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A B S T R A C T   

Progressive waves usually coexist with a steady current in coastal environments. Superposing a following or 
opposite current onto the progressive waves could significantly alter the excess pore-water pressure distribution 
within the seabed. Unlike previous studies which were predominantly limited to the pure wave cases, the 
instantaneous liquefaction of a non-cohesive seabed is investigated analytically under the combined loading of 
3rd order Stokes waves and a steady current. Explicit expressions are derived for the transient pore pressure 
distribution in a seabed with instantaneously-liquefied zone and the corresponding instantaneous liquefaction 
depth, which are verified by degradation analyses and comparisons with the existing offshore field observations. 
The phase lag of excess pore pressure is taken into account in the theoretical derivation. Parametric study is then 
performed to examine the effects of wave non-linearity and superimposing a current on the instantaneous 
liquefaction depth. It is indicated that wave-nonlinearity effects on the instantaneous liquefaction depth are not 
neglectable, especially when the wave height gets larger and the current velocity is reduced. The envelope for the 
variation of maximum instantaneous liquefaction depth with both wave period and current velocity is further 
constructed. To superimpose an opposing current onto the progressive waves with a relatively small wave period 
could be beneficial for the prevention of instantaneous liquefaction. Nevertheless, the variation trends of the 
maximum instantaneous liquefaction depth are attributed to the synthetical effect of the alternations of both 
wavelength and wave height during nonlinear wave-current interactions.   

1. Introduction 

While ocean waves are propagating over a porous seabed, periodic 
pore pressure may be generated within the soil, which could further 
cause seabed liquefaction. In the past few decades, catastrophic conse
quences to marine structures due to seabed liquefaction have been re
ported frequently, e.g., Christian et al. (1974); Miyamoto et al. (1989); 
Sumer et al. (1999); De Groot et al. (2006). Both residual and transient 
mechanisms for the pore pressures under the action of progressive waves 
have been observed in the wave flumes and offshore fields (see Zen and 
Yamazaki, 1991; Sassa et al., 2006; Jeng et al., 2007). To some extent, 
wave-induced residual liquefaction of the seabed is similar to the soil 
liquefaction during earthquake events (see the pioneering work by Seed 
and Lee, 1966), where the effective stress was reduced to nil due to the 
pore pressure buildup (see the review on soil liquefaction modeling by 
Sawicki and Mierczyński, 2006). In contrast to the residual liquefaction 
that takes place in a non-cohesive seabed (Sassa and Sekiguchi, 1999, 

2001; Sumer, 2014), instantaneous liquefaction (also referred as 
"momentary liquefaction") is essentially caused by the instantaneous 
upward seepage within the upper layer of the seabed under wave 
troughs (see Qi and Gao, 2018). 

Based on Biot’s poroelastic theory (Biot, 1941), wave-induced tran
sient pore pressure responses have been investigated analytically under 
various seabed conditions (see Sumer, 2014; Jeng, 2018): e.g., the 
infinite thickness of the seabed by Yamamoto et al. (1978); the arbitrary 
thickness of a horizontally layered seabed by Madsen (1978); and the 
finite thickness of the seabed by Hsu and Jeng (1994). A boundary-layer 
approximation was developed by Mei and Foda (1981) for wave-induced 
stress in a porous elastic medium. In addition to analytical in
vestigations, numerical and physical models were also employed to 
investigate the pore pressure responses in the seabed under complex 
structure boundaries and wave loading conditions, e.g., the 
wave-breakwater-seabed interaction (Mase et al., 1994; Vanneste and 
Troch, 2012; Jensen et al., 2014), the wave-monopile-seabed interaction 

* Corresponding author. Institute of Mechanics, Chinese Academy of Sciences, Beijing, 100190, China. 
E-mail address: fpgao@imech.ac.cn (F.-P. Gao).  

Contents lists available at ScienceDirect 

Coastal Engineering 

journal homepage: www.elsevier.com/locate/coastaleng 

https://doi.org/10.1016/j.coastaleng.2022.104229 
Received 18 December 2021; Received in revised form 25 August 2022; Accepted 9 October 2022   

mailto:fpgao@imech.ac.cn
www.sciencedirect.com/science/journal/03783839
https://www.elsevier.com/locate/coastaleng
https://doi.org/10.1016/j.coastaleng.2022.104229
https://doi.org/10.1016/j.coastaleng.2022.104229
https://doi.org/10.1016/j.coastaleng.2022.104229
http://crossmark.crossref.org/dialog/?doi=10.1016/j.coastaleng.2022.104229&domain=pdf


Coastal Engineering 179 (2023) 104229

2

(Li et al., 2011; Lin et al., 2017; Zhao et al., 2017; Duan et al., 2019; 
Miyamoto et al., 2021), the wave-pipeline-seabed interaction (Gao et al., 
2003; Miyamoto et al., 2019; Qi et al., 2020; Shi et al., 2021), and the 
breaking wave-seabed interaction (Li et al., 2021). Recently, a numeri
cal toolbox was established by Li et al. (2020) for wave-induced seabed 
response analysis around marine structures in the OpenFOAM® 
framework. 

In a fully saturated sandy seabed, instantaneous liquefaction is 
hardly to occur due to the extremely slow attenuation of pore pressure 
downward deeply into the seabed. Nevertheless, it is not uncommon for 
gas to be found in submarine sediments (Okusa, 1985). The presence of 
methane, common in the Mississippi Delta sediments, has been reported 
to influence the wave-induced pore pressures (see Okusa, 1985). The 
biogenic degradation of organic matters can release gas within the 
subsea sediments (Judd and Hovland, 2007). In the nearshore, espe
cially at the surf zones, the air can be introduced into the seabed at ebb 
tides and partially trapped in the porous soil with rising tides (Mory 
et al., 2007). Using a geo-endoscopic camera, Michallet et al. (2009) 
measured the gas content within the sand bed on the Atlantic coast of 
Aquitaine, in southwest France. They found that the gas content was up 
to 6.0% (i.e., saturation degree = 94.0%) at the soil depth of 0.25 m 
below the seabed surface. In such an unsaturated seabed at shallow 
waters, pore pressure attenuation could be significant, leading to an 
instantaneous liquefaction risk. 

Several criteria have been proposed to predict the instantaneous 
liquefaction of the seabed under wave loading. The criterion firstly 
proposed by Bear (1972) (denoted as “criterion-I′′) was from the 
perspective of soil-element (or termed micro-layer) scale. For the 
criterion-I, the vertical gradient of excess pore pressure (jz) inducing the 
upward seepage force within the seabed under wave troughs must 
locally overcome the buoyant unit weight of soil (γ′ ), i.e., jz − γ′

≥ 0. Zen 
and Yamazaki (1990) later deduced a criterion for instantaneous 
liquefaction (denoted as “criterion-II”) from the traditional force anal
ysis on the vertical soil-column rather than the soil-element analysis in 
criterion-I. The criterion-II suggested that instantaneous liquefaction 
could occur if the excess pore pressure difference between a certain 
depth (p(z)) and the soil surface (Pb) becomes larger than the over
burden soil pressure (σ′

z0), i.e., p(z) − Pb ≥ σ′

z0. Considering the cohesion 
and the internal friction angle of soil, Ye (2012) proposed 
three-dimensional (3D) liquefaction criteria and further made a dis
cussion on the existing criteria, e.g., the criterion-II, and the criterion by 
Jeng (1997); and the 1D criterion by Zen and Yamazaki (1990) (i.e., 
criterion-II) was recommended to use in engineering. As aforemen
tioned, instantaneous liquefaction is induced by the upward seepage 
under wave troughs; and in the fields, the observed 
instantaneously-liquefied depth (<3 m or less; see Zen and Yamazaki 
(1991)) is generally much smaller than the wavelength (∼ 102 m). As 
such, the instantaneous liquefaction can be essentially regarded as a 
quasi-1D process. 

Nevertheless, if such criteria in the inequality forms (e.g., criterion-I 
and –II) are adopted for a non-cohesive seabed, an upward resultant 
force could be unreasonably generated in the instantaneously-liquefied 
soil and the upper layer of soil mass would be sucked away, which is 
fallacious in physics. To avoid such a fallacy, Qi and Gao (2018) pro
posed an improved criterion for instantaneous liquefaction of a 
non-cohesive seabed (denoted as “criterion-III”). The criterion-III 
implied that the vertical gradient of excess pore pressure (jz) should 
be identical to the buoyant unit weight of the soil (γ′ ) in an 
instantaneously-liquefied soil layer, i.e., jz − γ′

≡ 0, which was verified 
with offshore field observations by Mory et al. (2007) and the 
multi-scale numerical simulations by Scholtès et al. (2015). Based on the 
criterion-III, an analytical solution for instantaneous liquefaction depth 
was further derived by Qi and Gao (2018). To efficiently avoid resulting 
in fallacious tensile stresses in a non-cohesive seabed in previous nu
merical simulations, Zhou et al. (2020, 2021) recently proposed a 

non-Darcy flow model for the instantaneously-liquefied seabed by tak
ing account of the criterion-III and the Karush–Kuhn–Tucker condition. 
Note that, in the previous investigations, the seabed liquefaction under 
pure waves was mainly involved, but the combined wave-current effects 
have not been intensively investigated. 

In coastal environments, the coexistence of periodic waves and a 
steady current is more frequently encountered than pure waves. It is 
mainly near continental margins and in shallow seas that currents in
fluence waves significantly (see Peregrine, 1976). With the increasing 
number of subsea structures (e.g., for the rapid development of near
shore windfarms), the prediction of seabed liquefaction under the 
combined wave-current loading is of growing importance. As for the 
wave-current interactions, Longuet-Higgins and Stewart (1960, 1961) 
introduced a term called radiation stress in the governing equation to 
well describe the wave-current energy exchange. Whitham (1962) 
further established the governing equations for the conservations of 
mass, momentum, and energy regarding wave-current interactions. 
Later, the characteristic parameters for waves and current due to the 
interactions between waves and a uniform current were investigated 
experimentally & numerically (e.g., Thomas, 1981; Baddour and Song, 
1990) and analytically (Zou, 2004). To describe the water particle 
movements in a non-linear wave-current interaction flow, Hsu et al. 
(2009) derived a third-order trajectory solution in the Lagrangian form 
based on a Euler-Lagrange transformation. From the trajectories of 
water particles resulting from wave-current interactions, it was found 
that particle displacement near the surface decreases due to its mass 
transport velocity resisted by an opposing current. The analytical solu
tion by Hsu et al. (2009) provided an accurate prediction for the free 
surface elevations for large Froude numbers associated with a uniform 
current. 

Under the combined wave-current loading, the spatio-temporal dis
tribution of excess pore pressures could be altered from those for pure 
waves, as observed in the large wave-current flume (Qi et al., 2012, 
2019). Based on the u-p approximation for Biot’s poroelastic dynamic 
theory (Biot, 1956), Ye and Jeng (2012) numerically investigated the 
pore pressure responses of a sandy seabed under combined nonlinear 
waves and a uniform current. Analytical approximation for combined 
wave-current induced pore pressure responses in an un-liquefied seabed 
was later derived by Zhang et al. (2013). It has been recognized that 
wave-induced transient pore pressure within the seabed could be 
significantly affected by superimposing a following or opposite current. 
It should be noted that the wave height was assumed unchanged after 
the current is superimposed onto the progressive waves in the numerical 
simulation (Ye and Jeng, 2012) and the analytical derivation (Zhang 
et al., 2013). Flume observation by Qi et al. (2019) showed that the wave 
height was reduced and the corresponding wavelength was elongated 
with increasing the velocity of a following current. A similar trend 
regarding the influence of current on both wave height and wavelength 
was ever obtained for analyzing the residual liquefaction of the seabed 
under combined wave-current loading (Sumer, 2014). Such variations of 
wave height and wavelength during wave-current interactions could 
also affect the instantaneous liquefaction. Accurate prediction of the 
instantaneously-liquefied depth is vital for subsea foundations, espe
cially in the coastal zones where the waves and current are usually 
coexisting. Once the liquefaction occurs, the soil particles will become 
suspended with the pore pressure response adjusted (Zen and Yamazaki, 
1991; Mory et al., 2007). Nevertheless, the effect of liquefaction was not 
considered in the previous analytical study on the pore pressure induced 
by combined wave-current loading (Zhang et al., 2013), and the existing 
analytical solutions for instantaneous liquefaction depth (e.g., Qi and 
Gao, 2018) are limited to pure waves. 

In the present study, the instantaneous liquefaction of a non-cohesive 
seabed under the combined wave-current loading is investigated 
analytically. The explicit solution for instantaneously-liquefied depth is 
derived and verified with degradation analyses and comparisons with 
existing offshore field observations. Parametric study is then performed 
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to examine the effects of wave nonlinearity and imposing a current. 

2. Theoretical derivation 

We consider a uniform current that is superimposed onto the pro
gressive non-linear waves travelling along the porous seabed (see 
Fig. 1). As illustrated in Fig. 1, h is the water depth; L and H are the 
resulting wavelength and wave height, respectively; the steady current 
holds a velocity of Uc (note: the positive values of Uc are for a following 
current, and the negative ones are for an opposing current). Both the 
following and the opposing currents are considered to examine the 
combined wave-current induced instantaneous liquefaction of a non- 

cohesive seabed. The instantaneously-liquefied seabed can be divided 
into the upper liquefied layer and the underlying un-liquefied zone (see 
Fig. 1). 

2.1. Wave-current pressure at the mudline and pore pressure distribution 
within the liquefied layer 

2.1.1. Combined 3rd order Stokes wave-current induced periodic pressure 
at the mudline (z = 0) 

The analytical solution for the velocity potential in the Eulerian 
approach was derived by Chen and Juang (1990) for the 3rd order 
approximation of the periodic waves propagating over a uniform cur
rent. On the basis of Euler–Lagrange transformation, an updated 3rd 
order trajectory solution in Lagrangian form for the water particles in 
the wave-current interaction flow was later derived by Hsu et al. (2009). 
The velocity potential (φ) in the Eulerian coordinates approach for 
combined waves and a uniform current can be expressed as (Hsu et al., 
2009):   

Submitting the velocity potential (φ) into the Bernoulli’s equation: 

P
ρf
+

∂φ
∂t

+
1
2
(∇φ)2

+ gz= 0 (2)  

the nonlinear wave-current induced periodic pressure on the seabed 
mudline (Pb = P(x, z, t)|z=0) can be derived as 

Pb =Pb1 + Pb2 + Pb3 (3)  

in which, Pb1, Pb2, and Pb3 are the 1st, 2nd, and 3rd order components of 
the total wave pressure, respectively: 

Pb1 =
ρfgH

2 cosh(kh)

[

1+
ω2(kH)

2

ω0 − kUc

]

cos(kx − ω t) (4a)  

Pb2 =
ρfgkH2

8 sinh(2kh)

[
3

sinh2(kh)

(

1+
ω2(kH)

2

ω0 − kUc

)

− 1

]

cos[2(kx − ω t)] (4b)   

Under the Stokes 3rd order approximation, the terms higher than 
O(H3) should be omitted; thus Eqs. (4b) and (4c) can be further 
simplified as follows: 

Pb2 ≈
ρfgkH2

8 sinh(2kh)

[
3

sinh2(kh)
− 1
]

cos[2(kx − ω t)] (4b’)   

In Eqs. (1)–(4), P is the water pressure; ρf is the water density; g is the 
gravitational acceleration; ω is the angular frequency for the combined 
wave-current, which is related to the wave number (k) by the following 
dispersion relationships obtained by perturbation analysis with taking 
“kH” as a minor term (Chen and Juang, 1990): 

ω=ω0 + (kH)
2ω2 (5)  

in which, 

ω0 =Uck +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
gk tanh(kh)

√
(6a)  

ω2 =
9 + 8 sinh2(kh) + 8 sinh4(kh)

64 sinh4(kh)
(ω0 − Uck) (6b) 

Eq. (6a) is commonly referred to as the Doppler-shifted solution to 
the dispersion relation under combined linear waves and a uniform 
current (see Peregrine, 1976). Submitting Eqs. (6a) and (6b) into Eq. (5), 
and denoting 

φ(x, z, t) = Ucx +
H
2k

(ω0 − kUc)
cosh(kz)
sinh(kh)

sin(kx − ωt)

3H2

32
(ω0 − kUc)

cosh 2(kz)
sinh4(kh)

sin 2(kx − ωt) −
H2

16
(ω0 − kUc)

2 t
sinh2(kh)

+
kH3

512
(ω0 − kUc)

9 − 4 sinh2(kh)
sinh7(kh)

cosh 3(kz)sin 3(kx − ωt)
(1)   

Pb3 =
3ρfgk2H3

64 sinh4(kh)cosh(kh)

[(
9 − 4 sinh2(kh)

8 sinh2(kh)

(

1+
ω2(kH)

2

ω0 − kUc

)

− 1

)

cos[3(kx − ω t)] − cos(kx − ω t)

]

(4c)   

Pb3 ≈
3ρfgk2H3

64 sinh4(kh)cosh(kh)

[(
9 − 4 sinh2(kh)

8 sinh2(kh)
− 1
)

cos[3(kx − ω t)] − cos(kx − ω t)
]

(4c’)   
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ξ=
9 + 8 sinh2(kh) + 8 sinh4(kh)

64 sinh4(kh)
(7) 

one can obtain the dispersion relationship for combined 3rd order 
Stokes waves and a uniform current: 

ω − Uck=
(
1+ ξ(kH)

2) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
gk tanh(kh)

√
(8)  

in which, “ω − Uck” is the relative angular frequency in the Lagrangian 
coordinates. By using Eq. (8), one can determine the wave number k or 
the wavelength L (= 2π/k), which would be further employed in the 
calculation for the Pb (see Eqs. (4a)-(4c)). As above stated, in the pre
vious studies (Ye and Jeng, 2012; Zhang et al., 2013), the wave height 
(H) was assumed unchanged after the current is superimposed onto the 
waves; moreover, a different expression for the 3rd order component 
(Pb3) of Pb was derived, in which some minor terms were ignored. In 
fact, the wave-current combination would further change the original 
wave height (H0) of pure waves as an updated wave height H, which can 
be evaluated with an analytical approximation (see Zou, 2004): 

H =

(
k + 2kk0h/sinh(2k0h)

k0[1 + 2kh/sinh(2kh)] + 2Uck0
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
k/g tanh(kh)

√

)1
2

H0 (9)  

where k0 is the wave number of the original waves without the current, 
which can be calculated by the dispersion relationship degraded from 
Eq. (8): 

ω=
(
1+ ξ(k0H0)

2) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
gk0 tanh(k0h)

√
(10) 

After superposing the current, the value of ω keeps unchanged; the 
wavelength and wave height of original waves (i.e., L0 and H0) would 
change to L and H, correspondingly. As observed by Qi et al. (2019), a 
following current onto the progressive waves can elongate the wave
length and diminish the wave height, while an opposing current can 
shorten the wavelength and magnify the wave height. Note that if the 
velocity of an opposing current exceeds a certain value, the resulting 
waves could break. The wave celerity v for the combined wave-current 
can be expressed as (Zou, 2004): 

v=
tanh(kh)

2 tanh(k0h)

[

1+
(

1 + 4
Uc

v0

tanh(k0h)
tanh(kh)

)1
2
]

v0 + Uc (11)  

in which, v0 (= ω/k0) is the wave celerity of pure waves. To avoid wave 

breaking, the range of current velocity Uc can be derived from Eq. (11): 

Uc ≥ −
v0

4
tanh(kh)
tanh(k0h)

(12)  

2.1.2. Pore pressure distribution within the instantaneously-liquefied layer 
In the instantaneously-liquefied soil layer under wave troughs, the 

buoyant unit weight (γ′ ) of the soil is balanced by the vertical gradient of 
excess pore pressure (i.e., criterion-III: jz − γ′

≡ 0), so that the effective 
overburden stress vanishes (Qi and Gao, 2018). Similarly, under the 
action of combined wave-current loading, the excess pore pressure in the 
instantaneously-liquefied layer can be expressed as: 

p(z)=Pb + γ′ z
(
0≤ z< zlq

)
(13)  

where zlq is the instantaneously-liquefied soil depth within the seabed, 
which is to be solved in Section 2.3. 

2.2. Pore pressure distribution within the un-liquefied zone 

2.2.1. Governing equations 
The underlying un-liquefied layer of the seabed is treated as an 

elastic, isotropic and homogeneous porous medium. Based on Biot’s 

Fig. 2. Illustration of pore pressure distribution in the seabed with an 
instantaneous-liquefied layer. 

Fig. 1. Illustration of combined wave-current induced instantaneous liquefaction of a porous seabed.  
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consolidation theory (Biot, 1941), the continuity equation for the 
compressive pore fluid in a compressive porous medium for the 
two-dimensional problem can be expressed as: 

ks

γw

(
∂2p
∂x2 +

∂2p
∂z2

)

− nβ
∂p
∂t

=
∂ε
∂t

(14)  

where ks is the permeability coefficient of the soil; γw is the unit weight 
of the pore water (γw = 9.8 kN/m3); p is the excess pore pressure in the 
soil; n is the soil porosity; β is the compressibility of the pore fluid, i.e., 
β = 1 /Kf + (1 − Sr) /pw0, in which Kf is the true bulk modulus of water 
(Kf ≈ 2.2 × 109Pa for the shallow water at 20oC), Sr is the degree of 
saturation, and pw0 is the absolute pressure of the pore-water; ε is the 
volume strain of the soil under the plane strain condition, i.e., ε =

∂u/∂x+ ∂w/∂z, in which u and w are the components of soil displace
ments in the horizontal and vertical directions, respectively. Based on 
the effective stress principle and Hooke’s law, the equilibrium equations 
for a poro-elastic medium under the plane strain condition are as 
follows: 

G∇2u+
G

(1 − 2μ)
∂ε
∂x

=
∂p
∂x

(15a)  

G∇2w+
G

(1 − 2μ)
∂ε
∂z

=
∂p
∂z

(15b)  

where G and μ are the shear modulus and Poisson’s ratio of the soil, 
respectively; they are related with Young’s modulus (E) by G = E /2(1 +

μ). 
To derive the analytical solutions for combined wave-current 

induced transient pore pressure in the un-liquefied zone underneath 
the instantaneously-liquefied layer, the governing equations (Eq. (14), 
(15a)-(15b)) should be solved under the following boundary conditions. 

2.2.2. Boundary conditions  

(1) Pore pressure and effective stresses at the interface between the 
liquefied-layer and its underlying un-liquefied soil (z = zlq): 

Based on the continuity of pore pressure distribution (see Fig. 2), the 
excess pore pressure at the interface (z = zlq) between the liquefied- 
layer and its underlying soil can be expressed from Eq. (13): 

p(z)
⃒
⃒ z=zlq =Pb + γ′ zlq (16) 

Both the effective normal stress (σ′

z) and the shear stress (τxz) vanish 
at z = zlq: 

σ′

z

⃒
⃒ z=zlq = τxz

⃒
⃒ z=zlq = 0 (17)  

where 

σ′

z = 2G
(

∂w
∂z

+
με

1 − 2μ

)

(18a)  

τxz =G
(

∂u
∂z

+
∂w
∂x

)

(18b)    

(2) Boundary conditions at the bottom of the seabed with an infinite 
thickness (z→∞): 

Under the condition of the seabed thickness (Tb) much larger than 
the wavelength (Tb≫L), the seabed can be assumed as a porous medium 
with an infinite depth. In the present analytical derivation, both the 
excess pore pressure and the corresponding soil displacements vanish 
while z→∞ (see Fig. 2): 

p| z=∞ = u| z=∞ =w| z=∞ = 0 (19)  

2.2.3. Pore pressure response within the un-liquefied zone 
Following the analytical framework by Madsen (1978), the forms of 

the excess pore pressure and the soil displacements in an un-liquefied 
layer (z ≥ zlq) can be expressed as follows: 

⎧
⎨

⎩

p
u
w

⎫
⎬

⎭
=
∑3

m=1
PmRe

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

⎡

⎢
⎢
⎢
⎣

P(m)

1
(
z − zlq

)

U(m)

1
(
z − zlq

)

W(m)

1
(
z − zlq

)

⎤

⎥
⎥
⎥
⎦

eim(kx− ωt)

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(20)  

in which the operator “Re{ }” means to take the real-part of the complex 
variable, and Pm is the corresponding ” cos mθ” components of the 
seabed surface pressure Pb. Substituting Eq. (20) into the governing 
equations ((14), (15a)-(15b)) leads to the characteristic equation: 
(
D2 − m2k2)2(D2 − δ2

m

)
U(m)

1 = 0 (21)  

in which, D = ∂/∂z and 

δ2
m =m2k2 −

imωγw

ks

(

nβ+
1 − 2μ

2G(1 − μ)

)

(22) 

The general solution of Eq. (21) can be expressed as:  

Substituting Eqs. (23a)-(23c) into the governing equations (Eq. (14), 
(15a)-(15b)) and the boundary conditions (Eqs. (16)-(17), (19)) gives 
the combined wave-current induced excess pore pressure in the un- 
liquefied soil layer (z ≥ zlq)):  

U(m)

1 =
(
A1m +A2m

(
z − zlq

))
e− mk(z− zlq) +

(
A3m +A4m

(
z − zlq

))
emk(z− zlq) +A5me− δm(z− zlq) + A6meδm(z− zlq) (23a)  

W(m)

1 =
(
B1m +B2m

(
z − zlq

))
e− mk(z− zlq) +

(
B3m +B4m

(
z − zlq

))
emk(z− zlq) +B5me− δm(z− zlq) + B6meδm(z− zlq) (23b)  

P(m)

1 =
(
C1m +C2m

(
z − zlq

))
e− mk(z− zlq) +

(
C3m +C4m

(
z − zlq

))
emk(z− zlq) +C5me− δm(z− zlq) + C6meδm(z− zlq) (23c)   

p(z)=
∑3

m=1

{
Pm(1 + A)

1 − 2μ

[

(1 − 2μ − λm)D2me− mk(z− zlq) +
δ2

m − m2k2

mk
(1 − μ)D5me− δm(z− zlq)

]

eim(kx− ωt)
}

(24)   
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In Eq. (24), the coefficients A, λm, D2m and D5m are expressed as 
follows: 

A=
γ′ zlq

∑3

m=1
[Pmeim(kx− ωt)]

(25a)  

λm =
(1 − 2μ)nβG

nβG + (1 − 2μ) (25b)  

D2m =
δm − δmμ + mkμ

δm − δmμ + mkμ + mkλm
(25c)  

D5m =
mkλm

(δm − mk)(δm − δmμ + mkμ + mkλm)
(25d) 

For the case of no liquefaction (i.e., zlq = 0), A = 0, then Eq. (24) can 
be degraded to the analytical solution by Zhang et al. (2013). 

2.3. Analytical solutions of wave-current induced instantaneous 
liquefaction depth 

Based on the above derivations (see Eqs. (13) and (24)), the wave- 
current induced pore-pressure distribution in the non-cohesive seabed 
with an instantaneously-liquefied layer can be unified with a piecewise 
function:   

As aforementioned, in the instantaneously-liquefied layer of the 
seabed, the vertical gradient of excess pore pressure should be identical 
to the buoyant unit weight of the soil (criterion-III, see Qi and Gao 
(2018)). The continuity of the derivative of pore pressures at the inter
face between the instantaneously-liquefied layer and its underlying soil 
should be satisfied (see Fig. 2): 

∂p
∂z
⃒
⃒ z=zlq = γ′ (27) 

Substituting Eq. (24) into Eq. (27), the instantaneously-liquefied soil 
depth of a non-cohesive seabed under combined waves and current can 
be finally derived: 

zlq =
− 1

Re
(
∑3

m=1
φmξm

) −

Re
(
∑3

m=1
Pmφmeim(kx− ωt)

)

γ′Re
∑3

m=1
φmξm

(28)  

where 

φm =
1

1 − 2μ

(

mkD2m(1 − 2μ − λm)+
δ2

m − m2k2

mk
(1 − μ)δmD5m

)

(29a)  

ξm =
Pmeim(kx− ωt)

∑3

m=1
[Pmeim(kx− ωt)]

(29b) 

Although completely instantaneous liquefaction generally occurs 
within the shallow soil layer, the pore-pressure distribution under the 
instantaneously-liquefied layer (see Eq. (26)) may reduce the effective 
stress, which should be well considered when evaluating the stability of 

submarine structures (Qi and Gao, 2018). 

3. Verification 

To verify the derived solutions for combined wave-current induced 
instantaneously-liquefied depth, the degradation analyses and compar
isons with existing offshore field observations are performed, 
respectively. 

3.1. Degradation analyses 

If only linear waves are taken into account, the velocity of current 
(Uc), the 2nd and the 3rd order nonlinear components of the total wave 
pressure (see Eqs. (4a)-(4c)) would all approach zero, i.e., Uc = 0, P2→ 0, 
P3→ 0. The minor term “kH” in Eq. (4a) for perturbation analyses can be 
further omitted. As such, the wave number k would be equal to k0; and 
the wave height H would be equal to H0 (note: the subscript “0” denotes 
the parameters without superposing a current). Thus, the derived 
instantaneously-liquefied soil depth (Eq. (28)) can be simplified as 

zlq =
− P0Re

[
φ1ei(k0x− ωt)

]

γ′ Re(φ1)
−

1
Re(φ1)

(for pure linear waves) (30)  

in which P0 is the amplitude of the excess pore pressure at the seabed 
mudline under pure linear wave loading, i.e., P0 = γwH0 /(2 cosh(k0h)). 

An analytical solution for pure wave-induced instantaneous lique

faction depth was recently derived by Qi and Gao (2018) as follows: 

zlq =
− P0 cos(k0x − ωt)

γ′ −
1

Re[k0(1 − α) + δ1α] (31)  

in which δ1 can be calculated with Eq. (22) for m = 1; and 

α=
iMω′′

i(1 + M)ω′′ + δ′ (32)  

where M = nβG /(1 − 2μ), ω′′ = (1 − μ)ω′

/[(1 − 2μ)k2
0], δ

′

= (δ1 −

k0) /k0, ω′

= ω/c, c = ks{γw[nβ + (1 − 2μ)/2(1 − μ)G]}− 1. Comparing 
Eq. (29a) with Eq. (32), one can find φ1 = k0(1 − α)+ δ1α. Thus, Eq. 
(31) can be further expressed as: 

Table 1 
Input data for the comparisons.  

Parameters Values 

Seabed 
properties 

Degree of saturation Sr (%) 98.0 
Coefficient of permeability ks (m/s) 1 × 10− 4 

Elastic modulus E (MPa) 30.0 
Porosity of soil n 0.45 
Poisson ratio of soil μ 0.30 
Submerged unit weight of soil γ′ (kN/ 
m3) 

8.82 

Wave 
parameters 

Water depth h (m) 10.0 
Wave height H0 (m) 3.0 
Wave period T (s) Varied from 6.0 to 

10.0  

p(z)=

⎧
⎪⎪⎨

⎪⎪⎩

Pb + γ′ z
(
0 ≤ z < zlq

)

∑3

m=1
Re
{

Pm(1 + A)
1 − 2μ

[

(1 − 2μ − λm)D2me− mk(z− zlq) +
δ2

m − m2k2

mk
(1 − μ)D5me− δm(z− zlq)

]

eim(kx− ωt)
}
(
z ≥ zlq

) (26)   
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zlq =
− P0Re

(
ei(k0x− ωt)

)

γ′ −
1

Re(φ1)
(33) 

It should be noticed that, although the degraded solution Eq. (30) has 
a similar form with Eq. (33) by Qi and Gao (2018), there exists a dif
ference between their first items due to different assumptions. That is, in 
the solution by Qi and Gao (2018), the phase-lag of pore pressure was 
neglected. In the present derivations, we assume that p =
∑3

m=1PmRe[P(m)

1 (z − zlq)eim(kx− ωt)] (see Eq. (20)) instead of p =
∑1

m=1PmRe[P(m)

1 (z − zlq)]cos(kx − ωt), so that the phase-lag can be taken 
into account. 

In the scenario of wave/current-seabed interactions, the pore pres
sure attenuation within a porous seabed is usually accompanied by 
phase lag, which has been observed in wave flumes (e.g., for the pure 
wave loading by Tsui and Helfrich (1983); for the combined 
wave-current loading by Qi et al. (2019)) and in-situ measurements (e. 
g., Maeno and Hasegawa, 1987). The phase lag refers to a phenomenon 
that the phase of pore pressure fluctuations at certain soil depths within 
the seabed usually lags behind the initial phase of wave pressure at the 
mudline while the periodic waves propagating along the seabed. As 
aforementioned, numerous analytical solutions for wave-seabed in
teractions have been developed (e.g., Moshagen and Tørum, 1975; 
Yamamoto et al., 1978; Madsen, 1978; Mei and Foda, 1981; Okusa, 

1985; Hsu and Jeng, 1994; Jeng et al., 2007; Zhang et al., 2013). In the 
previous analytical solutions, the phase lag was implicitly involved in 
their derivations. It has been recognized that the degree of saturation of 
the soil plays a very important role for pore pressure attenuation, 
especially in the very fine sediments (see, Hsu and Jeng, 1994). Based on 
the analytical solution by Yamamoto et al. (1978), an explicit expression 
for phase lag was recently derived by Li and Gao (2022), which matches 
well with their flume observations. It was indicated that the phase lag 
and the amplitude attenuation are closely correlated, which are both 
influenced by the wave parameters (including wave period T, and wave 
number k) and the soil properties (especially for the permeability and 
the compressibility of soils). 

To examine the effects of phase-lag on the instantaneously-liquefied 
soil depth, a parametric study is further made for comparisons between 
the present solution (Eq. (30)) and the previous solution (Eq. (33)). The 
input data for soil properties and wave parameters are listed in Table 1. 

The variations of the wave-induced instantaneously-liquefied soil 
depth (zlq) with its corresponding phase (φ/2π) are shown in Fig. 3(a). 
Due to the existence of phase-lag (see Mei and Foda, 1981; Hsu and Jeng, 
1994), the maximum value of pore pressure gradient no longer emerges 
exactly under wave troughs, and the maximum 
instantaneously-liquefied soil depth (zL) no longer emerges exactly 
under wave troughs consequently (see Fig. 3(a)). The value of zL pre
dicted with Eq. (30) in the present degraded solution considering 
phase-lag becomes almost twice of the predicted value with Eq. (33), 
indicating the phase-lag effect is not ignorable in predicting zL. As 
illustrated in Fig. 3(b), with the increase of wave period from T = 6.0 
s–10.0 s, the phase-lag effect on the instantaneously-liquefied soil depth 
gets much more significant. 

3.2. Comparisons with existing offshore field observations 

In this section, the present analytical solution is compared with the 
offshore field observations, which were carried out at the Hazaki 
Oceanographical Research Facility (HORF) in Japan intermittently for 
two years between 1988 and 1989 (Zen and Yamazaki, 1991). The 
HORF is located at Hazaki in Ibaraki prefecture (facing the Pacific 
Ocean), which extends 427 m offshore from the shoreline to enable the 
observation of waves, currents, and other marine phenomena even in 
rough sea. The field observation was performed at the tip of HORF 
where the water depth varied between 4.0 m and 6.0 m. In their field 
observation, five pore pressure gauges (full range of 343 kPa with a 
precision of 0.5%) were installed at 0.5 m intervals in the vertical di
rection of the seabed to measure the pore pressure response at various 
depths. Two earth press gauges (full range of 196 kPa with a precision of 
0.5%) were utilized to monitor the vertical earth pressure, and another 
two were used to measure the horizontal earth pressure. Meanwhile, an 
ultrasonic wave gauge was located on the deck to record the wave height 
and wave period. The physical properties of the Hazaki sand at the 
seabed are shown in Table 2. 

Fig. 4 shows the records of horizontal total stress variation (Δσh) at 
various depths within the seabed during the Series No. 3 observation on 
April 24, 1989. It was observed that there exist high frequency fluctu
ations of Δσh (highlighted by the dotted circles for waves Nos. 27–28, 
Nos. 29–30, and Nos. 32–33, respectively, see Fig. 4(a)) monitored by 
the horizontal earth pressure gauge which was buried in the shallow 
depth (z = 0.32 m); nevertheless, the measure values of Δσh at the 
deeper depth (z = 1.06 m) kept more continuous and smoother (see 
Fig. 4(b)). Zen and Yamazaki (1991) speculated that such phenomenon 

Fig. 3. Phase-lag effect on the instantaneously-liquefied depth: (a) variation of 
zlq with φ/2π (for T = 8.0 s); (b) variation of zL with T. 

Table 2 
Physical properties of Hazaki sand from the shallow deposits at HORF (Zen and Yamazaki, 1991).  

Specific gravity Buoyant unit weight Void ratio Elastic modulus Poisson ratio Coefficient of permeability Degree of saturation 

Gs γ′ (kN/m3) e E (MPa) μ ks (m/s) Sr(%) 
2.69 9.50 0.75 42.5 0.33 1.12 × 10− 4 99.45  
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of high frequency fluctuations was caused by the occurrence of instan
taneous liquefaction in the shallow layer of the seabed, i.e., the hydro
dynamic pressure induced by the liquefied state of soil elements led to 
the noise-like high frequency fluctuations. It was indicated that the 
maximum instantaneous liquefaction depth (zL) during the three wave 
events could be between 0.32 m and 1.06 m (i.e., 0.32m ≤ zL < 1.06m). 
Fig. 5 gives the measured wave pressure at the mudline (z = 0) and the 
pore pressure within the seabed (z = 0.22 m), respectively. During the 
seabed instantaneous liquefaction events for the Wave No. 28, 30, and 
33 (see Fig. 5), the corresponding maximum values of the pore pressure 

difference (ΔPmax) in the negative pressure zone beneath wave troughs 
are ΔPmax = 2.09, 2.08, and 2.11 (kPa), respectively. 

For comparisons between the offshore field observations and present 
analytical predictions, the wave parameters of the Waves Nos. 28, 30, 
and 33 during the Series No. 3 observations by Zen and Yamazaki (1991) 
are given in Table 3. The field measured values of the pore pressure 
difference (ΔPmax) between the seabed mudline (i.e., z = 0) and z = 0.22 
m, and the ranges of maximum instantaneous liquefaction depth (zL) are 
also listed in Table 3. 

Once the values of wave parameters and soil properties (see Tables 2 
and 3) are given, the wave-induced instantaneous liquefaction depth can 
be obtained analytically with Eq. (28). Note that, the field observation 
and analyses by Zen and Yamazaki (1991) indicated that, the soil layer 
detected by the earth pressure gauge buried at z = 0.32 m was liquefied, 
but the soil layer detected by another earth pressure gauge at z = 1.06 m 
was un-liquefied (see Fig. 4(a) and (b)). As shown in Table 3, the pre
dicted values of zL are generally within the range of the offshore field 
measurements, i.e., 0.32 m ≤ zL < 1.06 m. As aforementioned, for an 
instantaneously-liquefied soil layer, the vertical gradient of excess pore 
pressure (∂p/∂z) should be identical to the buoyant unit weight of the 
soil (γ′ ), i.e., ∂p/∂z = γ′ . In their offshore field measurements, 
∂p/∂z ≈ ΔPm/Δz, where the pore pressure was measured at z = 0 and 
0.22 m, respectively (i.e., Δz = 0.22 m). The measured dry unit weights 
of the Hazaki sand from the shallow deposits at HORF were between 
14.6–15.5 kN/m3, so the values of γ′ were between 9.17–9.68 kN/m3. 
Thus, the predicted values of ΔPm (≈ γ′Δz) between z = 0 and 0.22 m 

Fig. 4. The records of horizontal total stress variation during the Series No. 3 observation: (a) z = 0.32 m; (b) z = 1.06 m (Adapted from Zen and Yamazaki (1991)).  

Fig. 5. The measured wave pressure at the mudline (z = 0) and the pore 
pressure within the seabed (z = 0.22 m) during the Series No. 3 observation 
(Adapted from Zen and Yamazaki (1991)). 

Table 3 
Wave parameters for the seabed instantaneous liquefaction events at HORF (Zen and Yamazaki, 1991), and the comparisons between the field observations and present 
analytical predictions.  

Wave Nos. Wave parameters ΔPmax (kPa) 
(between z = 0 and 0.22 m) 

zL (m) 

T (s) h (m) H (m) Field measured Predicted Field measured Predicted 

No. 28 5.25 4.85 2.31 2.09 2.02–2.13 0.32–1.06 0.44 
No. 30 8.10 4.85 1.92 2.08 0.55 
No. 33 7.20 4.85 1.95 2.11 0.35  
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would be in the range of 2.02–2.13 kPa, which match well with the field 
observations (see Table 3). 

4. Parametric study: Effects of wave nonlinearity and 
superimposing a current 

Parametric study is performed to examine the effects of wave 
nonlinearity and superimposing a current onto the progressive waves. 
The input data of seabed properties and wave-current parameters are 
listed in Table 4. The examined cases are for the combinations between a 
following or opposing current and the waves with relatively large wave 
steepness, which generally fall within the non-linear Stokes wave range 
(Hattori, 1987). To avoid wave breaking during the wave-current in
teractions, the velocity of an opposite current should not exceed a crit
ical value: Ucb = − 0.25v0 tanh(kh)/tanh(k0h) (i.e., Eq. (12), see Section 
2.1.1). Submitting the wave and current parameters into Eq. (12), one 
can obtain Ucb = − 1.94 m/s. Thus, in the examined range of Uc (i.e., 
− 1.0 m/s ≤ Uc ≤ 1.0 m/s, see Table 4), wave breaking can be avoided 
during wave-current interactions. 

Variations of the maximum instantaneous liquefaction depth (zL) 
predicted by the present solution (Eq. (28)) with the velocity of the 
imposing current (Uc) are obtained for the wave period T = 6.0 s (see 
Fig. 6(a)) and 8.0 s (see Fig. 6(b)), respectively. Various values of the 
wave height (H0) for 3rd order Stokes waves are examined, i.e., H0 = 3.0 
m, 3.3 m, and 3.6 m. The corresponding values of zL estimated with the 
degraded solution for the linear wave-current interaction are also shown 
with dash lines in Fig. 6. Note that, the degraded solution for the linear 

Table 4 
Input data of seabed properties and wave-current parameters for the parametric 
study.  

Parameters Values 

Seabed properties Degree of saturation Sr (%) 98.0 
Coefficient of permeability ks (m/ 
s) 

1 × 10− 4 

Elastic modulus E (MPa) 30.0 
Porosity n 0.45 
Poisson ratio μ 0.30 
Buoyant unit weight γ′ (kN/m3) 8.20 

Wave-current 
parameters 

Water depth h (m) 16.0 
Wave height H0 (m) Varied (3.0, 3.3, 

3.6) 
Wave period T (s) Varied (6.0–8.0) 
Current velocity Uc (m/s)a − 1.0–1.0  

a Note: the positive values of Uc are for a following current, and the negative 
ones are for an opposing current. 

Fig. 6. Variations of maximum instantaneous liquefaction depth (zL) with the 
current velocity (Uc) for various values of wave height (H0) (h = 16.0 m): (a) T 
= 6.0 s; (b) T = 8.0 s (Solid lines: 3rd order Stokes wave-current interactions; 
Dash lines: linear wave-current interactions). 

Fig. 7. Envelope for variation of maximum instantaneous liquefaction depth 
(zL) with wave period (T) and current velocity (Uc) (h = 16.0 m, H0 = 3.6 m). 

Fig. 8. 2D projections of the 3D envelope in Fig. 7: (a) zL vs. Uc for various 
wave periods (T); (b) zL vs. T for various current velocities (Uc) (h = 16.0 m, H0 
= 3.6 m). 
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wave-current interaction has the similar form to Eq. (30) considering 
pure linear waves, but here the wavenumber and wave height should be 
the updated values k (calculated from the degraded form of Eq. (6a)) and 
H (Eq. (9)) after wave-current interaction. It is indicated that the vari
ation trends of zL with Uc are similar for the non-linear and the linear 
solutions. As can be expected, for a given value of Uc, the values of zL 
increase with the rise of H0. Nevertheless, the solution for the 3rd order 
Stokes wave-current combination generally gives larger predictions of zL 
than the linear solution. As illustrated in Fig. 6(a) and (b), the distinc
tions between these two solutions become much more pronounced when 
the wave height H0 gets larger and the current velocity Uc is reduced. It 
is implied that wave-nonlinearity effects on the instantaneous lique
faction depth are not neglectable, i.e., the instantaneous liquefaction 
depth could be underestimated with the linear solution. 

Moreover, the values of zL increase nonlinearly with the rise of Uc for 
T = 6.0 s (see Fig. 6(a)), indicating that superimposing an opposing 
current could be beneficial for the prevention of instantaneous lique
faction (e.g., under the conditions of T = 6.0 s, H0 = 3.0 m; Uc = − 0.95 
m/s, see Fig. 6(a)). It is interesting to notice that the values of zL decrease 
with the increase of Uc for T = 8.0 s (see Fig. 6(b)), which exhibits a 
reverse effect on the instantaneous liquefaction depth as indicated in 
Fig. 6(a) for T = 6.0 s. In other words, the variations of zL with Uc could 
be monotonic increasing for relatively small wave periods (see Fig. 6 
(a)), but decreasing for large wave periods (see Fig. 6(b)). 

To clarify the influences of wave period (T) and current velocity (Uc) 
on maximum instantaneous liquefaction depth (zL), the three- 
dimensional (3D) envelope for the variation of zL with both T and Uc 
is constructed, as shown in Fig. 7. For more details, Fig. 8(a)-(b) further 
demonstrate the 2D projections of the 3D envelope, i.e., the variation of 
zL with Uc for different values of T (= 6.0, 6.5, 7.0, 7.5, 8.0 (s), see Fig. 8 
(a)), and the variation of zL with T for different values of Uc (= − 1.0, 
− 0.5, 0, 0.5, 1.0 (m/s), see Fig. 8(b)), respectively. 

In the variations of zL with Uc (see Fig. 8(a)), the corresponding 
values of wavelength (L) and wave height (H) are provided for certain 
values of Uc (= − 1.0, − 0.5, 0, 0.5, 1.0 (m/s)) and T (= 6.0, 6.5, 7.0, 7.5, 
8.0 (s)). It is indicated that the increase of Uc would enlarge the wave
length (L) and simultaneously reduce the wave height (H) of the com
bined wave-current. For a fixed value of H, the enlargement of L would 
amplify the wave loading on the seafloor, which can result in an increase 
of instantaneous liquefaction depth; nevertheless, the decrease of H has 
a reversed effect, i.e., the instantaneous liquefaction depth is reduced 
accordingly. There seems exist a critical wave period Tc (≈6.65 s, see 
Fig. 8(b)), at which the effect of Uc on zL could be ignorable, i.e., 
superimposing a current onto the progressive waves has a slight effect on 
instantaneous liquefaction depth. When T < Tc, the values of zL are 
amplified with increasing Uc, and such amplification becomes much 
more significant for smaller wave periods (T); Conversely, when T > Tc, 
the values of zL are reduced with increasing Uc, especially for larger 
values of T. That is, for the relatively small wave period (e.g., T = 6.0 s), 
the influence of wavelength enlargement dominates with increasing Uc, 
so that the instantaneous liquefaction depth zL is increased. But for the 
relatively large wave period (e.g., T = 8.0 s), the reduction of wave 
height plays a dominant role for the decrease of zL with increasing Uc. It 
can be recognized that, the variation trends of zL with Uc and T are 
mainly attributed to the synthetical effects from the alterations of 

wavelength (L) and wave height (H) while superimposing a current onto 
the waves. 

5. Conclusions 

In coastal environments, the periodic waves are frequently coexisting 
and coupled with an ocean current. Previous studies on the instanta
neous liquefaction of the seabed were predominantly limited to pure 
wave conditions. Nevertheless, superposing a following or opposite 
current onto the progressive waves could significantly alter the excess 
pore-water pressures within the seabed. In the present study, the 
instantaneous liquefaction of a non-cohesive seabed under the combined 
3rd order Stokes waves and a current is investigated analytically. The 
following conclusions can be drawn:  

(1) Theoretical solutions for the excess pore pressure distribution and 
the corresponding instantaneous liquefaction depth are derived 
by adopting the third-order approximation of nonlinear wave- 
current interactions. The explicit solutions are verified by 
degradation analyses and comparisons with the existing offshore 
field observations.  

(2) Parametric study is then performed to examine the effects of 
wave nonlinearity and superimposing a current onto the pro
gressive waves. It is indicated that the wave-nonlinearity effects 
on the instantaneous liquefaction depth are not neglectable in the 
examined range of waves, i.e., the instantaneous liquefaction 
depth would be underestimated with the degraded linear wave- 
current solution.  

(3) The envelope for the variation of maximum instantaneous 
liquefaction depth with both wave period and current velocity is 
further constructed. It is indicated that superimposing an 
opposing current onto the progressive waves with a relatively 
small wave period could be beneficial for the prevention of 
instantaneous liquefaction. Nevertheless, the variation trends of 
the maximum instantaneous liquefaction depth depend on the 
synthetical effect of the alternations of both wavelength and 
wave height due to wave-current interactions. 
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Nomenclature 

A Coefficient in Eq. (24) 
Anm (n = 1,2,3) Coefficients in Eq. (23) 
Bnm (n = 1,2,3) Coefficients in Eq. (23) 
c Coefficient in Eq. (32) 
Cnm (n = 1,2,3) Coefficients in Eq. (23) 
C(t) Bernoulli’s constant 
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D Derivative of z 
D2m, D5m Coefficients in Eq. (24) 
e Void ratio 
E Young’s modulus of the soil 
g Gravitational acceleration 
G Shear modulus of the soil 
Gs Specific gravity 
h Water depth 
H0 Wave height of the pure wave 
H Wave height of the combined wave-current 
i Imaginary number 
k0 Wave number of the pure wave 
k Wave number of the combined wave-current 
ks Coefficient of permeability 
Kf True bulk modulus of water 
L Wavelength of the combined wave-current 
M Coefficients in Eq. (32) 
n Soil porosity 
p Excess pore pressure in the soil 
pw0 Absolute static pressure 
P Water pressure 
Pb Excess pore pressure at the seabed surface 
Pbm The mth order components of seabed surface wave pressure Pb 
Pm the cos mθ components of seabed surface wave pressure Pb 
P0 P1

(m) Amplitude of excess pore pressure at seabed surface for linear wave 
P0 Functions of z in Eq. (20) 
Sr Degree of saturation 
t Time 
T Wave period 
Tb Sediment thickness of the seabed 
u Soil displacement in horizontal direction 
U1

(m) Functions of z in Eq. (20) 
Uc Current velocity 
Ucb Critical current velocity for wave breaking 
v0 The wave velocity of the only wave 
v The wave velocity of the combined wave-current 
w Soil displacement in vertical direction 
W1

(m) Functions of z in Eq. (20) 
zlq Instantaneous liquefaction depth 
zL Maximum instantaneous liquefaction depth 
β Compressibility of pore-fluid 
ρf Water density 
ω Angular frequency of the wave 
ω0, ω2 Coefficients in Eq. (5) 
ω′ , ω′′ Coefficients in Eq. (32) 
α Coefficient in Eq. (31) 
ε Volume strain 
γ′ Buoyant unit weight of soil 
γw Unit weight of water 
μ Poisson’s ratio 
φ Velocity potential 
η Free surface elevation of the water 
σ′

z Effective normal stress in vertical direction 
τxz Shear stress 
δm Coefficients in Eq. (21) 
δ
′ Coefficients in Eq. (32) 

λm Coefficients in Eq. (24) 
φ Wave phase 
φm Coefficients in Eq. (28) 
ξ Coefficient in Eq. (7) 
ξm Coefficients in Eq. (28) 
Δσh Horizontal total stress variation 
ΔPmax Maximum pore-pressure difference 
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