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Material point method (MPM) offers an effective approach for analysing large-deformation problems, such as
landslides that often involve unsaturated soil. Several MPM formulations for unsaturated soil have been reported
in the literature, but they assumed that water retention ability and permeability function are independent of soil
deformation. Furthermore, most studies used a single set of material points, so they cannot simulate some
processes (e.g., the infiltration of free water into unsaturated soil). To address these problems, a two-point MPM
formulation has been extended from saturated to unsaturated soils, considering the influence of porosity change
on the water retention curve and permeability function. The information of solid and liquid phases is carried by
two individual sets of material points, assuming zero air pressure. The elastoplastic mechanical behaviour is
modelled by the Drucker-Prager model using Bishop’s stress. The MPM simulations were compared with the
results of physical model tests (for large-deformation problems) and finite element analysis (for small-
deformation problems). It is evident that the proposed MPM formulation is able to capture various hydro-
mechanical problems well. In particular, the computed failure processes of unsaturated soil slope under rain-
fall are consistent with results from physical model tests.

1. Introduction

Many geotechnical problems involve large deformations, such as the
post-failure dynamics of landslides and pile driving (Lv et al., 2014; Song
et al., 2018). They cannot be easily reproduced using the finite element
method (FEM) because of the mesh distortion. Several numerical
methods have been proposed for large deformation problems, such as
the Arbitrary Lagrangian-Eulerian (ALE), Coupled Eulerian-Lagrangian
(CEL) approach, Updated Lagrangian Finite Element (ULFE), Smooth
Particle Hydrodynamics (SPH), Finite-element method with Lagrangian
integration points (FEMLIP), Discrete Element Method (DEM) and Ma-
terial Point Method (MPM) (Hu and Randolph, 1998; Khoshghalb and
Khalili, 2015; Wang et al., 2015; Shafee and Khoshghalb, 2022). The
MPM is an improved particle-in-cell (PIC) method, where the
Lagrangian (Lagrangian point masses) and Eulerian (Eulerian back-
ground mesh) descriptions are both applied (Sulsky et al., 1994). It is an
effective method for large-deformation problems involving fluid—solid
interactions, such as rainfall-induced failure of unsaturated soil slopes
(Soga et al., 2016). Hence, this work focuses on developing MPM
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formulations, which will be used to study rainfall-induced landslides in
further studies.

So far, the MPM has been applied to analyse a number of problems
like landslides (Fern et al., 2017; Soga et al., 2016; Yerro et al., 20164,
b), the failure of dikes (Martinelli et al., 2017) and the collapse of
retaining walls (Wicckowski, 2004; Beuth, 2012). Most previous studies
focused on saturated soil, a two-phase material comprising solid parti-
cles and liquid waters, with two distinct schemes (i.e. representing
saturated soil using one set or two sets of material points).

In the two-phase one-point scheme, a single set of Lagrangian ma-
terial points are used to carry the information for both solid and liquid
phases. Material points are attached to the soil skeleton, and the motion
of the liquid phase is described with reference to the motion of the solid
phase. By using such a scheme, Zhang et al. (2009) proposed a MPM
approach based on the u* —p! form governing equations, where u* is the
displacement of the solid phase and p' is the liquid pressure. Zabala &
Alonso (2011) simulated the failure of the Aznalcollar tailings dam with

the w’—p! formulation and a Mohr-Coulomb elastoplastic model
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Fig. 1. Schematic diagram of the two-phase two-point MPM approach
for simulation.

modified with strain-softening. In the u® —p! formulation, two mesh size-
related step criteria should be satisfied because of the different primary
unknowns for the solid and liquid phases (Verruijt, 2009). For a small-
size mesh, the second compression wave cannot be captured accu-
rately because the p'-dependendt time step is too short (Van Esch et al.,
2011). Thereby, Jassim et al. (2013) developed a two-phase one-point
MPM with the u* —u! formulation, where u! is the displacement of the
liquid phase.

Representing saturated soil with a single set of material points is
computationally efficient, but it has some limitations. For instance, it
cannot simulate important problems such as rainfall-induced ponding,
internal erosion and liquid-like response mixture. In addition, it is un-
suitable for problems with a high relative acceleration between the
liquid and solid (Zienkiewicz et al., 1990). To address these problems,
some researchers have adopted the two-phase two-point scheme, using
two sets of material points for the solid and liquid phases. Abe et al.
(2014) used a two-phase two-point MPM to study the failure process of a
river levee embankment by using the u® —p! formulation. Bandara &
Soga (2015) extended the u* —u! formulation of Jassim et al. (2013)
using the two-phase two-point MPM. Based on the work of Bandara &
Soga (2015), Liu et al. (2017) developed a three-dimensional two-phase
two-point MPM code, which used the generalised interpolation material
point method (GIMP) for spatial discretisation. The GIMP can decrease
numerical oscillations compared with the standard MPM during the
calculation process.

Recently, the MPM has also been applied to simulate unsaturated
soil. Unsaturated soil is a mixture of solid, liquid and gas, and it is
relevant to many geotechnical problems like rainfall-induced landslides
(Ng et al., 2020; Zhou and Ng, 2016). Similar to the modelling of satu-
rated soil, several schemes have been proposed for unsaturated soil.
Higo et al. (2010) proposed an MPM-FDM coupled numerical method for
unsaturated soil and the u* —p' form governing equations were applied.
Yerro et al. (2015) improved the u* —u! formulation (Jassim et al., 2013)
and developed a three-phase one-point MPM approach. The momentum
balance of solid, liquid and gas was adopted to govern their motion.
Alternatively, some researchers (e.g. Wang et al., 2018; Lei et al., 2020;
Ceccato et al., 2021) neglected the gas density and gas pressure and
proposed a simplified approach for modelling unsaturated soil with the
two-phase one-point MPM, which uses the #® —u! formulation. Feng et al.
(2021) proposed a two-phase two-point MPM for saturated and unsat-
urated soil to simulate the dynamic interaction of free water and soils. It
should be pointed out that the influence of porosity change on water
retention function and permeability function was not considered in the
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existing MPM formulations for unsaturated soil.

In this study, a two-phase two-point MPM formulation was devel-
oped based on Liu et al. (2017). It is suitable for solving large defor-
mation problems involving saturated and unsaturated soils. The solid
and liquid phases are represented by two individual sets of material
points, so solid and liquid movements can be simulated, respectively.
Gas density and pressure are not considered. The GIMP is adopted for
space discretisation to minimise the problem of numerical oscillations.
The governing equations, space discretisation, time discretisation,
computational procedures and model verifications are introduced in the
following sections. Analyses of rainfall-induced landslides are also pre-
sented, highlighting the importance of rainfall in unsaturated soil slope
failure initiation and propagation.

For the symbol convention, for example, in a, the superscript a can
be s and [, representing the solid and water phases, respectively, and the
variable without a is for the mixture; k means the time step k; the bold a
means tensor; the dot is the time derivative. Regarding the sign
convention, the tension in the solid phase and compression in the liquid
phase are positive.

2. Governing equations

Unsaturated soil is a three-phase material comprising solid particles,
liquid and gas. A comprehensive model should incorporate governing
equations for all phases. However, the modelling can be simplified for
most geotechnical problems, where the pore air in unsaturated soil is
connected to the atmosphere and its pressure is maintained at zero. With
this simplification, a two-phase two-point MPM approach is proposed
for analysing the hydro-mechanical problems involving unsaturated
soil. The continuum body is divided into a finite number of subdomains
represented by two sets of material points, as shown in Fig. 1. They carry
the information of the liquid and solid phases, respectively. No material
point is required for the gas phase.

To describe the volume fraction of solid and liquid phases, porosity n
and degree of saturation S, are used. The volume fractions for the solid
phase and liquid phase are equal to 1 —n and nS,, respectively. Apart
from the subdomains for unsaturated soil, the two-phase two-point MPM
approach can simulate several extreme conditions in a unified approach,
including (a) saturated soil with S, = 1; (b) dry soil for which the sub-
domains are occupied by solid material points only and S, is equal to O;
(c) free water (i.e. water outside soil skeleton) for which there are only
liquid material points in the subdomains with S, =1 and n = 1.

In addition, the governing equations are based on the following as-
sumptions: (i) soil particles are incompressible; (ii) the transfer of water
vapour is negligible; (iii) the temperature is constant and uniform.

2.1. Momentum balance equations

The relative motion of liquid and solid phases can be considered in
the two-phase two-point MPM. Two momentum balance equations are
used to calculate the acceleration of liquid and solid phases.

For the liquid phase, the momentum balance is as follows:

PV =F,—Vp'+p'g b}

where p! is the density of the liquid phase, ' is the acceleration of the
liquid phase, g is the gravitational acceleration, and FY, is the drag force
imposed by the solid—fluid interaction. The drag force is governed by
Darcy’s law when a laminar and steady flow in a low-velocity regime is
simulated:

S,p!
Fl= - "7: g (' —v") 2

where v/ is the velocity of the liquid phase, »* is the velocity of the solid
phase, k is the permeability. It should be pointed out that in the nu-
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Fig. 2. Mobilisation of friction angle, dilation angle and cohesion with plastic
shear strain (after Bandara & Soga, 2015).

merical simulations carried out in this study, the water flow velocity and
Reynolds number are relatively small. Darcy’s law is applied for
simplicity with the assumption of laminar flow. The relationship be-
tween drag force and relative velocity is thus linear, as shown in Eq. (2).
A nonlinear formulation should be considered if turbulent water flow is
involved (e.g., wave-overtopping and post-failure motion of soil slope).
A detailed description of this modification in MPM analysis was reported
by Ceccato et al. (2018).

For the case of free water, the drag force is zero, and Eq. (1) reduces
to the following equation:

pll')l —_ *Vp’+p[g (3)

The solid-fluid mixture needs to meet both linear and angular mo-
mentum balances. Since the tensor of total stress ¢ is symmetric, the
angular momentum is always fulfilled. The linear momentum balance is
described by

(1 —=n)p*s* +nS,p'v' = div(e) + (1 —n)p’g +nS,p'g (@)

where p* is the density of the solid phase (i.e. soil particles), ¥* is the
acceleration of the solid phase.
From the above momentum balance equations for the liquid and
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solid—fluid mixture, the acceleration of liquid and solid phases can be
obtained.

2.2. Mass balance equations

The mass balance of the solid phase is given by

0. ; ,
E[f)’(l—n)]+div[p’(l—n)v°]=0 5)
By assuming that soil particles are incompressible (%zO and

Vp* =~ 0), Eq. (5) is reduced to Eq. (6):
g—'tl = (1 —n)div(y’) —v'Vn 6)

Similarly, the mass balance of the liquid phase is given by the
following equation:
0
= (nS.p") +div(nS,pv') =0 7
Since water is only weakly compressible, the gradient of the water
density is negligible (Vp! ~ 0). In addition, ﬁ%’; = %, where K! is the
compressibility of the liquid phase. The following equation can be
therefore derived based on Eq. (7):

S, S\ op' _on o , _
n<ﬁ+7ﬂ> EJrS,EJrnS,dzv(v)#»vV nS, | =0 (8)

Substituting Eq. (6) into Eq. (8), it is obtained that:

V(nS,)
Sr

S, 0S.\ op' o s o ;
n<ﬁ+ 0p’> o S, {(1 —n)div(y*) —vVn + ndiv(y') +v

)]

Eq. (9) can update the pore water pressure under both saturated and
unsaturated conditions. Furthermore, for the condition of free water
with S, =1 and n = 1, Eq. (9) reduces to the following equation:
ap'

1. (1
o —Kdlv(v) (10)

Wl

a. Project MPs info into nodes

b. Solve balance equations

Bl Nodes

Material points

c. Project nodes info into MPs

T

d. Update position of MPs

Fig. 3. Computation procedures of MPM (after Fern, 2016).
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and treating the grid crossing problem in GIMP (after Fern et al., 2019). (For interpretation of the references to colour in this figure legend, the reader is referred to
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Fig. 5. Simulation of 1D consolidation of a soil column: geometry and
boundary conditions.

2.3. Constitutive equations for the mechanical behaviour

Many stress state variables have been proposed for unsaturated soil
in the literature. The Bishop’s stress is applied in this study:

6 =oc+yp'é 11)

where ¢ is the Bishop’s stress tensor, y is the Bishop parameter, and it is
simplified as S;, é is the delta function. As discussed above, the saturated

Table 1
Material characteristics for 1D consolidation and free water infiltra-
tion test.
Water bulk modulus, K' 2.2 GPa
Solid density, p® 2600 kg/m*
Water density, p' 1000 kg/m®
Solid Young’s modulus, E 10 MPa
Poisson’s ratio, v 0.33
Porosity, n 0.4
Saturated permeability, Kear 9.8 x 10* m/s
Sres 0
a 12
A 0.09

condition can be considered an extreme case of unsaturated condition
with a degree of saturation of 100 % (Ng et al., 2020). In this extreme
condition, the Bishop’s stress reduces to Terzaghi’s effective stress.
Thus, the use of Bishop’s stress can ensure a smooth transition between
saturated and unsaturated conditions.

Using Bishop’s stress, the Drucker—Prager model with strain hard-
ening/softening is used to model the behaviour of saturated and un-
saturated soils. Depending on its state, soil shows strain hardening or
softening behaviour (Chiu & Ng, 2003; Ng et al., 2020). In the current
study, the strain hardening/softening is modelled using the simplified
approach of Bandara & Soga (2015). The key idea is shown in Fig. 2. The
mobilised cohesion ¢, dilation angle y and friction angle ¢ are all
functions of the total plastic shear strain after the onset of plastic
yielding. Details of this method were reported by Bandara & Soga
(2015).

Apart from the stress state variables and the incorporation of strain
hardening/softening, all other mathematical formulations from the
Drucker-Prager model can be equally applied here. Since details of the
Drucker-Prager model are widely reported in the literature, they are not
repeated here.

In this study, the objective Jaumman stress rate is employed to
alleviate the rotation influence on the stress measure, as illustrated in
Liu et al. (2017). As a discussion, the MPM is a kind of updated
Lagrangian description in the finite-strain framework. A work-conjugate
pair of strain and stress is necessary for a completed formulation.
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Fig. 6. Comparisons between FEM and MPM results of 1D consolidation tests: (a) saturated condition and (b) unsaturated condition.

Although the object Jaumann stress rate is adopted in this work, the
strain measure is not specially treated rather than the symmetry part of
the gradient of the displacements for simplicity, which is also employed
in Zhang et al. (2016) and Fern et al. (2019). The results look good
though a mathematically completed formulation is not exactly followed,
probably attributed to the meshless method with resetting the back-
ground grid at the beginning of each time step. Recently, there have
been some works (Liu & Sun, 2020; de Vaucorbeil et al., 2020) devel-
oping the MPM approach within the finite-strain framework to avoid the
drawbacks of the formulation mentioned above.

2.4. Constitutive equations for the hydraulic behaviour

Soil water retention curve (SWRC) is important in modelling unsat-
urated soil behaviour (Zhou et al., 2020). The current study adopts the
SWRC model of Tarantino (2009), developed from van Genuchten’s
(1980) model by incorporating the influence of porosity. The relation-
ship between the effective degree of saturation (S.s) and pore water
pressure is described as follows:

1 -1
S, — Sres seP\ ™7
o= = 1 (o5) } a2
where
=1 = . (13a)
1-4
b= 7 (13b)

where S, is the residual degree of saturation, s is the matric suction, a
and /1 are model parameters related to the pore size distribution of soil, e
is the void ratio, b is a parameter describing void ratio effects on the
water retention behaviour. Compared to van Genuchten’s (1980) model,
there is only one more parameter (i.e., b) in Eq. (12). The new parameter
can be calculated from an existing parameter (i.e., 1), as shown in Eq.
(13b). Such a relationship between b and 4 can ensure that the gravi-
metric water content of unsaturated soil is almost independent of
porosity when suction is relatively high, consistent with many
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Fig. 7. Comparison between the computed consolidation behaviour with and without considering porosity effects on the hydraulic behaviour of unsaturated soil.
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Fig. 8. Simulation of free water infiltration into an unsaturated soil column:
geometry and boundary conditions.

experimental results (Tarantino, 2009). Apart from Tarantino (2009),
some other researchers have proposed SWRC models with consideration
of porosity effects (Gallipoli et al., 2003; Pasha et al., 2017; Pasha et al.,
2020) and stress effects (Zhou & Ng, 2014). In particular, the model of
Pasha et al. (2020) uses a constant effective stress parameter to simulate
the influence of porosity on the SWRC of all soils, so no additional
parameter is needed. It should be noted that the current study mainly
focuses on rainfall-induced landslides, so only the wetting SWRC is
modelled for simplicity. Ghaffaripour et al. (2019) illustrated that hys-
teresis effects should be considered if the problem involves a complex
wetting—drying history.

On the other hand, the water permeability k of unsaturated soil is
modelled by the following equation:

k= ksmkr (14)

where kg is the saturated permeability, k; is the relative permeability
for describing the influence of unsaturation on water permeability. The
method of Mualem (1976) is used to determine the relationship between
k- and the effective degree of saturation:

2

k= /Sy {1 - (1 - .S“)} 15)

In addition, k, varies with porosity (Carrier, 2003):

n3

ksar = Cm (16)

where C is a soil parameter. Egs. (12) and (16) suggest that the SWRC,
and saturated permeability are affected by porosity.

3. Numerical implementation
3.1. Space discretisation

As shown in Figs. 1 and 3, a continuum (@l and Q%) needs to be
discretised into subdomains. The generalised interpolation material
point method (GIMP) (Bardenhagen & Kober, 2004) is applied in this
study. As it is shown in Fig. 4 (a), standard MPM uses an unsmooth linear
shape function Nj(x) for spatial discretisation, so the gradient of Nj(x)
(VNi(x)) is a piecewise function with a discontinuity at the corre-
sponding central node i. When one material point in the element e enters
element e +1 by crossing node i, there are oscillations by using VN (x)
for internal force calculation. GIMP uses a characteristic function y, (x)
to define particles which is non-zero over a specific interval and zero
elsewhere. A weight function Sj, and its gradient VSj, are used for
spatial discretisation:

1

Sp = 7 2, ()N (x)dQ (17a)
s
1
VS = o / 2, (X) VN, (x)dS (17b)
P
Q

where Vj, is the volume of material points, Q, is the interval of charac-
teristic function (see Fig. 4 (b)).
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Fig. 9. Comparisons between FEM and MPM results of 1D infiltration tests: (a) pore water pressure distribution; and (b) degree of saturation distribution.

When } py,(x) = 1, the weight function Sy, is smooth and VS, is
continuous. In general, an arbitrary MP property f, can be approximated
at any point by the characteristic functions:

&)= for,(x) (18)

where f(x) is an arbitrary continuous.
By setting the characteristic function equal to a Dirac delta function
Zp(X) = 8(x — x,)Vp, the standard MPM can be derived from GIMP.

3.2. Discretisation of momentum balance equations

For the liquid phase, the momentum balance equation should be
transformed into a weak form. Eq. (1) is multiplied by a test function
w(x), which is the virtual velocity vector, and then integrated over the
liquid phase domain Q"

/ P (0¥ (W (2)de = / P (g ()W (x)de — / V! (3w (x)d

_ / L)f“g [V(x) = v () Jw(x)d

k(x

19)

ol

Because the gradient of porosity is not considered, the final discrete
form of Eq. (19) is given in Eq. (20):

[
. npm;.g
V;E mﬁpS”P == § Fk( - (pr 7v;p>S1P - /[,(X)Nl(x)ds
» p

" Q! (20)
+ Zn,ppij,pVS”p + me)g,psz,
Ip Ip

where m§p is the equivalent mass of liquid point, and #(x) is the liquid

pressure boundary condition.
Similarly, for the solid—fluid mixture, the weak form of Eq. (4) is
given by Eq. (21):

=01 @5 w0y + [, 0 5 oty
_ / div(G)w(x)dV + / (1 = n(x) Jp* Wg(Iw(x)dV 1
+ 05,90 gy

In addition, the discretised form of Eq. (21) is as follows:
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Fig. 10. Simulation of sand column collapse: (a) sketch of the sand column collapse test and (b) definition of the run-out length of sand column (after Santomaso

et al., 2018).

Table 2

Material characteristics for sand column collapse.
Water bulk modulus, K' 2.2 GPa
Solid density, p® 2800 kg/m>
Water density, p' 1000 kg/m°®
Solid Young’s modulus, E 50 MPa
Poisson’s ratio, v 0.33
Porosity, n 0.4
Saturated permeability, Ky 4.41 x 10°m/s
Sres 0
a 18.4
A 0.63
Cohesion, ¢ 0
Friction angle, ¢ 35°
Dilation angle, y 0°
Tensile strength, o¢ 0

VY mSip + > mSu, = / Hx)w(x)dA = 6,V VSiy,
sp Ip sp

0Q*
+ Zsﬂppﬁp VipVSup + 8, Zmips’”’
» sp

+&>_mi,Siy 22)
p
where #(x) is the stress boundary condition.
3.3. Time discretisation
For time discretisation, At is the time step:
te1 =t + At (23)

Regarding the multi-phase MPM formulations for unsaturated soil,
multiple criteria for the critical time step should be considered to ach-
ieve a stable solution (Yerro et al., 2022). The current study adopts two
criteria for the solid and liquid phases. The first one is a permeability-
dependent criterion (Mieremet et al., 2016) related to the dissipation
of excess pore pressure. The other one is the Courant-Friedrichs-Levy

criterion (Courant et al., 1967) related to compression wave propaga-
tion within the solid—fluid mixture. The critical time step takes the
smaller value obtained from these two criteria.

The forward Euler scheme is used to update the velocity and
displacement of the grid node.

Vi = Vi A (€2

a — 2 a
Uy = wg + A

(25)

The Jacobian of deformation Jj is used to obtain the volume change
between the initial configuration Q} and the configuration at the k% time
step €; for the solid phase:

Lo (-my

Jy==%t=
FTO) T (1—npr

(26)

where ny is the initial porosity, and ny is porosity at time step k. Ac-
cording to Eq. (26), ny is updated by Eq. (27),

27)

3.4. Computational procedures

Fig. 3 shows the MPM algorithm for each time increment, and the
detailed computational procedures are summarised below:

(a) Map the information of material points to background nodes
using the shape functions, including masses of the solid and liquid
phases, the momentum of the solid and liquid phases, porosity
stored in the solid material points and degree of saturation stored
in the liquid material points;

(b) Interpolate the porosity to the liquid material points;

(c) Interpolate the degree of saturation to the solid material points;

(d) Calculate the acceleration of the liquid phase on the background
nodes using Eq. (20);

(e) Calculate the acceleration of the solid phase on the background
nodes using Eq. (22);
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Fig. 11. Plastic strain contour at four different times (0.1, 0.15, 0.3 and 0.5s) calculated using MPM for (@) w = 0 % (S, = 0) (b) w =1 % (S, = 0.042); (c) w = 3 % (S,

= 0.126).
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Fig. 12. Comparisons between experimental and MPM results of sand column tests with different water contents.
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Fig. 13. Back-analysis of a centrifuge model test on an unsaturated sand slope subjected to rainfall (the displacement in Zone ABCD was measured during the test).

Table 3

Material characteristics for centrifuge model test.
Water bulk modulus, K' 2.2 GPa
Solid density, p® 2670 kg/m>
Water density, p' 1000 kg/m®
Solid Young’s modulus, E 10 MPa
Poisson’s ratio, v 0.33
Porosity, n 0.48
Sres 0
Saturated permeability, K¢ 2.77 x 10° m/s
a 1.2
A 0.89
Cohesion, ¢ 0
Friction angle, ¢ 31.8°
Dilation angle, y -5°
Tensile strength, o, 0

(f) Update the velocities and positions of solid and liquid material
points using Egs. (24) and (25);

(g) Update the water pressure using Egs. (9), as well as the degree of
saturation and relative permeability byEqs. (12) and (15);

(h) Calculate the strain increment and update the Bishop’s stress by
Eq. (11) and porosity by Eq. (27);

(i) Initiate the background grid for the next step and store all the
updated information in material points.

It should be noted that as a mesh-free numerical method, the MPM
combines the Lagrangian and Eulerian descriptions. During the defor-
mation process, the Lagrangian description is applied for the material
points, while the Eulerian description is used for the stationary mesh
generated in each time step.

4. Verification of the MPM formulation

To validate the new MPM formulation, it was applied to simulate five
different problems: (i) Consolidation of saturated and unsaturated soils;
(i) Infiltration of the ponded water into unsaturated soil; (iii) Sand
column collapse with various moisture conditions; (iv) Rainfall-induced
failure of an unsaturated sand slope; (v) Transient seepage and insta-
bility of an unsaturated clay slope subjected to rainfall. Results from (i),
(i) and (v) are compared to those obtained using the FEM software
Plaxis 2D. Details of this software were reported by Brinkgreve et al.
(2016). Constitutive models in the FEM analysis are introduced in the
following sections.

In both MPM and FEM simulations, a relatively high saturated water
permeability was used to reduce computational time. Results from (iii)
and (iv) are compared to the results of physical model tests (Santomaso
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et al., 2018; Wang et al., 2021). These five problems can be used to
evaluate different aspects of the MPM formulation.

In the MPM simulations (iii), (iv) and (v), a small value of damping
(@ = 0.05) is adopted to simulate the fraction between soil grains. The
calculation stability could also be increased because of the friction-
induced energy loss.

4.1. Consolidation of saturated and unsaturated soils

The consolidation of saturated and unsaturated soils is simulated
using the numerical model shown in Fig. 5. The soil column’s total
height equals 1m. The size of each cell is 0.1m x 0.1m x 0.1m, and there
are 8 points for each of the solid and liquid phases in one cell. An
isotropic and homogeneous sandy clay is considered. The input pa-
rameters and their values are summarised in Table 1. Regarding
boundary conditions, the top surface is permeable and free to move. A
total vertical stress of 10 kPa is applied. The lateral boundaries are
impermeable and fixed for horizontal displacement. The bottom of the
soil column is impermeable, and no displacement is allowed in all di-
rections. Two different initial conditions are considered: fully saturated
condition with S, = 1 and unsaturated condition with S, = 0.86. The
results of these two cases can be compared to reveal the influence of
unsaturation on consolidation.

Fig. 6 shows the numerical results for both MPM and FEM simula-
tions. The spatial and temporal variations of normalised excess pore
water pressure are given. The normalised excess pore water pressure is a
dimensionless parameter defined as the ratio of excess pore water
pressure to the total vertical stress o, applied at the top boundary. In
addition, a dimensionless time T, is also used:

k
C,=—— (28)
m,p*'g
C,
T, = Et (29)

where C, is the coefficient of consolidation, m, is the coefficient of
volume compressibility, and H is the soil layer thickness.

Upon the application of total stress to the soil, excess pore water
pressure is generated in the beginning (T, = 0). Under the saturated
condition, the excess pore water pressure is equal to o, and the total
stress is carried by soil water only. In contrast, it is only equal to 0.51c,
under unsaturated conditions because the compressibility of pore air is
high, and part of the total stress is transferred to the soil skeleton. With
an increase in T,, water flows out of the soil skeleton from the top
boundary, and excess pore water pressure dissipates. Finally, the nor-
malised excess pore water pressure reduces to 0. The MPM and FEM
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Fig. 14. Pre-failure soil displacement in Zone ABCD when the unsaturated sand slope is subjected to rainfall (a) measured in the centrifuge test (Wang et al., 2021);
(b) MPM results considering porosity effects on SWRCC and permeability function; and (c) MPM results with constant SWRC and permeability function.

analysis results are well-matched for both saturated and unsaturated
conditions.

The influence of porosity change on the water retention curve and
permeability function is incorporated in this study. To evaluate the
significance of this modification, unsaturated soil consolidation is
simulated using two different methods. One incorporates the change of
soil porosity in Egs. (12) and (16), whereas the other case determines the
water retention curve and permeability function using the initial
porosity. In each case, two Young’s moduli of 3 and 10 MPa are
considered. Fig. 7 shows the normalised excess pore water pressure (i.e.,
the ratio of excess pore water and increment of total stress) in these two
cases. The relationship between excess pore water pressure and time is
similar at different locations, and results at the height of 0.25 cm are
presented here as one example. At zero time (T, = 0), the normalised
excess pore water pressures in these two cases are close. During the
process of consolidation with increasing T,, water flows out of the soil
skeleton, and the excess pore water pressure reduces. By incorporating
the porosity dependency of hydraulic behaviour, the consolidation time

11

increases from about T, = 1.4 to T, = 2 when Young’s modulus is 3
MPa, consistent with the finding of Ghaffaripour et al. (2019) based on
FEM analysis. The increase in consolidation time is mainly attributed to
a lower permeability when the consolidation-induced porosity reduction
is considered in Eq. (16). When Young’s modulus increases to 10 MPa,
the difference between these two cases becomes smaller because the
porosity change is lower.

4.2. Ponded free water infiltration into unsaturated soil

The infiltration of ponded free water into a soil column is simulated
using the numerical model in Fig. 8. Such a simulation requires the code
to consider both free water outside the soil and pore water inside the
soil, which can be readily achieved by using the two-point MPM
approach but not the one-point MPM method. The total height of the soil
layer equals 10m. The mesh size is Im x 1m x 1m, and there are 8 points
for each phase in one cell. The soil type is the same as that in Section 5.1.
A linear elastic model is also applied for the soil skeleton. Above the soil,
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Fig. 16. Simulation of water seepage and slope instability under rainfall: geometry and boundary conditions.

Table 4

Material characteristics for rainfall-induced unsaturated landslide.
Water bulk modulus, K' 2.2 GPa
Solid density, p°® 2800 kg/m®
Water density, p' 1000 kg/m®
Solid Young’s modulus, E 10 MPa
Poisson’s ratio, v 0.33
Porosity, n 0.4
Saturated permeability, Kga¢ 5m/s
Sres 0.26
a 15.2
A 0.19
Cohesion, ¢ 0
Friction angle, ¢ 20°
Dilation angle, y 0°
Tensile strength, o; 0

the layer is ponded water with a thickness of 0.5 m. Within this range,
there are only liquid material points. The two sides of the column are
impermeable and fixed for horizontal displacement, and the bottom
boundary is impermeable, and no displacement is allowed in all
directions.

Fig. 9 shows the computed results by the MPM and FEM. In the MPM
analysis, free water at the ground surface is modelled using liquid ma-
terial points with an initial thickness of 0.5 m. The interface between the
free water and soil column is assumed to be impermeable before the

12

simulation of water infiltration. The initial pore water pressure inside
the soil column is hydrostatic, increasing from —114 kPa at the top to
—17 kPa at the bottom. At zero time, the interface is changed to a
permeable boundary to simulate the water infiltration process. It is
noted that the pore water at the soil top surface changes to a value close
to zero rather than 5 kPa (equivalent to the hydrostatic pressure by a 0.5
m thick layer of water), mainly because the infiltration process is tran-
sient. On the other hand, the FEM analysis has a slightly different
boundary condition from the MPM simulation because the FEM software
Plaxis cannot model free water. The FEM analysis uses zero pore water
pressure at the soil surface, which is very close to that obtained in the
MPM analysis. The minor difference in boundary conditions would not
influence the infiltration process too much. Upon the infiltration and
downward flow of water, the pore water pressure and degree of satu-
ration of soil increase with time. Under equilibrium conditions, all soils
in the column become fully saturated. The pore water pressure follows
the hydrostatic distribution, and the degree of saturation is 1. For the
comparisons between MPM with FEM results, they are quite consistent.
Taking the degree of saturation as an example, the maximum difference
is about 1 %.

4.3. Sand column collapse tests with different initial water contents
Santomaso et al. (2018) conducted a series of sand column collapse

tests considering soil moisture effects. As shown in Fig. 10 (a), the sand
particles are initially put in a rectangular box, and the particle diameters
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(b) FEM

Fig. 17. Suction contour (unit: kPa) at four different times (0, 1, 2 and 5s) calculated using (a) MPM; and (b) FEM.

range from 2 to 2.2 mm. They considered different initial water con-
tents, ranging from 0% to 4%. Then, the plate at the right boundary is
removed to induce the collapse of the sand column. Fig. 10 (b) shows the
typical profiles before and after the collapse. Hy and Ly are the initial
height and length of the sand column, respectively. In this study, the
initial sand column size is 0.007 x 0.008 m. L; is the final length related
to the run-out distance.

The experimental results are used to verify the proposed MPM code.
The boundary condition, initial condition and procedures in the nu-
merical simulation are the same as those in the physical model tests.
Details of the input parameters are given in Table 2. For the shear
strength parameters of the sand, the friction angle and cohesion are
determined based on ring shear tests by Santomaso et al. (2018) with the
assumption of zero dilation angle and zero cohesion. The parameters for
water retention behaviour (S, @ and 1) are estimated using the semi-
empirical equations of Carsel and Parrish (1988), which correlates
these parameters with the porosity and particle size distribution of soil.
Other parameters, including the saturated permeability, Young’s
modulus and Poisson’s ratio, use the typical value of sand based on the
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study of Liu et al. (2017) and Feng et al. (2021).

Fig. 11 (a) shows the plastic strain contours and granular flow pro-
cess at four different times with zero water content. It is clear that a large
plastic strain first occurs in the sand column’s toe. Then the slip surface
is developed, and a wedge shape slip mass is formed. The soil mass above
the failure surface moves along the slip surface and then flows along the
bottom boundary. Fig. 11 (b) and (c) show the failure process at 1 % and
3 % water contents. With increased water content, sand column defor-
mation becomes smaller at a given time. The slope of the slip surface
becomes steeper, and the slipping mass above the failure surface be-
comes smaller. For a relatively higher water content (w = 3%), a partial
collapse behaviour is observed in Fig. 11 (c).

Fig. 12 shows the relationship between initial water content and the
run-out distance. A dimensionless parameter R = L‘H;OL" is applied to
evaluate the sand mechanical behaviour, the definition of which can be
traced back to a simple energy balance (Iverson, 1997). An increase in
water content results in a smaller R value, particularly when the water
content is less than 2 %. The numerical model can well capture this trend
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Fig. 18. Displacement contour (unit: m) at four different times (60, 90, 150 and 280s) calculated using MPM.

because the increase in water content (degree of saturation) reduces the
Bishop’s effective stress (see Eq. (11)). When water content ranges from
2.5 % and 4 %, the change in R value is very small. After all, the value of
Bishop’s effective stress is almost content within this range. Based on the
above analysis in Figs. 9 and 10, the triggering and motion of the
granular flow process can be well captured by the proposed numerical
method.

4.4. Rainfall-induced failure of an unsaturated sand slope

The proposed MPM formulation is used to simulate one centrifuge
model test reported by Wang et al. (2021). Fig. 13 shows the geometry of
soil slope in the MPM model, consistent with the test condition of Wang
etal. (2021). The slope height equals 200mm, and the slope angle is 45°.
The test and numerical simulations were finished at 30-g, so the slope
height is 6 m at the prototype scale. The cell size equals 10mm x
10mm x 10mm, and there are eight material points for each phase in one
cell. The soil is well-graded silty sand with a mean grain diameter dsg of
0.23 mm. Details of the input parameters are shown in Table 3. The silty
sand parameters are determined in an approach similar to Section 4.3, so
the calibration method is briefly explained here. The triaxial tests of
Wang et al. (2021) are used to calibrate the peak friction angle, cohesion
and water retention parameters. According to the test results of Wang
et al. (2021), there is a volumetric contraction for the silty sand at a
loose state, so a negative dilation angle (yP** = —5°) to simulate strain-
hardening with y**% =0.01 and y“* = 0.2. In addition, Young’s
modulus and Poisson’s ratio use the typical values of silty sand.

Regarding the boundary conditions, the ground surface is permeable
and free to move. The heavy rainfall condition is simulated by main-
taining zero suction at the ground surface after an equilibrium state is
achieved at the prescribed g-level (initial water content wy = 11.5% and
suction s = 9.2kPa). The lateral boundaries are impermeable and fixed
for horizontal displacement. The bottom boundary is impermeable, and
no displacement is allowed in any direction. Under rainfall, the slope
failure occurs at 40s in the centrifuge model test and 50s in the nu-
merical simulation.

As illustrated above, the porosity dependency of hydraulic properties
(Egs. (12) and (16)) can greatly affect the consolidation behaviour of
unsaturated soil, particularly when Young’s modulus is lower. To
further investigate the role of these two equations, rainfall-induced
landslides are simulated with and without considering the influence of
porosity change on the SWRC and permeability function. The results are
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shown in Fig. 14 and compared with the experimental results measured
using the GeoPIV at four different times: t; = 10s,ty = 20s, t3 = 30s,
ty = 40s. Large displacement mainly occurs at the upper part of the
slope (i.e. Zone ABCD in Fig. 13), and the maximum displacement is
located at the slope crest. When the porosity dependency of SWRC and
permeability function is considered, the measured and computed results
are more consistent, and the displacement is smaller. These two findings
are because the test soil shows contractive behaviour (Wang et al., 2021)
during the process of slope deformation. When the porosity effects on
dependent SWRC are considered through Eq. (12), the soil is expected to
have a higher water retention ability. Consequently, a higher equilib-
rium suction is predicted at a given degree of saturation, leading to
lower relative permeability and higher strength. Moreover, there is a
decrease in saturated permeability when porosity effects are included in
Eq. (16), resulting in a smaller amount of rainfall infiltration and,
therefore, a smaller slope displacement.

Fig. 15 shows the post-failure soil displacement. Att = 50s, the slope
failure occurs, and the maximum displacement is about 40mm. From t =
70s to t = 100s, the top part of the slope continues moving down. The
average depth of the sliding Zone is about 0.93m at the prototype scale.
The shallow slope failure is caused by rainfall infiltration-induced suc-
tion loess, which reduces the value of Bishop’s stress.

4.5. Rainfall-induced failure of an unsaturated clay slope

As illustrated in Section 4.4, the proposed MPM formulation can well
simulate rainfall-induced landslide. This section further studies the
failure process of an unsaturated clay slope subjected to rainfall. Fig. 16
shows the geometry of this slope. Similar to the study by Alonso et al.
(2010), the slope height equals 7m, and the slope angle is about 32.5°.
The cell size equals 0.5m x 0.5m x 0.5m, and there are eight material
points for each phase in one cell. The soil is a medium-plasticity sandy
clay based on the classification method of the United States Department
of Agriculture (1966). Details of the input parameters are shown in
Table 4. Shear strength parameters are from direct shear tests by Alonso
et al. (2010). A constant value of friction angle is used with zero cohe-
sion and dilation angle. The water retention parameters are obtained
using the Carsel and Parrish (1988) method explained in Section 4.3.
Typical values of the clay stiffness parameters are used. Compared with
Table 3, there is a great difference in hydraulic properties between the
silty sand and sandy clay, which significantly influences water infiltra-
tion and slope failure.
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Initially, the slope is in equilibrium with the gravity force and the
prescribed suction (s = 500kPa) along the ground surface. Regarding the
boundary conditions, the ground surface is permeable and free to move.
The rainfall is simulated by maintaining zero suction at the ground
surface. The lateral boundaries are impermeable and fixed for horizontal
displacement. The bottom boundary is impermeable, and no displace-
ment is allowed in any direction.

Fig. 17 plots the suction contour computed using the MPM and FEM
at four different times: t; = Os, to = 1s, t3 = 2s, t4 = 5s. The results at a
longer time (above 5s) are not compared because soil deformation be-
comes too large; thus, the FEM does not give a convergent result. It is
clear from Fig. 17 that the wetting front goes deeper during the rainfall
process, and suction loss occurs. When t = 5s, the top 2m reaches a fully
saturated condition. By comparing MPM and FEM results, at all times,
they are well matched.

According to Eq. (11), the Bishop’s stress decreases, resulting in a
landslide. Fig. 18 shows the displacement contours from the MPM
simulation to study the failure process. At t = 60s, a non-zero
displacement zone appears. At t = 90s, a corresponding large value of
slope displacement occurs. For a longer time, a clear failure surface is
formed, the average depth of the slope surface is about 2m, and the slope
surface is like a smooth arc.

5. Summary and Conclusions

In this study, a two-phase two-point MPM formulation is developed
for the coupled hydro-mechanical behaviour of saturated and unsatu-
rated soils. The proposed MPM formulation has newly incorporated the
influence of porosity on the water retention ability and permeability
function. Two distinct sets of material points represent the solid and
liquid phases. Unlike the one-point method widely used in the previous
MPM formulations for unsaturated soil, the two-phase two-point method
can simulate both pore water and free water. The GIMP is used for
spatial discretisation since it shows a better capability of minimising
numerical oscillations than the standard MPM.

The rainfall-induced failure of unsaturated soil slope was simulated
to evaluate the new code for analysing large deformation problems
involving unsaturated soil. The computed results in the pre-failure stage
are consistent with the centrifuge model test. Furthermore, a series of
sand column collapse tests with different water contents were simulated.
The measured and computed run-out distances at various moisture
conditions are well-matched. The proposed MPM code can well simulate
large displacement problems under unsaturated conditions.

Several geotechnical problems under small displacement were also
studied, including the consolidation of saturated and unsaturated soils
and the infiltration of ponded water into unsaturated soil. The results of
MPM simulations were compared to those from the FEM simulations.
Results obtained from these two methods are almost identical at the
small-displacement stage, suggesting that the new code can give reliable
results.
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