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A B S T R A C T   

Elastic metamaterials have been considered as important tools for vibration and noise reduction because of their 
subwavelength bandgaps. However, acritical problem hindering their practical application is the difficulty of 
constructing an adjustable unit cell that facilitates bandgap tuning. In this study, reconfigurable two-dimensional 
metamaterials based on four curved beams are developed such that they could sustain multi-stable configura-
tions. Our calculations and experiments reveal that the developed unit cell can exhibit bidirectional phase 
transformations to three stable configurations. The three stable configurations have different wave character-
istics, allowing for elastic wave propagation to be tuned at the subwavelength scale. Based on this tuneability, a 
waveguide can be designed and the wave direction of travel can be controlled. This study provides a novel 
approach for designing reconfigurable elastic wave materials, elastic wave logic circuits, and waveguides.   

1. Introduction 

In recent years, elastic metamaterials have generated considerable 
interest as artificial period materials owing to their supernormal phys-
ical properties [1–5] and strong designability [6,7]. One of their most 
useful properties is their bandgap [8–23], a frequency range in which 
the propagation of elastic waves is prevented. This ability to arrest wave 
propagation leads to potential applications in waveguides or vibration 
and noise reduction [6,7,24,25]. Most studies on elastic metamaterials 
were focused on microstructural cell designs [10–18], bandgap forma-
tion mechanisms [19–23], and property-influencing factors [8,9]. 
However, the working frequencies of these materials are usually fixed 
after unit cell design, considerably restricting the use of such materials 
in intelligent applications [26–28]. Thus, the construction of a tunable 
unit cell that allows for the active regulation of various frequency ranges 
has become a primary goal in metamaterial research. 

The working frequency of elastic metamaterials depends on both the 
mechanical properties and geometric structures of the component ma-
terials [19–23,29–32]. Tuning strategies can be classified into two major 
categories. The first involves the incorporation of active materials, such 

as magnetorheological/electrorheological [33,34], piezoelectric 
[34–37], electromagnetic [38,39], and nonlinear materials [40–42], 
which are sensitive to external stimuli and enable the dynamic control of 
stiffness or resonator mass. The second approach involves the use of 
external stimuli to reconfigure a material’s geometric structure, for 
example by changing its lattice constant [43,44], resonator shape, or 
spatial arrangement [45–47]. In contrast to active material addition, 
geometric reconfiguration under an external force is straightforward, 
but both categories of adjustment require continuous external excita-
tion. In other words, maintaining tuned metamaterials in a stable state 
requires a sustained external stimulus that induces changes in the ma-
terial’s parameters or configuration [48]. Therefore, designing meta-
materials that have reversible and stable configurations is crucial. 

Multi-stable mechanical metamaterials are artificial structures with 
two or more interchangeable stable configurations [49–55]. These sta-
ble configurations correspond to energetic minima in a system, indi-
cating that diverse stable configurations can be maintained even after 
the external load or other stimuli are removed [54,55]. Several recent 
studies suggest that the use of multi-stable mechanical metamaterials 
represent a new approach for achieving tunable elastic metamaterials 
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[48,56–66]. For instance, Meaudet al. designed reconfigurable materials 
based on a one-dimensional (1D) chain of bistable unit cells and 
analyzed the propagation of elastic waves as acoustic switches [56]. 
Valencia et al. analyzed planar wave propagation in a 1D periodic multi- 
stable cellular material, showing that it exhibits highly anisotropic wave 
propagation behavior [59]. In other studies, tunable elastic meta-
materials with multi-stable structures, based on shape memory poly-
mers, were prepared by applying four-dimensional (4D) printing, and 
their bandgaps were adjusted by changing external forces and temper-
atures [48,61]. Although multi-stable two-dimensional (2D) meta-
materials employing a mass-spring model [62–64] or modular multi- 
stable metamaterials [65,66] have been proposed, investigations in to 
tunable 2Dmetamaterials with multi-stable configurations are lacking. 
In addition, a local resonance mechanism is required to improve the 
controllability of low-frequency waves at the subwavelength scale. 

Compared with the geometrical frustration, snap-through, and 
structured mechanisms, developing a unit cell of multi-stable meta-
materials composed of curved beams represents a simpler approach 
[49]. In this study, reconfigurable 2Dmetamaterials were developed by 
using four curved beams such that they could sustain multi-stable con-
figurations. To introduce the local resonance mechanism, a large mass 
block was placed in the middle of the four symmetrical curved beams. 
The calculations and experiments performed revealed that the unit cell 
designed in this study can undergo bidirectional phase transformations 
to three stable configurations. All three configurations were verified to 
have different wave characteristics, allowing for the tuning of elastic 
wave propagation. The propagation characteristics of the elastic waves 
in the different stable states of reconfigurable elastic metamaterials 
(REMs) indicate that elastic wave behavior can be modulated by 
switching different states under a force at the subwavelength scale. 
Compared with previous approaches, the use of REMs offers greater 
design versatility, allowing for finer tuning of elastic wave propagation. 
This tuneability can facilitate the design of a waveguide that can control 
to the travel of waves in a particular direction. 

2. Geometric configuration and numerical calculation method 

2.1. Design of the bistable curved beam 

Fig. 1 shows a diagram of a bistable curved beam, indicating how it 
may be used to achieve multistable configurations. Here, the curved 
beam is fixed at both ends and can be switched between two stable 
positions, Stages I and II, by applying an external force to its middle. 
Equation (1) describes the initial shape of a curved sinusoidal beam 
[66,67]: 
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According to the literature, the relationship between the external 
force and the displacement of this curved beam can be expressed by 
Equations (2)–(4) [67,68]: 
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where f is the external force, d is the deflection at the center of the 
beam, F is the dimensionless force (f), Δ is the dimensionless displace-
ment (d), h is the initial apex height of the beam, E is the Young’s 
modulus of the raw material, and L is the span of the curved beam. Q is a 
geometric constant defined as the ratio of the beam height to thickness 
(Q = h / t), which is critical for bistable behavior [68]. When Q is suf-
ficiently large, the curved beam exhibits multiple stable states. When Q 
is small, however, the force is always positive and only the initial shape 
is stable. Based on the results obtained in previous works, Q = 5 (h = 2.5 
mm, t = 0.5 mm) was selected when designing the multi-stable structure 
described in this study. 

2.2. Design of subwavelength REMs 

The unit cell of the REMs can be designed by symmetrically 
distributing curved beams in the x- and y-directions, as illustrated in 
Fig. 2(a). The material has a simple square lattice structure with a square 
unit cell composed of four curved beams joined by four rectangles of 
equal length, l, and thickness, W, as shown in Fig. 2(b). The middle is a 
square mass block and the lattice constant is a. The entire structure has 
multistable states under axial force in the x- and y-directions owing to 
the bistable curved beam. Based on their dynamic behaviors and low 
stiffness, curved beams can also act as springs. Thus, the entire structure 
described earlier is a typical local resonance system that can control 
elastic waves at a subwavelength scale [10]. Compared with previously 
reported 1D structures, the unit cell described here can be reconfigured 
in two directions and allows for finer elastic wave propagation tuning 
[48,56–68]. 

The structural parameter settings used in the current design are as 
follows: span of the curved beam is L = 52.0 mm, initial apex height of 
the beam is h = 2.5 mm, thickness is t = 0.5 mm, thickness of rectangle is 
W = 16.0 mm, length of rectangle is l = 24.0 mm, and lattice constant is 
a = 107.0 mm. Note that traditional multi-stable metamaterials are 
usually polymeric. However, to improve mechanical performance, the 
entire structure used in this study was made of a NiTi alloy with a 
density of ρ = 6.395 g/cm3 and a Young’s modulus of E = 63.28 GPa. 

2.3. Numerical calculation method 

The multi-stable performances, bandgaps, vibration modes, and 
transmission losses of the REMs were evaluated by using finite element 
methods (FEMs) in the COMSOL Multiphysics software package [69]. 
When the multi-stable performance was investigated, the lower 
boundary was a fixed boundary condition, the left and right boundaries Fig. 1. Schematic Diagram of Bistable Curved Beam.  
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were roller supports, and upward tension was applied to the upper 
boundary. Each stable state was determined by extracting the force-
–displacement curve during tensile testing. When the dispersion re-
lations of the REMs were determined, only fluctuations in the x-y plane 
were considered. Based on Bloch’s theorem, periodic boundary condi-
tions were imposed on the opposing boundaries of the unit cell [70] as 
follows: 

u(x + a, y) = u(x, y)ei(kx ⋅a),

v(x + a, y) = v(x, y)ei(kx ⋅a).

u(x, y + a) = u(x, y)ei(ky ⋅a),

v(x, y + a) = v(x, y)ei(ky ⋅a).

(5) 

The entire band structure was obtained by sweeping the wave vector 
along the edges of the irreducible Brillouin zone. The effective param-
eter values of the medium were calculated by determining the 
displacement, strain, stress, and force on the boundaries, using calcu-
lation methods taken from the literature [71]. The effective mass density 
of the unit cell was determined from the average reaction force at the 
four boundaries by applying the following equation: 

ρeff =
1
s

Fi

Üi
, (i, j = 1, 2), (6) 

where Fi is the resultant force on the boundaries, Üi is the average 
acceleration, and S is the area of the unit cell. The effective moduli were 
investigated under the following global hydrostatic deformation 
conditions: 

Eb = ε0
[

1 0
0 1

]

, (7) 

where Eb is the strain field at the boundary node of the unit cell. The 
global stress components, 

∑
ij and Eij, were averaged over the external 

boundary by using the expression: 
∑
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where σij is denotes the stress, xj is denotes the position vector, and ni 

is denotes the normal boundary unit cell. 
Finally, the effective bulk moduli were obtained as 

Keff =
1
2
(
∑

11
+
∑

22
)/(E11 +E12). (9) 

When the transmission loss was calculated, finite elements were 
considered in one direction, and an infinite array of units was considered 
by using periodic boundary conditions in the other. Based on the 
assumption that the incident plane wave was applied vertically on the 

boundary, the transmission loss of the REMs structure can be determined 
by using the frequency response function (FRF). To ensure accuracy, the 
maximum element size of the triangular mesh was considerably less than 
1/5th of the shortest wavelength in the calculated range of frequencies, 
and mesh refinement was performed for the curved beams. Note that the 
geometric parameters varied for different steady states and residual 
stress was not considered. 

3. Results and discussion 

3.1. Multi-stable performance of REMs 

To verify the reconfigurability of the structure, experiments and 
calculations were performed to investigate the structures multi-stable 
characteristics. As a result of their symmetry, all four beams had the 
same force–displacement curve. During the test, the middle position of 
the cell was fixed and tension was applied to one of the four curved 
beams. Fig. 3 displays the obtained force–displacement curves, which 
show that as pull-up displacement increases, the force value first in-
creases during the positive stiffness stage. The load then increases with 
displacement, and a snap-through occurs. Subsequently, the force values 
start to decrease with increasing displacement, and the overall stiffness 
of the structure becomes negative as it enters its negative-stiffness stage. 
The complete stretching process can, therefore, be divided into two 

Fig. 2. (a) Structural Layout and (b) Unit Cell of REMs.  

Fig. 3. Force-Displacement Curves in Experiments versus Calculations.  
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stages. If the force value continues to decrease until it becomes negative, 
a bistable phenomenon occurs [66,67]. In the study of REMs, both 
calculation sand experiments show that peak stress is negative, which 
reveals the bistable characteristics of the structure [67]. Thus, when 
stress is negative, the structure enters a stable locking state, and even 
when the external force is removed, the structure cannot revert to its 
original shape. According to symmetry considerations, the REM has 
three stable states: four bending beams in compression (state 00), four 
bending beams in tension (state 11), and two beams under tension in one 
direction and two beams under compression in the other (state 01). 
Switching back and forth between these states is possible by applying an 
external force, allowing for reconfigurable adjustments to be made. 
However, a noticeable difference exists between the experimental and 
calculated results, which might be caused by a small deviation in 
structure during the manufacturing process. 

3.2. Band structure and vibration modes of REMs 

FEMs were applied to analyze the bandgaps and vibration modes of 
the REMs in three stable states. The results of this analysis are shown in 
Figs. 4 and 5. As shown in Fig. 4, the dispersion curves of the three states 
are different. Fig. 4(a) shows that for state 00, three complete bandgaps 
are present with frequency ranges of 295.29–572.25 Hz, 706.23–3722.5 
Hz, and 4015.9–4781.5 Hz. The first bandgap lies between the third and 
fourth dispersion curves. The second bandgap lies between the fifth and 
sixth dispersion curves. The third bandgap lies between the seventh and 
eighth dispersion curves. Fig. 4(b) shows that for state 11, two bandgaps 
exist at the calculated frequency ranges of 324.26–632.6 Hz and 
774.18–4156.6 Hz. As in state 00, the first bandgap here also lies be-
tween the third and fourth dispersion curves, and the second bandgap 
lies between the fifth and sixth dispersion curves. Compared with state 
00, the first and second bandgaps of state 11 are shifted toward higher 
frequencies, and the second bandgap is wider. Fig. 4(c) shows that for 
state 01, the dispersion curves can be considered as a hybrid state 
composed of states 00 and 11, with three bandgaps located at 
326.46–596.28 Hz, 745.64–3757.2 Hz, and 3861.6–4285.2 Hz. In 
addition, residual stress often exists in the REMs when different states 
are switched. The band structures under different internal stresses are 
calculated, as shown in Supplementary Material. The results show that 
the internal stress has no effect on the bandgap for REMs with linear 
materials. 

These calculations confirmed that all three states can achieve effec-
tive isolation of elastic waves over a wide frequency range. In the fre-
quency range of 0–5000 Hz, the bandgap of state 00 accounts for 81 %, 
that of state 01accounts for 74 %, and that of state 11 accounts for 73 %, 
which shows the good vibration isolation property of REMs. When 
compared with traditional lattice structures or three-component meta-
materials, the materials described in this study exhibit broad-band 
properties. In addition, the wavelengths of the longitudinal wave cor-
responding to the center frequencies of the three bandgaps for state 00 
are 7.250 m, 1.400 m, and 0.710 m for 295.29–572.25 Hz, 

706.23–3722.5 Hz, and 4015.9–4781.5 Hz, respectively, and the lattice 
size for state 00 is 0.107 m. This comparison indicates that REMs form 
bandgaps at subwavelength scales and that these bandgaps may form as 
a result of local resonance mechanisms. 

To further verify the bandgap formation mechanism of the REMs and 
analyze the physical implications of the differences between the 
bandgaps of states 00 and 11, the vibration modes at the cutoff fre-
quency were investigated. In Fig. 5, the vibration modes at points A, B, 
C, and D in Fig. 4(a) and E, F, G, and H in Fig. 4(b) are shown. For the 
vibration mode at the lower cutoff frequency of the first bandgap, only 
the internal mass block vibrates while the four supporting rectangles 
remain stationary, meaning the bending beam can be thought of as a 
spring. This vibration mode is the same as the vibrational form of a 
three-component acoustic metamaterial [72], which is a typical dipole. 
As for the vibration mode at the upper cutoff frequency of the first 
bandgap, the internal central mass block remains stationary while the 
four support beams vibrate relatively, meaning this mode can be thought 
of as a typical quadrupole. The negative effective mass density formed 
by the dipole prevents elastic waves in the frequency range from prop-
agating through the structure, thereby giving rise to a bandgap. The 
vibration modes at the cutoff frequencies of the second and third 
bandgaps were observed to no longer be dominated by translation. In 
these modes, the central mass block remained stationary while the four 
supporting beams rotated around the center. This bandgap formation 
mechanism here is similar to that of the second bandgap in star-shaped 
metamaterials, in which the bandgap forms due to a negative effective 
bulk modulus induced by rotational deformation. By comparison, the 
vibration modes of states 00 and 11 at the first and second bandgaps 
were observed to be identical. The first bandgap was caused by trans-
lation-induced local resonance, where as the second bandgap was caused 
by rotation-induced local resonance. As the bending beam in the tensile 
and compressive states contributes to different stiffnesses, the cutoff 
frequency of the bandgap is also distinct, and, hence, the bandgap fre-
quency shifts to a higher range in the 11 tensile state. In addition, the 
vibration modes at point M on the seventh-branch dispersion curve for 
states 00 and 11 exemplify the distinctive differences between the two 
and confirm the reason for the disappearance of the third bandgap in 
state 11. 

Fig. 6 presents the effective mass density and effective bulk modulus 
obtained by FEMs at state 00 and 11. When the frequency corresponds 
with the band gap in the × direction, a negative mass density exists for 
state 00. Meanwhile, a negative mass density exists for state 11 when the 
frequency corresponds with its bandgap. The effective bulk moduli of 
states 00 and 11 are found to be negative in the frequency range of 
3600–4600 Hz, as shown in Fig. 6(b). The results of the effective me-
dium parameter calculations are consistent with calculations of the 
bandgap and vibration modes. This further confirms that the first 
bandgap is caused by translation-induced local resonance, whereas the 
second bandgap is caused by rotation-induced local resonance, as pre-
viously suggested. These local resonance modes are more conducive to 
the generation of a low-frequency bandgap, thus allowing elastic waves 

Fig. 4. Band Structure at (a) State 00, (b) State 11, and (c) State 01.  
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at the sub-wavelength scale to be controlled. 

3.3. Transmission characteristics of REMs 

Next, to validate the bandgap and modal calculations, the FRF was 
employed by using a model composed of 3 × 5 cells, as shown in Fig. 7. 
The number of unit changes did not have a significant effect on trans-
mission. In the calculation, periodic boundary conditions were applied 
to the upper and lower boundaries to indicate infinity in one direction, 
and a normal acceleration was applied to the left boundary. The trans-
mission loss was obtained by collecting the acceleration at the right 
boundary. During the calculation, a perfect boundary layer was also 
exerted on the right side to prevent reflections caused by the interface. 
The calculation results show that the bandgap frequency range of the 

transmission loss matches that of the band structure. States 00 and 01 
displayed three bandgaps, where as state 11 displayed only two. When 
compared with state 00, the bandgap frequency of state 11was shifted to 
a higher range. This reveals that REMs exhibit different transmission 
losses when in different stable states, allowing them to be used for force- 
tunable elastic waveguide switches. For example, elastic waves at a 
frequency of 600 Hz lie in the bandgap frequency range of state 00 and 
in the passband frequency range ofstates01 and 11. When the REMs in 
state 00 are stretched to state 01 or state 11, previously blocked elastic 
waves will be allowed to propagate through the structure. These two 
states can be switched back and forth. 

To verify the tenability of the REMs for elastic wave propagation, 
elastic wave transmission loss was studied in different stable states. As 
shown in Fig. 8(a), a vibrator (MMS-50, MeK, and YMC) is used to excite 

Fig. 5. Vibration Modes Corresponding to the Eigenstate Marked “A, B, C, D” at State 00and “E, F, G, H” at State 11.  

Fig. 6. (a) Effective Mass Density and (b) Effective Bulk Modulus at States 00 and 11.  
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REMs composed of 3 × 5 units in the frequency range of 10–1000 Hz, 
with the acceleration signal being collected at the top end using an 
accelerometer (B&K32602). Initially, the 3 × 5 units were all in state 00. 
Once the test of state 00 was completed, tension was applied to the units 
such that the state switched to 01 or 11.Owing to the limitations of the 
used laboratory test equipment, this experiment focused on the first 
bandgap, and the results are shown in Fig. 8(b). The yellow area in Fig. 8 
(b) indicates the first bandgap frequency range. The bandgap frequency 
range for state 00, state 01, and state 11 is 218.9–531.9 Hz, 259.6–555.7 
Hz, and 259.2–586.5 Hz, respectively. For the three states, waves above 
700 Hz also have large attenuation, which is caused by the second 
bandgap. 

Overall, the experimental results and calculations are in good 
agreement. Compared with states 00 and 01, the cutoff frequency of the 
bandgap for state 11 is shifted to a higher range. However, the experi-
mental results and calculations have some differences. It is difficult to 
guarantee the manufacturing precision of the bending beam, which is 
the main reason for the difference between the test and the calculation. 
And the material parameters may have difference between experiment 
and calculations. The differences in the transmission loss values in all 
three stable states validate the tunability of the described REM for elastic 
wave propagation. 

3.4. Design of waveguide with REMs 

Based on the demonstrable tunability of the REMs for elastic wave 
propagation, an elastic waveguide at a given position was designed (see 
Fig. 9). REMs composed of 18 × 18 units were constructed, and all of 
them were set to state 01 (i.e., bending beams in the x-direction are in 
compression and those in the y-direction in tension), as shown in Fig. 9 
(a). When tensile force was applied to a given position in the x-direction, 
state 01 would transition to state 11.When pressure was applied to any 
position in the y-direction, state 01 transitioned into state 00. Therefore, 
state 01 of the REMs could be switched by applying different forces in 
different directions. Switching between states should be a column or row 
of units as a whole, rather than a single isolated unit, as this ensures 
coordination and unity of deformation. The calculations for the 
bandgaps revealed that elastic waves at a frequency of 590 Hz can 
propagate in state 00 but not in state 01. Furthermore, when a wave-
guide with a five-unit structure was constructed, its position could be 
changed by applying an external force in the y-direction. N represents 
the coordinates corresponding to the middle positions of the five units. 
Fig. 9(b) shows the displacement distribution for N = 10, where the 
elastic wave at 590 Hz can propagate only along the five units in state 
00. Fig. 9(c) shows the calculation results along they-direction. The FRF 
curves at different positions prove that the wave at 590 Hz can 

Fig. 7. FRF at (a) State 00, (b) State 11, and (c) State 01.  

Fig. 8. (a) FRF Test Process and (b) Experimental Results.  
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propagate only along the waveguide at state 00. In the x-direction, the 
wave at 612 Hz can propagate in state 01, but not in state 11. Applying 
an external force in the x-direction alters the waveguide position. The 
calculation results in Fig. 9(d) reveal that the wave at 612 Hz can 
propagate only along the waveguide in state 01. The REMs proposed in 
this study facilitate the modulation of elastic waves through force 
application at certain positions in two directions, a property which is 
beneficial for the design of various functional waveguides. 

4. Conclusion 

In this study, 2D reconfigurable metamaterials with multiple stable 
states are designed based on a bending beam structure, which possessed 
three stable structural forms (states 00, 01, and 11). Each of these three 
configurations is shown to have a different band structures. Vibration 
mode analysis reveals that the bandgap of the described REM is defined 
by local resonance effects. More specifically, the first bandgap is caused 
by translational motion, whereas the second and third bandgaps are 
caused by rotation. The propagation characteristics of elastic waves in 
different stable states enable these materials to be used in elastic 
waveguide switches that can interchange between states when different 
forces are applied, allowing for the modulation of elastic wave propa-
gation behavior at subwavelength. Compared with previous works, the 
novel REMs described in this study have more design freedom, allowing 
for finer tuning of elastic wave propagation. The REMs discussed in this 
study are excellent materials to be used when designing broadband 
vibration-isolation devices. A waveguide is also designed, allowing for 
wave propagation to be controlled through the application of external 

forces in different directions. The methods described in this paper 
represent a novel approach for designing reconfigurable elastic wave 
materials, elastic wave logic circuits, and waveguides. 
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