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A B S T R A C T   

Recently, the quantum effect of condensed matter physics is introduced into the acoustic field, which lays a new 
pathway to manipulate the acoustic wave. However, the acoustic topological insulator based on Bragg scattering 
requires their lattice constant to be comparable with the wavelength. In this paper, a novel subwavelength spiral 
element on the basis of the Archimedean spiral is proposed. Thanks to the central resonator with a slender curved 
channels scheme, the subwavelength Dirac cone forms in the band structure. The eigenfrequency of the element 
can be changed by the spiral geometric parameters, which triggers the topological phase transition characterized 
by opposite valley Chern numbers. The backscattering-immune unidirectional transmission edge state exists at 
different topological boundaries, suggesting its great robustness even at the sharp bends. Also the topological 
edge modes along the Z-shaped interfaces are verified by the experiments and the calculation, which provides an 
effective structure to control the low frequency acoustic wave transmission.   

Introduction 

The discovery of the quantum Hall effect [1,2], quantum spin Hall 
effect [3,4], and quantum Valley Hall effect [5,6] have promoted the 
development of condensed matter physics, which attracts much atten-
tion on the topological insulator. One of its most unique properties is the 
backscattering-immune unidirectional transmission. The electrons could 
travel along the edges or surfaces smoothly despite of defects. These 
characteristics have inspired the classical realms [7–12]. However, the 
classical wave systems belong to the boson system, and don’t have the 
spin effect that is unique to the electronic system. Moreover, there is no 
such external field analogue to the magnetic field in acoustics to break 
the time inversion symmetry. It is quite challenging to realize quantum 
effects in acoustic systems. 

At the early stage, Fleury et al. [10] break the time inversion sym-
metry in acoustics by introducing the circulating fluid, which splits the 
resonant ring cavity’s azimuthal resonant modes resulting in the 
analogue “Zeeman Effect”. Armed with this principle, several designs 
[13,14] of analogue quantum Hall effect in acoustics have been realized. 
Later, the researchers [15,16] implemented the Floquet topological in-
sulators based on space–time modulation and waveguide coupling. 
Although the acoustic pseudospin can be artificially realized by the 

above methods, these structures are quite complex and require harsh 
external conditions. Therefore, in view of the time protected quantum 
spin Hall effect and quantum Valley Hall effect, researchers [17–20] 
construct acoustic topological insulator with specific symmetry using 
simple units and break the space-reversal symmetry through changing 
the geometric parameters, so as to achieve the analogue quantum effect 
without harsh external conditions. In contrast, this method is more 
practical and simpler. However, this kind of acoustic topological in-
sulators is equipped with inversion symmetry when constructing the 
unit cell. On the other hand, the size of phononic crystal element is 
equivalent to the acoustic wavelength. These harsh requirements restrict 
the design of the acoustic topological valley system. Thus, it is desirable 
to introduce the subwavelength structural units with lower symmetry to 
realize the one-way transmission edge state in low-frequency in order to 
effectively control the low-frequency sound waves. Notably, some 
effective strategies [21–23] have been reported to deal with this chal-
lenge in realizing acoustic transitions and boundary states at sub-
wavelength scales. However, these strategies are only suitable for 
surface acoustic waves (SAW), which are not effective for waveguide 
acoustic waves (WAW). Though space-folding structure [24,25] and 
Helmholtz resonator [26,27] have been introduced into the topological 
acoustic system, these schemes make the system complex. 
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Lately, spiral and chiral unit cells [28–30] have been applied in the 
construction of metamaterials. They own a variety of geometric pa-
rameters such as chirality, rotation angle, and spiral width, which show 
fruitful control on acoustic waves like double negative characteristics 
and abnormal acoustic beam. Furthermore, this kind of structures enjoys 
the chiral scheme, shares the subwavelength characteristics and is 
simple to construct. Thus, they would be a better option for sub-
wavelength topological structure and exhibit abundant possibilities to 
realize topological phase transition due to its fruitful geometric pa-
rameters. Although the topological insulators with chiral and spiral 
structure have been recently reported a little study focus on the sub-
wavelength characteristics. Here we propose a novel subwavelength 
chiral structure taking inspiration from the spiral and chiral elements. 

It is noted that there are a large share of spiral structures controlled 
by distinct parameters. In order to simplify the unit cell design, we 
construct a unique spiral unit cell based on the Archimedean spiral 
structure owing to its simple mathematical form. In addition, it enjoys a 
chiral scheme, the inversion symmetry is not necessary when con-
structing the unit cell. Then, the local resonance effect is introduced into 
the unit cell trying to lower its eigenfrequency by constructing a reso-
nator at the center of the unit cell. Moreover, six slender curved channels 
joined in the resonator reduce the eigenfrequency further thanks to the 
space-folding scheme. Because the slender curved channels bend the air 
channels, and the length of the sound path has been extended, which 
gives rise to higher refractive index and causes lower eigenfrequency. 
Thus, a subwavelength Dirac cone [31–34] formed at the K, K’ point in 
the energy band. The lattice symmetry can be lowered by altering the 
two adjacent spiral units’ outer radius, which leads to topological phase 
transition characterized by opposite Valley Chern numbers. Finally, the 
robustness of topological edge modes transmitting along the interfaces 
containing two sharp bends is verified by the experiment and 
simulation. 

Structure design and method 

The Archimedean spiral structure is shown in Fig. 1 (a). The spiral 
equation isr(s) = R − (R − r)s,ϕ(s) = 2πns, where R is the outer radius of 
the Archimedean spiral (R = 1.2 cm), r is the inner radius of the 
Archimedean spiral (r = 0.8 cm), n is the number of turns of the spi-
ral,s ∈ [0;1], and w is the width of the spiral (w = 1 mm). Select a section 
of the Archimedes spiral (n = 0.3) and rotate it anticlockwise around the 
center of the spiral. The same spiral section is obtained every 60 degrees, 
and then these spirals are combined together to form a spiral phononic 
crystal unit. The unit cell is illustrated in Fig. 1 (b). The whole spiral unit 
is embedded as a scatterer in the honeycomb unit cell matrix filled with 
air. The honeycomb lattice with spiral units is to be considered as C6 
symmetry, marked by the red dashed line in Fig. 1(c). The lattice con-
stant is a = 5 cm. The adjacent spiral unit cells highlighted with colored 
orange and blue are marked by A and B, respectively. 

Employing the finite-element software COMSOL Multiphysics to 
calculate the energy band structure of the spiral metamaterials. Since 
the spiral is made of epoxy (c0 = 2540m/s, ρ0 = 1100kg/m3), its 
impedance is greater than that of air (c0 = 343m/s, ρ0 = 1.29kg/m3), 
the spiral can be regarded as the rigid scatterer. At the same time, in 
order to simplify the calculation model, Floquet Bloch boundary con-
ditions are applied to the opposite side of the honeycomb lattice, so that 
only one lattice element is necessary to be calculated. Along the 
boundary of the first Brillouin zone, M - Γ - K-M scanning wave vector is 
adopted to obtain the energy band structure of the whole phononic 
crystal. The band structure is shown in Fig. 2 (a), since the phononic 
crystals have C6 symmetry, and the K-point carries C3 symmetry, there 
exists a deterministic Dirac cone [35] at the K point of the Brillouin zone 
at 2345 Hz, with its normalized frequency fn = 0.342 (fn = f⋅a/c, c is the 
sound velocity in air, 343 m/s). Because the spiral lattice element can be 
considered to be a central resonator with six slender curved channels, 
the local resonance effect is introduced into the unit cell trying to lower 
its eigenfrequency by constructing a resonator at the center of the unit 

Fig. 1. (a) An Archimedes spiral with its geometric parameters. (b) Schematic illustration of the spiral unit cell. (c) Topological phononic crystal is composed of 
spiral unit cells distributed in a honeycomb lattice. The adjacent spiral unit cells highlighted with colored orange and blue are marked by A and B, respectively. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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cell. Moreover, six slender curved channels joined in the resonator 
reduce the eigenfrequency further thanks to the space-folding scheme. 
The combined action of these two compositions contributes to the sub-
wavelength Dirac cone. 

Since the subwavelength Dirac cone is formed, we can focus on 
opening a topological band gap and tailoring the topological properties 
of the system. Then the inversion symmetry can be broken by changing 
the geometric parameters of the adjacent units. Here we choose to adjust 
the outer radius R of the spiral. The outer radius of unit cell A is 
increased by t (t = 0.03 cm), and the outer radius of unit cell B is 
decreased by t. The adjacent units A and B with different outer radius are 
no longer symmetrical, and the symmetry of the whole crystal structure 
is reduced to C3 symmetry. Then, the energy band structure after 
changing the geometric parameters is calculated, and the calculation 
results are shown in Fig. 2 (b). It can be found that when the geometric 
parameters of the structure change, the scheme of the unit cell A and B 
also changes, resulting in different eigenfrequencies between them. The 
Dirac cone at the K point splits, giving rise to two eigenstates q+ (2370 
Hz) and p- (2324 Hz), forming a band gap. The amplitude and phase 
distributions of the eigenstates q+ and p- are shown in Fig. 2(c). The 
interior energy flow in eigenstate q+ enjoys a clockwise direction, which 
is consistent with the direction of the phase. As for the eigenstate p-, it 
enjoys a counter-clockwise direction of the interior energy flow and 
phase. Thus, these two eigenstates share opposite chirality. 

Results and discussion 

Topological phase transition 

Fig. 3 shows a continuous evolution of the band-edge frequencies q+

and p- versus the spiral outer radius variation t. When t = 0, the two 

adjacent spiral units are in the same geometric scheme and share the 
same eigenfrequency, and there exists a Dirac cone at the K point of the 
first Brillouin zone. As the value of t gradually deviates from t = 0, the 
degeneracy at the K point is lifted and the subwavelength band gap 
forms. To demonstrate the process of the topological phase transition 
clearly, the eigenstates q+, p- at t = -0.1 cm and t = 0.1 cm are shown in 

Fig. 2. (a) The band structure of the spiral phononic crystal with t = 0 cm. (b) The band structure of the spiral phononic crystals with t = 0.03 cm. (c) The amplitude 
and phase distributions for eigenstates q+ and p-. The green and yellow arrows stand for the interior vortex field with clockwise and counter-clockwise directions, 
respectively. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 3. The frequency of q+ and p- states at K point in Brillouin zone as a 
function of t. The green and yellow arrows stand for the interior vortex field 
with clockwise and counter-clockwise directions, respectively. (For interpreta-
tion of the references to colour in this figure legend, the reader is referred to the 
web version of this article.) 
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Fig. 3. At the left side of t = 0, the eigenstate p- is located at the upper 
boundary of the subwavelength band gap with a clockwise interior 
vortex field, while the eigenstate q+ state is located at the lower 
boundary of the subwavelength band gap with a counter clockwise 
interior vortex field; For the right side of t = 0, eigenstates p- and q+

exchange their positions of the upper and lower boundary of the band 
gap. Evidently, it can be found that during the process of t changing, the 
frequency order of the first two bands is inverted at t = 0, locked to the 
opposite vortex pseudospins. Thus, a topological protected unidirec-
tional transmission boundary state can form at the boundary. 

According to the k-p perturbation method, the effective Hamiltonian 
is constructed [11]: 

δH = vDδkxσx + vDδkyσy +mv2
Dσz (1) 

Where vD is the Dirac velocity at the Dirac cone, δk =
(
δkx, δky

)
is the 

momentum deviation from the K point, and σi are the Pauli matrices. 
The effective mass can be characterized by: 

m =
(
ωq+ − ωp−

)/
2v2

D (2) 

Since the effective mass relies on the frequency of the two eigenstates 
p- and q+ the effective Hamiltonian is linked strongly to t. The Valley 
Chern number can be derived by integrating the local Berry curvature 
Ω(δk) centered at the K point: 

CK =
1

2π

∫

Ω(δk)dS =
1
2
sgn(m) (3) 

For the domain A, m < 0, the Chern number of the second band is − 1
2 

at the K point. For the domain B, m > 0, the Chern number of the second 
band is 12 at the K point. 

For the domain A and B, the Chern number shares opposite signs, 
which confirms the topological phase transition. Thus, the interfaces 
constructed by two different Valley Hall phases promise the existence of 
the edge modes. 

Edge modes 

In order to prove the existence of topological edge modes at the in-
terfaces between domains that enjoy opposite Valley Chern numbers, we 
construct a ribbon-shaped supercell, as shown in Fig. 4 (a). The supercell 
is composed of two types of phononic crystals, labeled with type-I (t =
0.1 cm) and type-II (t = − 0.1 cm). Type-II phononic crystal with a length 

of 10a is located in the middle of the supercell whereas type-I phononic 
crystal with a length of 8a is located at the end of the supercell, which 
forms a sandwich structure. There exist two types of interfaces in this 
supercell, interface I-II and interface II-I, denoted with M and N, 
respectively. In calculation, apply the periodic boundary condition to 
the left and right sides of the supercell and exert the perfectly matched 
layer on the upper and lower boundary of the supercell. Thus, the band 
structure of the supercell is obtained. 

Fig. 4(b) shows the band structure of the sandwich supercell. The 
black solid line indicates the bulk state, red and blue solid lines indicate 
the edge modes at interface N and M respectively. They show different 
slopes, which indicate opposite group velocity. Points MR, ML, NR, and 
NL stand for the edge modes propagating towards left and right on the 
interfaces M and N. Edge modes MR and NR are situated in the band gap 
with the wavenumberkx = π

2a, and edge modes ML and NL are situated in 
the band gap with the wavenumberkx = 3π

2a. Fig. 5 displays the pressure 
field and energy flow distribution on the interfaces M and N for these 
four edge modes (MR, ML, NR, NL). It reveals that quite a few of the 
energy is concentrated on the interface, indicating the edge modes. Also, 
according to the direction of energy flow, the edge modes travel in one 
direction at the interface, which is consistent with the direction of 
wavenumber. The edge modes of supercell are labeled as MR, ML, NR, 
and NL respectively. L and R represent the left and right directions of 
propagation, while M and N represent two types of interfaces. For 
example, ML means acoustic waves transmit to the left at the interface 
M, NR means acoustic waves transmit to the right at the interface N. The 
helix edge modes at the interfaces show that it is similar to the electronic 
system’s valley pseudospin. 

Then, we designed a straight waveguide and a Z-shaped waveguide 
in a 16a × 22a superlattice consisted of type-I (t = 0.1 cm) and type-II (t 
= − 0.1 cm) spiral units, as shown in Fig. 6(a) and Fig. 6(b), respectively. 
When the point source located at the left side of the waveguide is excited 
at 2100 Hz, the sound waves transmit along the waveguide from the left 
side to the right side smoothly. Even for the Z-shaped waveguide where 
exist two sharp bends in the transmission path, the sound waves still 
transmit along the waveguide smoothly, shown in Fig. 6(b). The simu-
lated sound pressure distribution verifies the existence of the edge mode 
and shows its robust transmission. 

To demonstrate the backscattering suppression of topological 
transmission around the sharp corner, we have derived transient in-
tensity fields in Z-shaped waveguide. In Fig. 7(a), a Z-shaped waveguide 
is constructed, marked by the blue dashed line. A Gaussian burst pulse 

Fig. 4. (a) The ribbon-shaped superlattice consisted of type-I and type-II phononic crystals. (b) The band structure of the supercell, points MR, ML, NR, and NL stand 
for the edge state with specific momentum at the interfaces N and M. 
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with six cycles at f = 2112 Hz is excited at the left side of the waveguide. 
The transient intensity fields in Z-shaped waveguide at four different 
times (t = 0.03 s, 0.05 s, 0.064 s, and 0.09 s) are shown in Fig. 7(b). It 
suggests that the sound waves propagate along the waveguide smoothly. 
The time history of sound pressure at point B and C (shown in Fig. 7(c)) 
reveals that the amplitude of the sound waves is almost the same before 
and after transmitting the two sharp corners. It presents the backscat-
tering suppression merits of the edge states. 

Experiment 

So as to verify the robust transmission of the edge modes, we 
construct a Z-shaped waveguide in a finite 16a × 22a superlattice. The 
sample made of epoxy is fabricated by a 3D printer, as shown in Fig. 8 
(a). In the diagram, the blue dashed line indicates the Z-shaped topo-
logical interfaces. In the experiment, the spiral metamaterials covered 
with a plexiglass plate are placed on the epoxy base plate, where the 

Fig. 5. The real-space distributions of the pressure and intensity field on the interfaces M and N for the four eigenstates. The yellow and white arrows stand for the 
energy flow in right and left directions, respectively. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.) 

Fig. 6. Simulated sound pressure distributions of (a) Straight waveguide and (b) Z-shaped waveguide at 2100 Hz.  
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experiment is regarded to be undertaken in a 2D waveguide. For the sake 
of minimizing the effect of the reflection wave, the entire experiment is 
conducted in the anechoic room and the upper and lower boundaries are 
filled with sound absorbing cotton. The speaker (BOACH-BLS-55) as a 
point source is placed at port A. Then, the white noise ranging from 
1300 Hz to 2500 Hz is excited from the point source. The sound intensity 
signals at ports B and C are collected by a 1/4-inch microphone (BSWA- 
MPA-201), which denote edge state and bulk state, respectively. The 
collected sound intensity signals are transferred to the PC to post process 
through the data acquisition card (NI-9234). Fig. 8(b) illustrates the 
transmission spectra of acoustic waves through the Z-shaped super-
lattice. The edge state and bulk state are denoted by the red and blue 
solid lines, respectively. In the frequency range of the band gap denoted 
by the shaded area, the acoustic waves transmit mainly in the form of 

edge modes since the transmission of edge state is ~10 dB higher than 
the bulk state. Thus, in the topological band gap, there exist edge modes 
in the Z-shaped channel, which verifies the simulation results. 

Conclusions 

In this paper, we construct a novel subwavelength spiral unit cell 
based on Archimedes’ spiral structure, which can be equivalent to a 
central resonator with six slender curved channels. This unit cell lowers 
the whole system eigenfrequency on the grounds of the local resonance 
effect and space folding scheme. Distribute the unit cell in the honey-
comb lattice with C6 structure symmetry, which produces a sub-
wavelength Dirac cone in the energy band at 2345 Hz, with normalized 
frequency fn = 0.342. The symmetry of the lattice can be reduced 

Fig. 7. (a) Demonstration of the Z-shaped waveguide. (b) The transient intensity fields in Z-shaped waveguide at four different times (t = 0.03 s, 0.05 s, 0.064 s, and 
0.09 s). (c) Time history of sound pressure at points B and C. 

Fig. 8. (a) Photograph of a fabricated Z-shaped waveguide sample. Point A stands for the sound wave input port, and points B and C stand for the measuring end for 
edge state and bulk state, respectively. (b) Experimentally measured transmission spectra of topological edge states and bulk states. 
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through altering the two adjacent spiral units’ geometric parameters, 
then the topological band gap forms and the Dirac cone splits into two 
eigenstates at K point. Furthermore, to demonstrate the process of to-
pological phase transition the sound field distribution of two eigenstates 
at K point is calculated characterized by opposite Valley Chern numbers. 
Moreover, the existence of edge modes is verified by the superlattice 
consisted of opposite Valley Hall phases. Finally, the robust transmission 
of edge mode is proved by simulations and experimental results, which 
exhibits the backscattering-immune merits despite of the defects. This 
kind of subwavelength spiral structure lays a new pathway to manipu-
late the low-frequency sound waves. 
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