and position of the two bubbles at the ini-
tial time. It can be seen that the β bubble contracts first in

m
a
x

Figure 4 Comparison between the numerical solutions and the theoretical
solution. Rmax denotes the maximum radius of the theoretical solution, and
tτ denotes the cycle of the theoretical solution.

Figure 5 Motion of the two bubbles is oscillation. The calculation con-
ditions are ψ = 3, d = 2.0. The upper part of each picture is the pressure
diagram, and the lower part is the velocity field. Both bubbles are in a state
of oscillation.

0 ms < t < 0.06 ms and moves away from the α bubble.
Then, when 0.08 ms < t < 0.14 ms, the β bubble expands
and moves toward the α bubble. The volume history of the
two bubbles is shown in Fig. 6. The numerical results will be
analyzed in detail in Sect. 4.1.

When the interaction between the two bubbles is strong,
the motion is shown in Fig. 7. The white curve represents
the shape and position of the two bubbles. When t = 0.02
ms, the α bubble affect the environment by expanding. High

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.5
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t/tt
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Figure 6 Volume history of the two bubbles (ψ = 3, d = 2.0). V0 and tτ
represent bubbles’ initial volume and the cycle of the α bubble.

Figure 7 β bubble prodcues a jet. The calculation conditions are ψ =
6, d = 1.2. The upper part of each picture is the pressure diagram, and the
lower part is the velocity field. The β bubbles produce a jet away from the α
bubble.
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pressure generated by the α bubble appears on the β bubble’s
boundary, causing the β bubble’s boundary to compress and
increasing the velocity up to 10 m/s between two bubbles.
When 0.04 ms < t < 0.10 ms, the non-spherical expansion of
the β bubble further develops the jet. The β bubble collapse
near 0.10 ms < t < 0.12 ms and expand to its maximum
volume near t = 0.12 ms. Then, when t > 0.14 ms, the β
bubble contracts again. The displacement of the geometric
centroid of the z axis is used to characterize the translation of
the bubble. The deformation and displacement history of the
two bubbles is shown in Fig. 8, the red curve represents the
displacement of the two bubbles in the z direction, and the
blue curve represents the volume change of the two bubbles.
The solid line indicates the state of the α bubble, and the dot-
ted line indicates the state of the β bubble. When 0 < t < 0.6
ms, the β bubble first closes to the α bubble and then moves
away. This phenomenon is similar to the study about a bub-
ble and free surface by Robinson et al. [47]. They found that
the bubble is away from the free surface when it expands and
approaches the free surface when it contracts.

When the two bubbles are close, the α bubble produces a
strong pressure wave near the β bubble. Driven by the pres-
sure wave, the β bubble deforms and produces a jet. The
evaluation of jet energy will be analyzed in detail in Sect.
4.2.

4.1 The effect of non-dimensional distance on bubble
behavior and the energy transfer

The simulation configuration in this section is that the initial
radius of the two bubbles is 0.5 mm, and the initial energy
ratio ψ is set to 3.0. When d > 5.0, the interaction between

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

2

4

6

8

10

V/
V
0

t/tt

 The volume of the a bubble 
 The volume of the b bubble

-0.20

-0.15

-0.10

-0.05

0.00

 The translation of the a bubble
 The translation of the b bubble

T/
R 0

Figure 8 Deformation and displacement history of the two bubble (ψ =
6, d = 1.2). V0, R0, tτ, and T represent bubbles’ initial volume, initial radius,
the cycle of the α bubble, and the displacement of bubbles, which is calcu-
lated by T = zc − zc0 , where zc and zc0 represent the bubble’s coordinate at
time t and the initial coordinate. The red curve represents the displacement
of the two bubbles in the z direction, and the blue curve represents the vol-
ume change of the two bubbles. The solid line indicates the state of the α
bubble, and the dotted line indicates the state of the β bubble.

the two bubbles is weak, and bubbles are in oscillation. If the
displacement of bubbles is ignored, two bubbles will merge
when d < 1.0, so this paper mainly focuses on the situation
when non-dimensional distance d ranges from 1.0 to 5.0.

Figure 9 shows the evolution of the β bubble’ motion with
d. From Fig. 9a to b, the β bubble produces a jet away from
the α bubble, and the α bubble is in the state of oscillation.
With the increase of d, the collapse time of β bubble is pro-
longed, and the deformation of α bubble decreases.

There is a critical state between Fig. 9b and c, when the
β bubble rebounds, the jet generated by the β bubble gradu-
ally disappears. In Fig. 9c and d, the β bubble still has large
non-spherical deformation. However, the non-spherical de-
formation disappear when d > 1.5. Both bubbles are in a
state of oscillation.

The change of the energy transfer rate with ψ is shown in
Fig. 10. When d < 1.5, the interaction between the two
bubbles is strong, and d is sensitive to the motion. The ki-
netic energy transfer rate decreases rapidly. However, when
d > 1.5, the interaction between the two bubbles is weak,
and d is not sensitive to the motion. The energy transfer rate
decreases slowly.

Figure 9 Evolution of the β bubble’ motion with d. Calculation results
under several typical d: a d = 1.0; b d = 1.1; c d = 1.2; d d = 1.3; e d = 1.4;
f d = 1.5. a and b take the moment when the β bubble is about to collapse,
and c-f take the moment when the β bubble is about to rebound.

Figure 10 Change of energy transfer rate with d.
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It is assumed that the α bubbles radiate energy by spherical
pressure waves, and the β bubbles can fully receive energy. In
addition, the β bubble has been receiving energy during con-
tracting. The relationship between relative received energy
and distance D is

ε =
ER (t)
EpB(0)

=

Energy received by β bubble︷                                           ︸︸                                           ︷
max |Eα|

4πD2︸    ︷︷    ︸
Energy density produced by α bubble at D

· πR2
B ·

1
EpB(0)

.

(17)

max |Eα| ≈ EpA(0) can be obtained when the α bubble radiates
its potential energy completely. Equation (17) is simplified to

ε = ψ ·
R2

B

4 [RB(0) + RA max]2 ·
1
d2 . (18)

The change of bubbles volume is coincided with Fig. 6 when
d > 1.4. So, it can be found that RA max ≈ 1.5RB(0), and the
average radius of the β bubble R̄B is nearly 0.9RB(0) during
contracting. So Eq. (18) is simplified to

ε =
0.097

d2 . (19)

Equation (19) as the theoretical solution of ε-d is shown in
Fig. 11. It is assumed that the received energy from the α
bubble is converted into the potential energy of the β bubble,
namely ER (t) = Ep (t) − Ep (0). The result obtained in this
way is used as the numerical solution of ε-d.

The fitting curve is

ε∗ =
a
d2 + b,

where a = 0.131 and b = 0.033. The relationship be-
tween relative energy and non-dimensional distance satisfies
the law of ε ∝ 1

d2 . The change of bubble potential energy is
bigger than the energy transferred by the pressure wave. This
section ignores the energy transferred to the β bubble from
other energy, such as liquid kinetic energy. Therefore, there
is an error between the numerical and theoretical solutions.

d

d

Figure 11 Theoretical solutions, numerical solutions, and the fitting curve
change with d.

4.2 The effect of the initial energy ratio on bubble be-
havior and energy transfer

In order to obtain the detailed effect of the initial energy ratio
on the energy transfer rate, the two bubbles’ initial radius is
retained as 0.5 mm, and the value of d is set to 1.2.

Figure 12 shows the variation of the motion of two bubbles
with ψ. When 1.5 < ψ < 3.5 (Fig. 12a-e), the non-spherical
deformation increase with ψ. When ψ < 3.5 (Fig. 12f-h), the
β bubble produce a liqure jet. With the increase of ψ, the β
bubble collapses faster and the strength of the jet higher.

Figure 13 indicates the energy transfer rate decreases with
the increase of ψ, but the energy received by the β bubble
increases with ψ. When ψ < 5.0, compare the increase of α

Figure 12 Variation of motion with ψ. Calculation results under several
typical ψ: a ψ = 1.5; b ψ = 2.0; c ψ = 2.5; d ψ = 3.0; e ψ = 3.5; f ψ = 4.5;
g ψ = 5.0; h ψ = 5.5. a-d take a moment when the β bubble is about to
rebound, and e-h take a moment when the β bubble is about to collapse.

Figure 13 Variation of energy transfer rate and maximum transferred en-
ergy with ψ. The energy received by the β bubble increases with the increase
of ψ, but there is a limit close to 10 × 10−5 J.
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bubble energy, the transferred energy increases slowly with
ψ. When ψ > 5, the transferred energy is almost at its limit.
Therefore, the energy transfer rate is decreased with ψ.

Jet energy is an essential part of the bubble system energy
when the interaction between two bubbles is strong. It is as-
sumed that the jet energy is equivalent to the liquid kinetic
energy of the cylinder in Fig. 14. rjet, L, pa

b, and p∞b indicate
the radius of the cylinder, the length of the cylinder, the β
bubble’ surface pressure near the α bubble, and the β bubble’
surface pressure away from the α bubble, respectively. The
equivalent radius of the β bubble is R∗B during collapse, and
rjet = aR∗B. Jet energy can be evaluated by

E j =
(
pa

b − p∞
)
· πr2

jet · 2R∗B. (20)

The relative jet energy can be evaluated by

J =
E j

EpB (0)
=

(
pa

b − p∞
)
πr2

jet · 2R∗B
1
γ−1 pB (0) VB (0)

. (21)

The motion of the two bubbles is similar to Fig. 8, and the cy-
cle of the α bubble is more than 5 times than collapse time of
the β bubble. So, it is assumed that pa

b is constant during the
generation of the jet. The relationship of pa

b and the bound-
ary velocity of α bubble ṘA can be derived from Bernoulli’s
theorem, namely

pa
b =

ρl

2
Ṙ2

A + p∞. (22)

Brennen [48] proved that when R >> R0, the relationship
between initial pressure pA(0) and boundary velocity ṘA is

ṘA =

(
2
3

pA(0) − p∞
ρl

)2

. (23)

Combining Eqs. (22) and (23), the relationship between rel-
ative jet energy and initial energy ratio is

J =
2a2π (γ − 1)

3
·

(R∗B)3

RA(0)3

ψ −
[
RA(0)
RB(0)

]3
 . (24)

When ψ > 3.5, the volume history is similar to Fig. 8, and(
R∗B/RA(0)

)3 ≈ 0.5. When a = 0.1, Eq. (24) is simplified to

J = 0.0021(ψ − 1). (25)

Figure 14 Theoretical schematic diagram of jet energy.

Equation (25) as the theoretical solution of J-ψ shows in Fig.
15. Numerically, jet energy can be calculated directly.

However, the actual shape of the liquid jet is a cone, not
a cylinder. In addition, the assumption that pa

b is constant is
also a reason for the error. The in-depth analysis of the two
problems will be discussed.

Figure 16 shows the change of pressure and jet energy of β
bubble. The maximum inner pressure of the β bubble appears
at 2.5 < ψ < 5.0. However, the jet energy increases with ψ.
It can be inferred that for a determined size of a bubble, its
energy storage capacity, measured by the energy transfer, is
limited in the two-bubble energy transfer model.

In order to study the influence of the initial energy ratio
on energy transfer in detail, the relationship between energy
transfer and ψ under different initial radius ratios is studied.
The three types are as follows:

(1) The α bubble initial radius to 0.5 mm and the β bubble
initial radius as 0.6 mm.

(2) The α bubble initial radius to 0.5 mm and the β bubble
initial radius as 0.7 mm.

(3) The α bubble initial radius to 0.5 mm and the β bubble
initial radius as 0.8 mm.

Figure 17 shows the relative potential energy of the β bub-

Figure 15 Theoretical solutions, numerical solutions, and the fitting curve
change with ψ

Figure 16 Average pressure and jet energy history of the β bubble under
different ψ.
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Figure 17 Effect of different radius ratios of two bubbles on ψ-ε. Ra/Rb =

5 : 5, Ra/Rb = 5 : 6, Ra/Rb = 5 : 7, and Ra/Rb = 5 : 8 indicate that the
initial size of α bubble is 0.5 mm, and the initial size of β bubble are 0.5 mm,
0.6 mm, 0.7 mm, and 0.8 mm, respectively.

ble ε with the initial radius of the β bubble. It can be con-
cluded that the larger the ratio of bubble β to α, the more
energy it transferred.

5. Conclusion

This study contributes to assessing the amount of energy
transferred from one bubble to another during bubble interac-
tion. In this paper, the radiant-receiver energy bubble model
is constructed. The effects of non-dimensional distance and
the initial energy ratio on the two bubble’s motion are fo-
cused. The effect of the initial radius of the β bubble on the
motion is also analyzed.

When the initial radius is identical, the effect of d on the
motion can be observed: the two bubbles are in the state of
oscillation when d > 1.5 and the motion of the β is change-
able when 1.0 < d 6 1.5. In addition, the β bubble almost
does not produce a jet when d = 1.2. The received energy
satisfies the law of ε ∝ 1/d2 when d > 1.4.

Subsequently, the relationship between the motion of two
bubbles and ψ is analyzed while d = 1.2. With the increase
of ψ, the motion of two bubbles becomes intense. The β bub-
ble gradually produces a jet when ψ > 3.0. The jet energy is
higher with ψ and satisfies the law of J ∝ ψ. In addition, the
maximum inner pressure of the β appears in 2.5 < ψ < 5.0.

Finally, the influence of β bubble radius on motions is an-
alyzed. It is found that the larger the initial radius of the β
bubble, the higher its energy storage capacity.
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tion bubble between a rigid boundary and a free surface, J. Appl. Phys.
102, 094904 (2007).

21 J. M. Boulton-Stone, and J. R. Blake, Gas bubbles bursting at a free
surface, J. Fluid Mech. 254, 437 (1993).

22 W. Lauterborn, and H. Bolle, Experimental investigations of
cavitation-bubble collapse in the neighbourhood of a solid boundary,
J. Fluid Mech. 72, 391 (1975).

23 A. Prosperetti, and A. Lezzi, Bubble dynamics in a compressible liq-
uid. Part 1. First-order theory, J. Fluid Mech. 168, 457 (1986).

24 A. Shima, Studies on bubble dynamics, Shock Waves 7, 33 (1997).

https://doi.org/10.1177/1077546315571660
https://doi.org/10.1063/5.0040331
https://doi.org/10.1063/5.0040331
https://doi.org/10.1017/jfm.2021.401
https://doi.org/10.1016/j.ultsonch.2015.10.010
https://doi.org/10.1016/j.ultsonch.2015.10.010
https://doi.org/10.1016/j.crad.2017.01.005
https://doi.org/10.1016/j.applthermaleng.2020.115065
https://doi.org/10.1115/1.4009975
https://doi.org/10.1063/1.1722221
https://doi.org/10.1063/1.866445
https://doi.org/10.1103/PhysRevLett.84.1328
https://doi.org/10.1063/1.4944903
https://doi.org/10.1007/s10409-021-01085-z
https://doi.org/10.1017/jfm.2020.535
https://doi.org/10.1017/S0334270000006111
https://doi.org/10.1007/BF00535992
https://doi.org/10.1016/0094-5765(76)90166-1
https://doi.org/10.1016/j.jfluidstructs.2005.08.006
https://doi.org/10.1063/1.2805645
https://doi.org/10.1017/S0022112093002216
https://doi.org/10.1017/S0022112075003448
https://doi.org/10.1017/S0022112086000460
https://doi.org/10.1007/s001930050060


Z. Bian, et al. Acta Mech. Sin., Vol. 38, 322099 (2022) 322099-10

25 A. Tiwari, C. Pantano, and J. B. Freund, Growth-and-collapse dynam-
ics of small bubble clusters near a wall, J. Fluid Mech. 775, 1 (2015).

26 T. Du, Y. Wang, L. Liao, and C. Huang, A numerical model for the evo-
lution of internal structure of cavitation cloud, Phys. Fluids 28, 077103
(2016).

27 H. Yang, A. V. Desyatov, S. G. Cherkasov, and D. B. McConnell, On
the fulfillment of the energy conservation law in mathematical models
of evolution of single spherical bubble, Int. J. Heat Mass Transfer 51,
3623 (2008).

28 T. B. Benjamin, Hamiltonian theory for motions of bubbles in an infi-
nite liquid, J. Fluid Mech. 181, 349 (1987).

29 Y. A. Ilinskii, M. F. Hamilton, and E. A. Zabolotskaya, Bubble inter-
action dynamics in Lagrangian and Hamiltonian mechanics, J. Acoust.
Soc. Am. 121, 786 (2007).

30 J. Luo, W. Xu, and B. C. Khoo, Stratification effect of air bubble on
the shock wave from the collapse of cavitation bubble, J. Fluid Mech.
919, A16 (2021).

31 P. Cui, A. M. Zhang, S. P. Wang, and Y. L. Liu, Experimental study on
interaction, shock wave emission and ice breaking of two collapsing
bubbles, J. Fluid Mech. 897, A25 (2020).

32 W. Liang, R. Chen, J. Zheng, X. Li, and F. Lu, Interaction of two
approximately equal-size bubbles produced by sparks in a free field,
Phys. Fluids 33, 067107 (2021).

33 A. Tomiyama, I. Zun, A. Sou, and T. Sakaguchi, Numerical analysis of
bubble motion with the VOF method, Nucl. Eng. Des. 141, 69 (1993).

34 F. Garoosi, T. Merabtene, and T. F. Mahdi, Numerical simulation of
merging of two rising bubbles with different densities and diameters
using an enhanced volume-of-fluid (VOF) model, Ocean Eng. 247,
110711 (2022).

35 A. Zhang, P. Sun, and F. Ming, An SPH modeling of bubble rising and
coalescing in three dimensions, Comput. Methods Appl. Mech. Eng.
294, 189 (2015).

36 H. Cheng, Y. Liu, F. R. Ming, and P. N. Sun, Investigation on the
bouncing and coalescence behaviors of bubble pairs based on an im-

proved APR-SPH method, Ocean Eng. 255, 111401 (2022).
37 Q. X. Wang, K. S. Yeo, B. C. Khoo, and K. Y. Lam, Nonlinear inter-

action between gas bubble and free surface, Comput. Fluids 25, 607
(1996).

38 A. M. Zhang, and Y. L. Liu, Improved three-dimensional bubble dy-
namics model based on boundary element method, J. Comput. Phys.
294, 208 (2015).

39 Y. Liu, A. M. Zhang, Z. Tian, and S. Wang, Investigation of free-field
underwater explosion with Eulerian finite element method, Ocean Eng.
166, 182 (2018).

40 N. N. Liu, A. M. Zhang, Y. L. Liu, and T. Li, Numerical analysis of the
interaction of two underwater explosion bubbles using the compress-
ible Eulerian finite-element method, Phys. Fluids 32, 046107 (2020).

41 T. D. Zhendong Bian, in Study on double bubble interaction based on
energy viewpoint: Proceedings of the 31st National Symposium on
Hydrodynamics, 2020.

42 J. U. Brackbill, D. B. Kothe, and C. Zemach, A continuum method for
modeling surface tension, J. Comput. Phys. 100, 335 (1992).

43 Q. Zeng, S. R. Gonzalez-Avila, and C. D. Ohl, Splitting and jetting of
cavitation bubbles in thin gaps, J. Fluid Mech. 896, A28 (2020).

44 M. Koch, C. Lechner, F. Reuter, K. Köhler, R. Mettin, and W. Lauter-
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卞真东,王静竹,银波,王永九,丘润荻,王一伟,杜特专

摘要 为了研究从一个气泡传递到另一个气泡的能量,本文构建了辐射-接收结构的双气泡能量模型. 基于数值仿真,研究了无量纲

距离(d)和初始能量比(ψ)对气泡能量传递的影响.定义相对接收能量(ε)、相对射流能量(J)以及能量传递率(η)来量化气泡的能量传

递. 结果表明,当两泡初始半价完全相同时,能量传递率随着无量纲距离、初始能量比的增加而减小. 随着无量纲距离的增加,两泡的

相互作用减弱,相对接收能量满足关系: ε ∝ 1/d2. 当初始能量比增加时,接收泡的最大内压先增加后减小,但接受泡的射流能量始终增

加,满足规律: J ∝ ψ. 通过模拟不同的气泡半径比,结果表明: 气泡的储能能力随气泡半径的增大而增大.
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