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ABSTRACT

The wall-adapting local eddy-viscosity (WALE) model in large-eddy simulation can well predict wall-bounded flows but it is also well known
for excessive dissipation. In this study, we apply the minimum-dissipation model to constrain the WALE model in compressible flows and
obtain the coefficient of the WALE model. Through this process, the dissipation of WALE model can be lower while it still maintains strong
stability. In the modified WALE model, the isotropic part of the subgrid-scale (SGS) stress is also reconstructed. In the filtered total energy
equation, all of the extra SGS unclosed terms (besides SGS stress and SGS heat flux) are modeled instead of neglecting some SGS terms, such
as the SGS viscous diffusion. The modified WALE model is tested in a compressible turbulent channel flow and a supersonic turbulent
boundary layer over a compression corner. The new model can well predict the mean velocity, the mean temperature, the Reynolds stress,
and the separation bubble.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0119413

I. INTRODUCTION

Large-eddy simulation (LES) plays an increasingly important role
in wall-bounded flow, especially at high Reynolds number turbulent
flows. In LES, the filtered Navier–Stokes (N–S) equations have some
subgrid-scale (SGS) terms, which should be modeled, and different
kinds of SGS models are developed for simulating turbulent flows. The
most popular SGS stress model is the eddy-viscosity model, which has
strong numerical robustness and simplicity.1 The Smagorinsky model
(SM)2,3 is the most typical eddy-viscosity model and has been applied
to different practical simulations. Then, many different eddy-viscosity
models have been developed. Using a second-order structure function,
Metails and Lesieur4 proposed a new SGS eddy viscosity. Nicoud and
Ducros5 proposed the wall-adapting local eddy-viscosity (WALE)
model, which can have the correct asymptotic behavior near the wall.
Yet, the WALE model would supply excessive dissipation, and thus,
some modified model for WALE has been proposed. Using the WALE
operator, Bricteux et al.6 obtained a regularized variational multiscale
model with the proper near-wall behavior. Lodato et al.7 developed a
scale similarity version of the WALE model. There are also some other
types of eddy-viscosity models. For obtaining good prediction of

turbulent shear flows, Vreman8 proposed a low dissipation eddy-
viscosity model. Then, based on the singular values of the velocity gra-
dient tensor, Nicoud et al.9 proposed the r model, which can have
good behavior for the wall-bounded shear flows. According to the bal-
ance of the helicity transfer and dissipation in the inertial region and a
spectral relative helicity relation, Yu et al.10 supplied a new eddy-
viscosity model, which was successfully applied to simulate compress-
ible transitional flows.11 Rozema et al.12 supplied an anisotropic
minimum-dissipation eddy-viscosity model, which does not need an
approximation of the filter width. The SGS kinetic energy equation
model (k-equation model) was also a type of eddy-viscosity model,
which was introduced by Schumann13 through dimensional analysis
for LES of incompressible flows. Yoshizawa14 also independently
obtained the k-equation model from the two-scale direct interaction
approximation. At the same time, the k-equation model was general-
ized to the compressible flows with the compressible effects considered
in all the SGS terms,15 and the compressible k-equation model was
also successfully applied to simulate the supersonic combustion
flows.16 Subsequently, Chai andMahesh17 proposed a new dynamic k-
equation model for large-eddy simulation of compressible turbulence.
In this new model, each of the unclosed quantities is modeled
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independently instead of being grouped into production and dissipa-
tion terms. More recently, Qi et al.18 suggested a new one-equation
model based on SGS helicity instead of SGS kinetic energy. The SGS
helicity equation model is applied to the isotropic helical turbulence
and incompressible turbulent channel flow, which can achieve more
accurate predicted results.

In addition to the eddy-viscosity models, there are some other
types of SGS models. Bardina et al.19 proposed the scale-similarity
model and Liu et al.20 revised it. By Taylor expansions for SGS stress,
Clark et al.21 and Vreman et al.22 supplied the gradient model.
Combining with the advantages of the SM and the scale-similarity
model or the gradient model, several mixed models were proposed for
improving the effects of LES.19,23–25 Under the assumption that the
subgrid structure can be denoted by the resolved stretched vortices,
Misra and Pullin26 supplied a stretched-vortex SGS model, and then, it
was extended to compressible flows.27 Considering the joint probabil-
ity function of the velocity, the velocity-filtered density-function-based
SGS model was obtained by Gicquel et al.28 Xie et al.29 applied artifi-
cial neural network to nonlinear algebraic models for large eddy simu-
lation of turbulence.

Many of the aforementioned SGS models are not very suitable
for LES in compressible wall-bounded flows, and they need some
modification or the dynamic procedure needs to be imposed to
them.30–33 The dynamic procedure has challenges that arise in com-
plex flows, such as the construction of test filters or the definition of
homogeneous averaging operations.34 In this paper, in order to obtain
good prediction effects and avoid computational complexity, we pro-
pose a modified wall-adapting local eddy-viscosity model for com-
pressible wall-bounded flows. In the new model, we use the
minimum-dissipation eddy-viscosity model to constrain the WALE
model which has correct behavior near the wall. Through this method,
we can obtain proper dissipation and the new model can also have
good behavior in the wall-bounded shear flows. The structure of this
paper is as follows: LES governing equations and SGS models are
introduced in Sec. II. The modified wall-adapting local eddy-viscosity
model is supplied in Sec. III. In Sec. IV, the new model is tested in dif-
ferent testing cases. Finally, the conclusions are supplied in Sec. V.

II. LES GOVERNING EQUATIONS AND SUBGRID-SCALE
MODELS

The filtered Navier–Stokes (N–S) equations for compressible
flows in LES take the form

@�q
@t

þ @�qeuj

@xj
¼ 0; (1)

@�qeui

@t
þ @�qeuieuj

@xj
¼ � @�p

@xi
þ @erij

@xj
� @sij

@xj
; (2)

@�qeE
@t

þ @ð�qeE þ �pÞeuj

@xj
¼� @eqj

@xj
þ @er ijeui

@xj

� @CpQj

@xj
� @Jj
@xj

þ H;

(3)

where (�) represents spatial filtering with a low-pass filter at scale D
and (e) represents density-weighted (Favre) filtering (e/ ¼ q/=�q). In
the filtered N-S equations, �q; eui; �p, and eE are the filtered density,
velocity, pressure, and total energy, respectively.

In Eqs. (2) and (3), there are still some SGS unclosed terms,
which are the SGS stress

sij ¼ �qðguiuj � euieujÞ; (4)

the SGS heat flux

Qj ¼ �qðfujT � eujeT Þ; (5)

and the SGS turbulent diffusion term

Jj ¼ 1
2
�qð guiuiuj �guiuieujÞ: (6)

In this study, Eq. (3) is obtained by applying the filtering operator
to the total energy equation, and the form of the filtered total energy
can be represented as �qeE ¼ �qCveT þ 1

2 �qeuieui þ 1
2 sii,

17 where sii is the
isotropic part of SGS stress and can be expressed as

sii ¼ �qðguiui � euieuiÞ: (7)

In Eq. (3), the expression for H is

H ¼ �ed þ @

@xj
lðeT Þ @ 12 sii

@xj

24 35þ @

@xj
lðeT Þ @

@xi

sij
�q

� �" #
; (8)

where ed is the dilatational dissipation and it can be expressed as

ed ¼ @

@xj

5
3
ðlðeT Þ guj @uk

@xk
� lðeT Þeuj

@euk

@xk
Þ

" #
: (9)

The filtered pressure is determined by �p ¼ �qReT , where R is the
specific gas constant and eT is the filtered temperature. The resolved
viscous stress er ij and heat flux eqj are expressed as

erij ¼ 2lðeT ÞeSij; (10)

eS ij ¼ eSij � 1
3
dijeSkk ¼ 1

2
@eui

@xj
þ @euj

@xi

 !
� 1
3
@euk

@xk
dij; (11)

eqj ¼ �CplðeT Þ
Pr

@eT
@xj

; (12)

where the molecular viscosity l takes the form l ¼ 1
Re

eTeT1

� �3=2 eT1þTseTþTs

according to Sutherland’s law in which Ts is 110.3K, the
Reynolds number Re takes the form Re ¼ q1U1L=l1, and eSij
¼ 1

2
@eui
@xj

þ @euj

@xi

� �
is the resolved strain-rate tensor. Cp is the specific

heat at constant pressure and Pr is the molecular Prandtl number.
Because of its numerical robustness and simplicity, the eddy-

viscosity model is most often adopted in practical simulations.1,12 The
eddy-viscosity model is a phenomenological model, and the proposal
of this model is based on the Boussinesq type hypothesis, which is

smod
ij � 1

3
dijs

mod
kk ¼ �2lsgseSij; (13)

where smod
kk is the isotropic part of the SGS stress model.
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In the eddy-viscosity model, the SM is the typical model and
widely exists in LES of different types of flows.2 In the SM, the eddy
viscosity can be written as

lmod
sgs ¼ �qðCsmDÞ2jeSj; (14)

where

eS ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2eSijeSijq

; (15)

and Csm is the coefficient of the anisotropic part of the SM. The isotro-
pic part of the SGS tensor for the SM is

smod
kk ¼ 2CI�qD

2jeSj2; (16)

where CI is the coefficient of the isotropic part of the SM.35

In original WALE model, only the SGS viscosity is given as

lwsgs ¼ �qCwðDÞ2
ðSdijSdijÞ3=2

ðeSijeSijÞ5=2 þ ðSdijSdijÞ5=4
(17)

with Cw is the coefficient of the WALE model and

Sdij ¼
1
2

@eui

@xl

@eul

@xj
þ @euj

@xl

@eul

@xi

 !
� 1
3
@eum

@xl

@eul

@xm
dij: (18)

For the SGS heat flux model, we take the commonly used SGS
diffusion model36 as

Qmod
j ¼ � lsgs

Prsgs

@eT
@xj

; (19)

where Prsgs is the SGS Prandtl number.

III. MODIFIEDWALL-ADAPTING LOCAL
EDDY-VISCOSITY (MWALE) MODEL

In this section, we will supply the derivation of the modified wall-
adapting local eddy-viscosity (MWALE) model. First, we introduce
the anisotropic minimum-dissipation (AMD) model to constrain the
wall-adapting local (WALE) model to obtain proper SGS dissipation.
The AMDmodel can be expressed as

lAMD
sgs ¼ �qC

maxf�ðDk@keuiÞðDk@keujÞeSij; 0g
ð@leumÞð@leumÞ ; (20)

where C is the coefficient of the AMD model and it is recommended
as 0.3. Dk is the grid width in the xk direction. Rozema et al.12 demon-
strated consistency of the AMD model with the exact kinetic energy
flux. However, it has been shown that the AMD model has a singular
eddy viscosity, which will lead to instability.37 The WALE model
shows good near-wall behavior and strong stability and has been
applied in shock/boundary layer interaction successfully.38 Thus, we
choose the WALE model as the object model. We make lAMD

sgs ¼ lwsgs
to obtain proper SGS dissipation for WALE model. Then, we can
obtain the coefficient Cw as

Cw ¼ C
max �ðDk@keuiÞðDk@keujÞeSij; 0n o

ðeSijeSijÞ52 þ ðSdijSdijÞ
5
4

h i
D2ðSdijSdijÞ

3
2ð@leumÞð@leumÞ

: (21)

Then, in order to well predict the compressible effect, we will
model the isotropic part of SGS stress for MWALE model. Following
the definition of the WALE model, the isotropic part of SGS stress for
MWALE model can be expressed as

swkk ¼ 2CI;w�qD
2lwsgs

@euk

@xk
; (22)

where CI;w is the coefficient of the isotropic part of the MWALE
model. The SGS stress model in the MWALE model can be written as

smod
ij ¼ �2lwsgs

eSij þ 1
3
dijs

w
kk: (23)

To obtain an exact isotropic part of SGS stress for MWALE
model in compressible flows, we introduced the infinite series expan-
sion39 to expand it. The infinite series expansion is expressed as

fg � �f �g ¼ a
@�f
@xk

@�g
@xk

þ 1
2!
ðaÞ2 @2�f

@xk@xl

@2�g
@xk@xl

þ 1
3!
ðaÞ3 @3�f

@xk@xl@xm

@3�g
@xk@xl@xm

þ � � �; (24)

where

aðyÞ ¼
ð1
�1

2x2Gðx; yÞdx: (25)

Here, G(x, y) is the kernel of the filter, and f and g can be vector
or scalar. In this study, G(x, y) is designated as the box filter for the
case of a priori test and the grid filter40 is used in the LES cases. a can
be taken as a ¼ C0D

2
k. When the box filter is applied, C0 takes 1/12

and we take C0 as 0.1 for practical simulations in this study.
By applying Eq. (24) to the isotropic part of SGS stress, skk can be

expanded as

skk ¼ C0D
2
l �q

@euk

@xl

@euk

@xl
þ 1
2!
ðC2

0D
2
l D

2
mÞ�q

@2euk

@xl@xm

@2euk

@xl@xm
þ � � �: (26)

For avoiding the complexity of additional boundary conditions
and considering the other higher-order terms are small enough com-
pared to the first term of Eq. (26), we keep the first term of Eq. (26) as
the modeled skk

smod
kk ¼ C0D

2
l �q

@euk

@xl

@euk

@xl
: (27)

Make smod
kk ¼ swkk and the coefficient CI;w can be written as

CI;w ¼ C0D
2
l ð@leukÞð@leukÞ
2D2lwsgseSkk : (28)

TABLE I. The grid setting and grid resolutions of the simulations in compressible tur-
bulent channel flow.

Case Grids Dxþ Dyþmin Dzþ

DNS 900� 201� 300 2.99 0.32 2.99
LES 48� 65� 48 57.5 1.07 19.18
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In the filtered total energy equation, there are some unclosed
terms which need to be modeled. For the SGS turbulent diffusion
term, we can model it as Jj ¼ sijeui.

41 Similar to the isotropic part of
SGS stress, the dilatational dissipation term ed can also be modeled as

ed � 5
3
@

@xj
C0D

2
l lðeT Þ @euj

@xl

@2euk

@xk@xl

� �
; (29)

where the coefficient C0 takes same value with Eq. (28).
For the SGS heat flux model, we choose the form in Eq. (19) and

the SGS Prandtl number Prsgs is given by 0.9 in the following. Thus far,
we have obtained all the unclosed terms in the filtered N–S equations
[Eqs. (1)–(3)] and the MWALE model has been completed. Next, we
will test and analyze the proposed model in different cases of com-
pressible wall-bounded flows.

IV. NUMERICAL RESULTS AND ANALYSIS

In the following, we will first test the MWALE model in the com-
pressible turbulent channel flow, which is a typical wall-bounded flow.
Then, the new model will be tested in a supersonic turbulent boundary
layer over a compression corner, which contains shock wave/turbulent
boundary layer interaction and separation.

A. Compressible turbulent channel flow

In this section, a fully developed compressible turbulent channel
flow42,43 is selected as the first test case for MWALE. Regarding the
compressible turbulent channel flow, the size of the computational
domain is Lx � Ly � Lz ¼ 4p� 2� 4p=3, the Mach number is M
a¼ 1.5, the bulk Reynolds number Re is 3000, the friction Reynolds
number Res ¼ usd=� is 220 (us ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
sw=qw

p
is the friction velocity,

sw is the wall shear stress, qw is the wall density, d is the channel half-
width, and � is the kinematic viscosity; Res ¼ 220 is the result of the
simulations), the friction Mach number Mas ¼ us=aw is

approximately 0.0815 (aw is the sound speed based on the wall tem-
perature), the Prandtl number Pr ¼ lCpj is 0.7 (j is the thermal con-
ductivity, and Cp is the specific heat at constant pressure), and the
ratio of specific heats is c ¼ Cp=Cv ¼ 1:4 (Cv is the specific heat at
constant volume). The flow is driven by a uniform body force.
Periodic boundary conditions are applied in the streamwise and span-
wise directions. The nonslip boundary condition and isothermal-wall
boundary conditions are utilized on the walls. For LES, the filtered
Navier–Stokes equations are solved using a high-precision nondimen-
sional finite difference solver in Cartesian coordinates. In this solver, a
sixth-order central difference scheme is applied to discretize both the
convective and viscous terms, and the third-order Runge–Kutta
scheme is used for the time advance. The dynamic Smagorinsky model
(DSM) and the WALE model are compared with the new model. A
box filter is used for test filtering for the Germano identity of the
dynamic procedure, where the test-filter width is 2D
(D ¼ ðDxDyDzÞ1=3). Tables I and II show the grid settings and main

TABLE II. The main parameters for the simulations in the compressible turbulent
channel flow.

Res Mas �Bq uc=Um qc=qw Tc=Tw

DNS 220 0.0815 0.0445 1.156 0.717 1.388
DSM 208 0.0804 0.0429 1.158 0.719 1.373
WALE 204 0.0771 0.0422 1.159 0.717 1.390
MWALE 218 0.0817 0.0447 1.155 0.718 1.387

FIG. 1. Schematic diagram for the compressible turbulent channel flow.

FIG. 2. The profile of the Van Driest transformed mean velocity Uvd from different
SGS models and DNS.

FIG. 3. The profiles of the mean temperature Tþ
av from different SGS models and

DNS.
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parameters for DNS and LES in this case, respectively (uc, qc, and Tc
are the streamwise velocity, density, and temperature at the midplane
of the channel flow). Figure 1 shows a schematic diagram of the com-
pressible turbulent channel flow.

Figure 2 shows the profile of the Van Driest transformed mean
velocity (Uvd ¼

ÐU
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffihqi=qw
p

dhUi) from different SGS models and
DNS. From the figure, we know that the MWALE model can have
good prediction and have better results than the DSM and WALE
model. Figure 3 shows the profiles of the mean temperature Tþ

av
¼ ðTw � hTiÞ=Ts from different SGS models and DNS [Ts ¼ BqTw is
the friction temperature, Bq ¼ qw=ðqwcpusTwÞ is the nondimensional
heat flux, and qw is the wall-normal heat flux]. In this figure, the
MWALE model have obvious improvement contrast with the WALE
model and the MWALE model have better behavior than the DSM.

Next, we show the profiles of the resolved turbulence intensities
normalized by the friction velocity us from different SGS models and
DNS in Fig. 4. Figure 4(a) shows the streamwise turbulence intensity

FIG. 4. The profiles of the resolved turbulence intensities normalized by the friction
velocity us from different SGS models and DNS: (a) streamwise turbulence inten-
sity, (b) wall-normal turbulence intensity, and (c) spanwise turbulence intensity.

FIG. 5. The profiles of the total Reynolds stress normalized by qw and us from dif-
ferent SGS models and DNS.

FIG. 6. The profiles of the turbulent heat flux normalized by qw, us, and Tw from dif-
ferent SGS models and DNS.
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and the MWALE model can have best performance at almost regions.
Figure 4(b) shows the wall-normal turbulence intensity. The MWALE
model and DSM have almost same behavior at 0 < y < 80 and their
results are better than that of the WALE model. At 100 < y < 220,
the MWALE model and WALE model have good prediction. Overall,
the MWALE model predicts best than other SGS models. Figure 4(c)
shows spanwise turbulence intensity. In this figure, the MWALE
model have best prediction at 0 < y < 100. The DSM behaves best at
100 < y < 180 while the MWALE model also have proper results.
From the figures, we know that the MWALE model have obvious
improvement compared with the WALE model.

For further investigating the predicting effects of the MWALE
model, we show the profiles of the total Reynolds stress normalized by
qw, us, and the turbulent heat flux normalized by qw, us, and Tw from
different SGS models and DNS in Figs. 5 and 6. The total Reynolds
stress could be expressed as

Rij ¼ h�qiðfguiujg � feuigfeujgÞ ¼ RLES
ij þ hsiji; (30)

where

RLES
ij ¼ h�qiðfeuieujg � feuigfeujgÞ; (31)

is the resolved Reynolds stress, and f�g denotes the Favre averaging
/f g ¼ hq/i

hqi
� �

. The turbulent heat flux takes the form

RujT ¼ h�qiðffujTg � feujgfeTgÞ ¼ RLES
ujT þ hQji; (32)

where

RLES
ujT ¼ h�qiðfeujeTg � feujgfeTgÞ; (33)

is the resolved turbulent heat flux. From the figures, we know that the
MWALE model can have almost perfect prediction at all the regions.
The WALE model can also have better results than the DSM.

To see the behavior near the wall of different SGS models, we
show averaged SGS eddy viscosity hlsgsi (normalized by l) from dif-
ferent SGS models in Fig. 7. From the figure, we can know that the

FIG. 7. Averaged SGS eddy viscosity hlsgsi (normalized by l) from different SGS
models of the turbulent channel flow.

TABLE III. The grid setting and grid resolutions of the simulations in compressible
turbulent channel flow (Ma¼ 3.0 and Re¼ 4880).

Case Grids Dxþ Dyþmin Dzþ

LES 86� 97� 86 66.4 1.44 22.14

TABLE IV. The main parameters for the simulations in the compressible turbulent
channel flow (Ma¼ 3.0 and Re¼ 4880).

Res Mas �Bq uc=Um qc=qw Tc=Tw

DSM 444 0.101 0.125 1.21 0.399 2.69
WALE 436 0.099 0.121 1.22 0.397 2.70
MWALE 449 0.109 0.129 1.16 0.391 2.62

FIG. 8. The profiles of the Van Driest transformed mean velocity Uvd and the mean
temperature Tþ

av at Ma¼ 3.0 and Re¼ 4880 from different SGS models and DNS:
(a) mean velocity and (b) mean temperature. The DNS results are from Coleman
et al.42].
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wall scaling satisfies Oðyþ3Þ at yþ<20 for WALE andMWALE model.
The DSM follows the wall scaling (Oðyþ3Þ) at yþ<10. In general, the
SGS eddy viscosity from MWALE is lower than these from the DSM
and WALE model, and the value of SGS eddy viscosity fromWALE is
highest.

To test the new model in the case of a higher Reynolds number,
we will discuss the results for the case of Ma¼ 3.0 and Re¼ 4880,
where Res is 451. The size of the computational domain, the boundary
conditions, the ratio of specific heats, the Prandtl number Pr, and the
setting of LES solver are all same with the case of Ma¼ 1.5 and
Re¼ 3000. The grid setting and grid resolutions of the simulations in
the compressible turbulent channel flow of this case are listed
in Table III. Table IV gives the main parameters for the simulations in
the compressible turbulent channel flow.

Figure 8 shows the profiles of the Van Driest transformed mean
velocity Uvd and the mean temperature Tþ

av atMa¼ 3.0 and Re¼ 4880
from different SGS models and DNS. From the results, we know that
the MWALE model also shows better predictions than the DSM and
WALE model at higher Reynolds number.

From the key quantities of the compressible channel flow, we
know that the MWALE model has a significant improvement. Next,
we will test the new model in the supersonic turbulent boundary layer
over a compression corner.

B. Supersonic turbulent boundary layer over
a compression corner

In this section, we will test the new model in the supersonic tur-
bulent boundary layer over a 24

�
compression corner, which contains

the transition process and the separation. The same example can be
seen in the research works of Bookey et al.,44 and Wu and Martin.45

Steady laminar boundary layer profiles are imposed at the inlet, nonre-
flecting boundary conditions are applied in the outlet, the no-slip con-
dition is used in the wall, nonreflecting boundary conditions are used
at the top boundary, and the periodic condition is applied in the span-
wise direction. The computational domains are 0 � y � 35mm in the
wall-normal direction and 0 � z � 14mm in the spanwise direction,
and the stream domain is �335 � x � 49.56mm. The blowing and
suction perturbation on the wall in�305� x � �285mm is imposed
to trigger the bypass-type transition, and then the flow develops to

turbulence. The full developed incoming turbulent boundary layer is
generated via the laminar-to-turbulent transition method. Similar
method can be found in some research.46 L(one mm) is the non
dimensionalizing length scale. The freestream Mach number
Ma1 ¼ 2:9, the freestream unit Reynolds number Re/mm¼ 5581.4,
and the freestream temperature is 108.1K. The convective and viscous
terms are discretized by a sixth-order central difference scheme, and
the third-order Runge–Kutta scheme is used for the time advance.
Table V shows the grid-setting and main parameters of the simula-
tions in supersonic turbulent boundary layer over a compression cor-
ner. Figure 9 shows schematic diagram for the supersonic turbulent
boundary layer over a compression corner.

Figure 10(a) shows distribution of the skin-friction coefficient
(Cf ¼ sw=ðq1U2

1=2Þ) along the streamwise direction from SGS
models and DNS. This figure shows that Cf has a drastic increase near
the region x¼ – 200mm, which denotes the occurrence of transition
(this transition type here is bypass transition apparently). From the fig-
ure, we know that the MWALE can well predict the transition process

FIG. 9. Schematic diagram for the supersonic turbulent boundary layer over a
compression corner.

TABLE V. The grid setting and grid resolutions of the simulations in supersonic tur-
bulent boundary layer over a compression corner.

Case Grids Dxþðx ¼ �335ÞDxþðx � �35ÞDyþmin Dzþ

DNS 4000� 160� 200 6.52 2.90 0.58 4.06
LES 540� 100� 40 40.60 40.60 0.87 20.30

FIG. 10. Distribution of the skin-friction coefficient from different SGS models and
DNS. (a) Distribution of the skin-friction coefficient along the streamwise direction
and (b) distribution of the skin friction coefficient in the corner region, where the hor-
izontal coordinates are normalized by the boundary-layer thickness d.
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in the case of bypass-type transition. In the corner region
(�35 < x < 35 mm), the skin friction coefficient Cf goes down rap-
idly downstream and then shows a negative value, indicating that the
separation occurs here. The skin friction coefficient Cf goes up rapidly
and shows positive value again at x¼ 0mm, indicating the reattach-
ment of the flow. At that region, Fig. 10(a) cannot show the difference
of SGS models. Thus, in order to carefully compare the performances
of each model in the separation flow, distributions of the skin friction
coefficient in the corner region from SGS models and DNS are
shown in Fig. 10(b) (d is the boundary-layer thickness). As shown in
Fig. 10(b), the MWALE can well predict the separation, the reattach-
ment, and the separation bubble.

Figure 11 shows the profiles of the streamwise velocity and the
temperature at x=d ¼ �1 from different SGS models and DNS, and
the separation occurred in the region (x=d ¼ �1). From the figures,
we know that the MWALE can better predict the streamwise velocity
and temperature than other SGS models. Figure 12 displays the pro-
files of the streamwise velocity and the temperature at x=d ¼ 1, where
the reattachment has happened. In the figures, all the SGS models can
have good behavior and the results from the MWALEmodel are closer
to the DNS results than other models.

V. CONCLUSION AND DISCUSSION

In this paper, we propose a modified wall-adapting local eddy-
viscosity (MWALE) model for large-eddy simulation (LES) of com-
pressible wall-bounded flow. In this new model, the minimum-
dissipation model is applied to constrain the wall-adapting eddy-vis-
cosity (WALE) model for obtaining lower SGS dissipation. The isotro-
pic part of the SGS stress is reconstructed by maintaining the first
term of the expanded term from the infinite series expansion. In the
filtered total energy equation, the extra subgrid-scale (SGS) terms
(besides SGS stress and SGS heat flux) are modeled using the same
expanded method. The new model is tested in compressible turbulent
channel flow and a supersonic turbulent boundary layer over a com-
pression corner. It shows that the new model can have obvious
improvement compared with the WALE model and also show better
behaviors than the dynamic Smagorinsky model, including the mean
velocity profile, the mean temperature profile, the RMS quantities, the
total Reynolds stress, the turbulent heat flux, and the skin-friction
coefficient, etc. Compared to the WALE model, the MWALE model
can obtain precise kinetic energy flux and is also convenient to be
applied in engineering.

FIG. 11. The profiles of the streamwise velocity and the temperature at x=d ¼ �1
from different SGS models and DNS: (a) streamwise velocity and (b) temperature.

FIG. 12. The profiles of the streamwise velocity and the temperature at x=d ¼ 1
from different SGS models and DNS: (a) streamwise velocity and (b) temperature.
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In summary, the newly proposed model has strong stability and
proper SGS dissipation, and it can also have correct behavior in the
wall-bounded turbulence. In future research works, the new model
will be applied to high Mach number flows in complex geometries.
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