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Due to the empirical assumptions, the widely-used two-temperature models for hypersonic nonequilibrium flow include consid-
erable uncertainties. To overcome the limitations and shortcomings of two-temperature models, the modified Macheret-Fridman
model is developed based on the correction method of the modified Marrone-Treanor model. Some typical test cases are em-
ployed to assess the accuracy of the modified and widely-used two-temperature models. Furthermore, the reason for improving
the accuracy of modified two-temperature models is analyzed and discussed. This work indicates that the correction method
based on the modified Marrone-Treanor model is easily applied and extended to the other widely-used two-temperature models,
significantly improving their accuracy. In addition, modeling highly nonequilibrium dissociating flows requires considering three
critical respects, i.e., the dissociation rates, the vibration-dissociation coupling effect, and the non-Boltzmann effect. The non-
Boltzmann effect reduces the dissociation rates and vibrational energy per dissociation. Comparatively, the dissociation rates have
more influence than changing the value of the non-Boltzmann factor for vibrational energy loss per dissociation. Future work can
focus on enhancing the accuracy of the dissociation rates to improve the accuracy of widely-used two-temperature models.
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1. Introduction

In recent years, the interest in the development of hypersonic
vehicles has been significantly increasing [1,2]. As a vehicle
cruising at hypersonic speeds, a strong bow shock wave en-
velops the vehicle, and much of kinetic energy is converted
to internal energy, resulting in an extremely high tempera-
ture in the shock layer [3, 4]. The elevated temperatures in
hypersonic flows give rise to many complicated physical and
chemical processes, such as vibrational and electronic energy
excitation, dissociation of molecules, and even ionization
[2-6]. As the rates of internal energy excitation and chemical
reactions are often comparable to the time scales of flow, the
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hypersonic flow is always in a state of nonequilibrium [2-
4]. Accurately modeling the nonequilibrium flows is very
important for the design and development of hypersonic
vehicles [3].

A key aspect of chemical nonequilibrium is its two-way
coupling to thermal nonequilibrium [7], which has been a re-
search emphasis for a long time. For instance, the thermal
nonequilibrium is essential for the chemical kinetics because
the dissociation occurs more efficiently when the molecules
contain substantial energy in the internal, primarily vibra-
tional modes [7, 8]. In turn, in the course of molecule for-
mation and destruction, the dissociation promotes thermal
nonequilibrium [8, 9]. It is well known that the dissocia-
tion removes more energy from the vibrational mode than
other modes, resulting in nonequilibrium among different in-
ternal energies [7-9]. Recent studies have further revealed
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that nonequilibrium exists within each internal energy [7-9].
As a result of easier dissociation of molecules in higher vibra-
tional states, the vibrational energy distributions will strongly
deviate from the Boltzmann right behind the bow shock and
near the wall surface [9].

Nowadays, two different methods have been proposed to
describe the aforementioned chemical-thermal coupling ef-
fect: the multi-temperature and state-to-state (StS) model
[9]. The two-temperature model is widely used and has been
implemented in well-known computational fluid dynamics
(CFD) codes [10-12]. In the two-temperature model, each
internal energy is assumed to follow a Boltzmann distribu-
tion corresponding to its equilibrium temperature [9, 11, 13].
Therefore, its applicability is limited to the flow where vibra-
tional distribution slightly deviates from equilibrium. Fur-
thermore, the reaction rate coefficients utilized in the two-
temperature model are based primarily on the decades-old
shock-tube data [7, 13]. Due to the measurement and sys-
tematic error induced by neglecting the effects of thermal
nonequilibrium, a significant amount of uncertainties still
exist in the chemical kinetic rates [7]. Based on the re-
cent advances in computational chemistry, the StS model
has been developed to overcome the deficiencies of the two-
temperature model [7, 9, 14-18]. The StS model treats each
internal energy state as a pseudo-species and tracks the popu-
lation of the states directly [9,17,18]. Consequently, the non-
Boltzmann distribution of internal energy can be resolved
[9, 17, 18]. However, the StS model requires numerous rate
coefficients for all the excitation and dissociation processes
of every internal energy state [9, 18]. On the whole, due to
hundreds of internal energy states and thousands or tens of
thousands of kinetic processes to be considered, CFD with
the StS model is exceptionally computationally demanding.
As a result, its application is mainly restricted to simplified
zero- or one-dimensional cases so far [9, 14, 19, 20].

To overcome the shortcomings of the above two mod-
els, many modified versions of the two-temperature model
based on the high fidelity StS model or ab initio derived
quasi-classical trajectory (QCT) rates have also been pro-
posed. Mankodi and Myong [21] proposed two new models
named the nonequilibrium total temperature (NETT) model
and the nonequilibrium piecewise interpolation model. They
claim that the new models are more accurate than Park’s two-
temperature model in simulating high-degree nonequilibrium
flows [21]. Neitzel [18] develops two-temperature nonequi-
librium, non-Boltzmann (2T-NENB) model. The 2T-NENB
model is shown to reproduce the StS results well. In com-
parison to the non-Boltzmann direct molecular simulation
(DMS) data, Chaudhry et al. [7, 22, 23] find that a simple
correction can be applied to Marrone-Treanor (MT) model
and achieve better agreement with non-Boltzmann data for

dissociating flows. The modified MT model has been imple-
mented in CFD solvers and used in simulating vehicle-scale
hypersonic flows [22, 23].

The initial success of Chaudhry’s non-Boltzmann correc-
tion model based on a limited number of numerical testings
has demonstrated that it is a potentially effective way to im-
prove the accuracy of the widely-used two-temperature mod-
els with a negligible increase in computational cost. How-
ever, this model has been applied only to the MT model,
a semi-empirical one. Therefore, it is worth investigating
its extensibility to other two-temperature models, includ-
ing widely used empirical models and more sophisticated,
physics-based models. Furthermore, more testings also need
to justify the accuracy of widely-used and modified models,
especially compared with available experimental measure-
ments and high fidelity StS results.

The remainder of this paper is organized as follows. The
governing equations for modeling hypersonic nonequilib-
rium flows are firstly presented in Sect. 2. After that, the
widely-used and recent modification of two-temperature
models is also introduced. Section 3 provides two typical
cases to assess the performances of the original and modi-
fied version of two-temperature models. The discrepancies
of results predicted by these models are also discussed and
analyzed in Sect. 4. Conclusions are provided in Sect. 5.

2. Numerical methods

In this section, the governing equations for modeling hyper-
sonic nonequilibrium flows are given first. We then present
the most widely-used empirical two-temperature models and
introduce the recent efforts to develop the correction method
that enables these models to account for the effects of the
non-Boltzmann vibrational energy distribution on chemical
reactions.

2.1 Governing equation

Under the two-temperature assumptions, the governing equa-
tions for chemically reacting viscous flows are expressed
as [24]
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where ρ is the density, u j is the jth component velocity, ρs

and ys are the density and mass fraction of species s, Ev ,
E and H are the vibrational energy, total energy and total
enthalpy per unit mass of mixture, Ds, ηv and η are the diffu-
sion coefficient, thermal conductivity for vibrational energy
and thermal conductivity for translational-rotational energy,
hv,s and hs are the vibrational and total enthalpy per unit mass
of species s, τi j is the viscous stress tensor, p is pressure and
calculated by Doltons law.
ωs is the mass production rate of species s due to the chem-

ical reactions and can be expressed as [24]

ωs = Ms

nr∑
r=1

(βrs − αrs)

k f ,r

ns∏
s=1

(
ρs

Ms

)αrs

− kb,r

ns∏
s=1

(
ρs

Ms

)βrs
 ,
(2)

where nr and ns are the number of reactions and species,
αrs and βrs are the stoichiometric coefficients for reactants
and products in the r reaction respectively, k f ,r and kb,r stand
for the forward and backward rates for the r reaction respec-
tively.

Furthermore, the source term of of vibrational energy ωv

is governed by [11]

ωv = ρ
Ev(T ) − Ev(Tv)

τv
+ ωvd. (3)

In Eq. (3), the first term on the right-hand side is the
rate of translational-vibrational energy transfer according to
Landau-Teller model [11]. τv is the vibrational relaxation
time, which is usually evaluated by Millikan-White’s for-
mula. ωvd is the vibrational energy change per dissociation
[25], which is expressed as follows:

ωvd = Ebωb − E fω f , (4)

where ω f and ωb are destruction and production of diatoms
due to dissociation, and E f and Eb indicate the average vi-
brational energy lost and gained due to reactions.

The above equations are solved by an in-house code named
advanced research tool in science and technology compu-
tational fluid dynamics (ARTIST-CFD), developed by the
authors of State Key Laboratory of High-Temperature Gas
Dynamics, Institute of Mechanics, Chinese Academy of
Sciences. ARTIST-CFD is a parallel, finite volume code
that solves two-dimensional, axisymmetric, and three-
dimensional Navier-Stokes equations based on multi-block
structured meshes. Roe upwind scheme with second-order
MUSCL reconstruction and minmod limiter is applied for
inviscid fluxes, and viscous fluxes are discretized by second-
order central difference scheme [26, 27]. The data-parallel
line relaxation (DPLR) scheme is employed for time march-
ing [11]. A modified Fick’s model is applied to calculate

the species mass diffusion fluxes, ensuring that the sum of
individual species’ diffusion fluxes is zero [28]. The trans-
port properties of mixture species are calculated according
to Gupta’s mixing rule [29], and the viscosity and ther-
mal conductivity of species are calculated using collision
cross-section data compiled by Scalabrin [11] and Wright
et al. [30].

2.2 Two-temperature model

The semi-empirical Arrhenius equation is used to express the
equilibrium forward reaction rates [11], and the backward
rates are usually estimated based on the detailed balance the-
ory [11]. In the framework of two-temperature model, the
vibration-dissociation coupling effect, i.e., the effects of vi-
brational nonequilibrium on the dissociation rates, should be
considered. Therefore, we can multiply the equilibrium reac-
tion rate k f by a nonequilibrium factor to give a nonequilib-
rium reaction rate kneq

f [20, 25]:

kneq
f (T, Tv) = Z(T,Tv)k f (T ), (5)

where Z(T, Tv) is the nonequilibrium factor. Note that kneq
f is

a function of both T and Tv while k f is a function of only T .
Nowadays, many models considering the vibration-

dissociation coupling effect have been proposed. In the fol-
lowing section, three semi-empirical or physics-based mod-
els are presented.

2.2.1 Park model

Compared the intensities of radiation emanating from the hot
nitrogen and air behind a shock between measured and cal-
culated, Park [31] proposed that the most appropriate control
temperature in equilibrium reaction rates can be expressed as

Ta = TαT 1−α
v , (6)

where the value of α is usually chosen to be 0.5 or 0.7. In
this study, α = 0.5 is used and Ta is thus the geometric mean
of T and Tv.

Therefore, the nonequilibrium factor of the Park model can
be expressed as [20, 25]

Z(T, Tv) =
(Ta

T

)n

exp
(
− θd

Tα
+
θd
T

)
, (7)

where θd is the dissociation energy in K and n is the reaction
parameters in the Arrhenius law.

The non-preferential model, which is widely-used with
Park model, yields [11]

E f = Eb = ev, (8)

which indicates that the loss of vibrational energy is the av-
erage vibrational energy ev.
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This model is straightforward to implement in a CFD code.
However, it is a phenomenological model having many lim-
itations in simulating hypersonic nonequilibrium flows [13].
Its applicability is only limited to the flow where vibrational
distribution slightly deviates from equilibrium [13].

2.2.2 MT model

The MT model, also known as the coupled vibration-
dissociation-vibration (CVDV) model, assumes that the vi-
brationally excited diatoms are more easily to dissociate
[25,32]. The nonequilibrium factor of the MT model is given
by [25, 32]

Z(T, Tv) =
Q(T )Q(TF)

Q(Tv)Q(−U)
, (9)

where Q is the partition function for a truncated harmonic
oscillator, U is the semi-empirical parameter and TF is the
temperature defined as [25, 32]

TF =

(
1
Tv
− 1

T
− 1

U

)−1

. (10)

The vibrational energy lost and gained with the MT model
are expressed as [25]

E f =
Rsθv

exp
(
− θvTF

)
− 1
− Rsθd

exp
(
− θdTF

)
− 1
,

Eb =
Rsθv

exp
(
− θvU

)
− 1
− Rsθd

exp
(
− θdU

)
− 1
,

(11)

where θv is the species characteristic vibrational temperature,
and Rs is the specific gas constant.

2.2.3 Macheret-Fridman (MF) model

The empirical two-temperature models cannot make reliable
predictions when used outside the range of conditions (e.g.,
temperature) for calibrating them. Macheret et al. [33-35]
and Adhikari et al. [36] developed a physics-based model
for nonequilibrium dissociation reactions at high tempera-
tures, known as the MF model. The MF model is de-
rived based on the assumption of classical impulsive colli-
sion and has closed-form formulae. This model can well
take the vibration-dissociation and rotation-dissociation cou-
plings into account [35]. The dissociation reactions from the
up-lying and low-lying vibrational states strongly depend on
the vibrational and translational temperature, respectively.

The nonequilibrium factor of the MF model has the fol-
lowing form [35]:

Z(T, Tv) =
1 − exp

(
− θvTv

)
1 − exp

(
− θvT

) (1 − L) exp
[
−θd

(
1
Tv
− 1

T

)]

+ L exp
[
−θd

(
1 − 6a2

) ( 1
Ta
− 1

T

)]
, (12)

where L is a fractional parameter and Ta is a reduced temper-
ature. Ta is expressed as [35]

Ta = aTv + (1 − a)T, a =
( m
m + M

)2
, (13)

in which m and M are the mass of atom in colliding particle
and dissociating diatoms, respectively.

The fractional parameter L depends on the species in-
volved in the collision. For diatom-atom collisions [35],

L =

√
1 − a
π3/2

√
θd
D∗

(
T
θd

)1−n [
1 +

5(1 − a)T
2D∗

]
×

[
24πa(1 − a)

θd
T

]1/2

. (14)

For diatom-diatom collisions [35],

L =
2(1 − a)
π2a3/4

(
θd
D∗

) ( T
θd

)3/2−n [
1 +

7(1 − a)(1 +
√

a)T
2D∗

]
×

[
24πa(1 − a)

θd
T

]1/2

, (15)

where D∗ is the approximated value of effective dissociation
energy, and can be expressed as

D∗ = θd − 6a2θd. (16)

The vibrational energy gained or lost for the MF model
is [25]

E f = Eb =
aD∗(Tv/Ta)2kl + Dkh

kl + kh
, (17)

where kl and kh are the dissociation rates for the low and high
vibrational states, and formulated as [25]

kl = L exp
[
−θd

(
1 − 6a2

) ( 1
Ta
− 1

T

)]
,

kh =
1 − exp

(
− θvTv

)
1 − exp

(
− θvT

) (1 − L) exp
[
−θd

(
1
Tv
− 1

T

)]
.

(18)

2.3 Improvement of two-temperature model

The widely-used two-temperature models can deal with the
nonequilibrium between the vibrational and translational-
rotational modes. However, the widely-used models assume
that the energy in each mode is in a thermal equilibrium state
and thereby follows the Boltzmann distribution. Some re-
cent studies based on high-fidelity StS modeling reveal the
existence of the non-Boltzmann distributions in dissociat-
ing flows [8, 9, 14, 17], indicating the importance of taking
account of the non-Boltzmann effects in the simulations of
highly thermal nonequilibrium flows.
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2.3.1 Modified MT model

Chaudhry et al. [22, 23] compared the dissociate rate and
the vibrational energy change per dissociation predicted by
the MT model with those reproduced from the DMS for
compression-type flows of N2 and O2. They found that
there exist constant differences between the MT data and
the DMS data. As DMS results show the vibrational energy
distributions are non-Boltzmann, with high vibrational levels
largely depleted, Chaudhry et al. [22] attributed the discrep-
ancies between the MT-based and the DMS-based results to
the non-Boltzmann effects and proposed the following non-
Boltzmann correction models: kNB

f = α
NB
k kneq

f ,

ωNB
vd = ωvd + (ω f − ωb)αNB

⟨ϵ⟩ D0,
(19)

where kNB
f and ωNB

vd are the non-Boltzmann corrected disso-
ciation rate and vibrational energy change per dissociation,
respectively, D0 is the dissociation energy of diatoms, kneq

f
and ωvd are the nonequilibrium dissociation rate and vibra-
tional energy change per dissociation in the widely-used two-
temperature models, respectively.

Originally, Chaudhry et al. [23] adopted constant correc-
tion factors to set αNB

k = 0.5 and αNB
⟨ϵ⟩ = 0.1. Very recently,

Chaudhry et al. [22] proposed a variable non-Boltzmann
(VNB) correction factor dependent on the chemical state.
The VNB model was devised in such a way that αNB

k ap-
proached 0.5 for rapidly dissociating flows 1.0 for chemical
equilibrium flows in order to adapt to the DMS predictions
[22]. Therefore, αNB

k was finally determined to be

αNB
k = min

{
exp

[
ln(0.5)

(
1 − [A][A]

[A2]keq

)]
, 1

}
. (20)

The reaction rate parameters used in the MT model can be
the same as those used in the widely-used two-temperature
model based on the decades-old shock-tube data. Recently,
developments in computational chemistry have encouraged
the improvements of reaction rate coefficients. The QCT
method, based on accurate ab initio potential energy sur-
face (PES), has been employed to calculate reaction rate co-
efficients, and more accurate reaction rate parameters have
been provided [21, 22]. Therefore, the dissociation rates of
modified MT model are also calibrated by ab initio quantum
chemistry data listed in Table 1 [22].

2.3.2 Extension of the modified method

Note that although Chaudhry et al. [22, 23] developed the
non-Boltzmann correction method based on the MT model,
the application of Eqs. (19) and (20) is independent of the
specific two-temperature model in principle. Consequently,

Table 1 Quasi-classical trajectory derived rates [22]

A2 M C
(
cm3 s−1 K−n) n TD (K) θv (K)

N2 N2 5.9725 × 10−6 –0.7017 117529 3411

N2 N 1.3271 × 10−6 –0.5625 113957 3411

N2 O2 8.3724 × 10−5 –0.9991 116892 3415

O2 O2 6.1327 × 10−6 –0.7695 60540 2280

O2 O 1.5295 × 10−6 –0.6541 60552 2280

O2 N2 3.0410 × 10−9 –0.0223 59380 2263

the general correction strategy outlined in this subsection
can be combined with other commonly used two-temperature
models, such as the empirical Park model and the physics-
based model, to account for the vibrational non-Boltzmann
effects.

The MF model is more physically rigorous and outper-
forms the empirical two-temperature models in a broader
range of flow conditions, especially when the Arrhenius-type
parameters are re-calibrated by the high-fidelity QCT data.
However, it is still based on thermal equilibrium assumption
within each internal mode. It thus cannot capture the effects
of non-Boltzmann vibrational energy distributions on disso-
ciation reactions. To enhance its capability of treating react-
ing flows with high thermal nonequilibrium degrees, we have
extended the non-Boltzmann correction method discussed in
Sect. 2.3.1 to be applied to the QCT calibrated MF model in
this study. We refer to this new model as MMF.

3. Numerical experiments and validations

In this section, two typical cases (i.e., the postshock process
of O2 vibrational excitation and dissociation, and hypersonic
flow past a sphere) are utilized to assess the performances of
the modified models as well as the original two-temperature
models. These models are carefully evaluated, and their re-
sults are compared in detail with the data of experiments and
the high fidelity StS model.

3.1 Vibrational activation and dissociation in O2 shock
flows

Recently, vibrational temperature and mass fraction distribu-
tions of O2 behind a normal shock wave are measured by
Andrienko et al. [19] and Ibraguimova et al. [37]. Firstly,
these experimental results are used to assess the performance
of those aforementioned chemical kinetic models. The flow
conditions for the test cases are tabulated in Table 2.

In the frame of reference moving with the shock wave, the
governing equations for the flow can be simplified as station-
ary, inviscid one-dimensional Euler equation, and expressed
as [8, 38]
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Table 2 Flow conditions for post shock flow [19, 37]

Case Us (m/s) P∞ (Torr) T∞ (K) Ma∞
C1 3070 2.0 295 9.44

C2 3950 1.0 295 12.06

C3 4440 0.8 295 13.55

∂

∂x


ρsu

ρu2 + p

ρu(h + u2/2)

ρuev


=


ωs

0

0

ωv


, (21)

where ωs and ωv are the chemical and vibrational energy
source terms, respectively.

The above stiff equations are conducted from a shock wave
reference frame and solved by a CVODE solver [39]. The ini-
tial conditions are derived from the Rankine-Hugoniot rela-
tions [8]. The simulations are performed on a uniform grid of
20000 nodes covering 2 cm in the distance behind the shock.

To validate the results predicted by the aforementioned
two-temperature models, the StS simulation is also per-
formed. For the StS approach, the vibrational energy equa-
tion in Eq. (21) is removed, and each vibrational energy level
of oxygen is treated as pseudo-species. In the current study,
46 vibrational states of oxygen are considered [40]. The
forced harmonic oscillator (FHO) model develops the ki-
netic rates of vibration-vibration-translation (V-V-T) bound-
bound transitions for O2-O2 collision [9, 14]. The vibration-
translation (V-T) rates for O2-O collision and state-specific
dissociation rates for O2-O and O2-O2 collisions are obtained
from Stellar database [40].

Figure 1a and b shows the profiles of vibrational tempera-
ture and mass fraction of O for the case C1, respectively. In
the current study, Park, MT, and MF denote the original Park
model [11], MT model [32], and MF model [35] employ-
ing Park 90 rates [11], respectively. Besides, MMT, MPark,
and MMF represent the modified MT model proposed by
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Figure 1 Profiles of vibrational temperature and mass fraction of O behind the shock. a Vibrational temperature for case C1, b mass fraction of O for case
C1, c vibrational temperature for case C2, d mass fraction of O for case C2, e vibrational temperature for case C3, f mass fraction of O for case C3.
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Chaudhry et al. [22, 23], the modified Park model, and the
modified MF model proposed in this paper. Note that the
corresponding rates of MPark, MMT, and MMF are replaced
by the QCT fitted rates listed in Table 1. In this section, time
is defined as the ratio of distance to shock velocity.

Figure 1a shows that all two-temperature models and the
StS model predict similar tendencies in temperature profiles.
Due to the mild post-shock temperature, a minimal amount of
O2 is dissociated. Figure 1b demonstrates that the mass frac-
tion of O predicted by all two-temperature models at 2 µs
is less than 4%. Therefore, vibration relaxation governed
by O2-O2 collision is the major process in case C1. Due to
the same vibrational relaxation time evaluated by Millikan-
Whites formula used in Landau-Teller model [11], all the
two-temperature models give similar temperature distribu-
tions that also show agreement with the experiments [19,37].
However, significant differences between the StS and two-
temperature models can still be observed in the vibration re-
laxation and mass fraction of O. The thermal relaxation and
dissociation rates predicted by the StS model are slightly
faster and lower than the two-temperature model, respec-
tively. Comparably, the mass fractions of O predicted by the
MMF and MMT model are closer to the result of the StS
model. The accuracy of the widely-used two-temperature
model is acceptable in simulating weakly dissociation flows
at mild temperatures.

For case C2, the profiles of vibrational temperature and
mass fraction of O are plotted in Fig. 1c and d, respectively.
Due to the higher shock velocity, a larger amount of O2 dis-
sociates after 0.1 µs which is nearly the ending time of vi-
brational relaxation. Park, MT, and MF models predict faster
dissociation and lower vibrational temperature, which falls
out of the error bar of experiment [19, 37]. Comparing the
results of Park against the MPark model, the QCT derived
parameters slow down the dissociation rate and increase the
vibrational temperature, but the vibrational temperature pre-
dicted by MPark is still out of the error bar of experiment
[19, 37]. By contrast, after 0.1 µs, the vibrational temper-
atures predicted by MMT and MMF model fall within the
error bar of the experiment and agree well with the results
of the StS model, implying that non-Boltzmann correction
further reduces the dissociation rates. In addition, the mass
fractions of O predicted by MMT and MMF model agree well
with result of the StS model.

The vibrational temperature and mass fraction of O pro-
files for case C3 are shown in Fig. 1e and f, respectively. The
case C3 represents the highest degree of nonequilibrium be-
cause of the highest shock velocity. The vibration relaxation
terminates at nearly 0.1 µs, but dissociation occurs before
the end of vibration relaxation. The vibrational temperatures
predicted by these models show significant differences, but

all the results are bounded by the large measurement uncer-
tainties of vibrational temperatures [19,37]. However, it is il-
lustrated that the vibrational temperature proposed by MMT
and MMF model shows agreement with the result of the StS
model. Furthermore, the mass fractions of O predicted by
MMT and MMF model after 0.5 µs agree well with the ex-
periments and result of the StS model. The widely-used two
temperature models used Park 90 rates predict fast dissocia-
tion rate, and therefore, higher mass fraction of O behind the
shock.

Figure 2 shows the variation of maximum vibrational tem-
perature in terms of translational temperature measured af-
ter the shock. The maximum vibrational temperature pre-
dicted by the StS model is consistent with the experiments
[19]. Generally, MPark, MMT, and MMF models accu-
rately predict the maximum vibrational temperature. How-
ever, widely-used two-temperature models underestimate the
maximum of vibrational temperature, especially under the
condition of high translational temperature, i.e., high shock
velocity.

3.2 Hypersonic flow past a sphere

Many numerical and experimental tests are performed to in-
vestigate the flow around a sphere, mimicking the extreme
environments experienced by hypersonic vehicles [41, 42].
Recently, multi-dimensional StS computation for the five-
species air mixture (N2, O2, NO, N, O) around a sphere is
performed by Colonna et al. [42]. In their studies, 68 and 47
vibrational states are considered for N2 and O2 respectively,
and only the ground state is considered for NO and atomic
species. In total, an approximate amount of 10000 elemen-
tary processes are utilized, and the corresponding rates are
calculated by SSH expression or QCT method [42]. Finally,
detailed information on thermochemical nonequilibrium flow
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Figure 2 Maximum of vibrational temperature behind the shock.
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and high fidelity results are provided [42]. Therefore, the
flow past a sphere is also implemented to assess the perfor-
mance of the aforementioned two-temperature models. The
results are compared with the results of the StS model and
experiments in detail.

ARTIST-CFD calculates the test cases in this section. Ax-
isymmetric Navier-Stokes equations, including finite rate
chemistry and the effects of thermal nonequilibrium, are
solved based on multi-block structured meshes. The grid
includes 120 × 200 cells and is refined near the shock
wave. The freestream conditions are listed in Table 3. The
freestream mass fractions of N2 and O2 are 0.767 and 0.233,
respectively. In addition, the solid wall is modeled as non-
catalytic (i.e., the gradients of species composition set to
zero).

Figure 3a and b shows the Mach number profiles along the
stagnation line for the cases C4 and C5, respectively, where
the results of the two-temperature model, StS model, as well
as shock location from experiments are shown for compar-
ison. Figure 4a and b shows the mass fraction of O2 and
vibrational temperature profiles along the stagnation line for
the case C4. Note that the StS model provides more accu-
rate results, which agrees well with the experiments [42].
The original two-temperature models, including Park, MT,
and MF models, obviously underestimate the shock stand-
off distance (SSD). From the profiles of mass fraction of
O2 and vibrational temperature, we can find that the Park,
MT, and MF models predict fast dissociation rates. There-
fore, a lower vibrational temperature is predicted, which in-
creases the density behind the shock and reduces the SSD.
Compared with the results of the Park and MPark model, al-
though QCT based rates significantly decrease the dissocia-
tion rates and predict thicker SSD, the SSD predicted by the
MPark model is different from that of the StS model and still
falls out of the error bar of experiment [42]. However, MMT
and MMF models provide more accurate results, which show
close agreement with the results of the StS model and nearly
fall in the error bar of experiments [42].

4. Analysis

In this section, two necessary inputs to CFD, dissociation
rates and vibrational energy changes per dissociation of the
aforementioned two-temperature models, are compared in
detail. And the reason for improving the accuracy of mod-

Table 3 Flow conditions for flow past a sphere [42]

Case ρR (kg/m2) R (mm) U∞ (m/s) T∞ (K) Tw (K)

C4 4 × 10−4 7 3490 293 1000

C5 2 × 10−4 7 3640 293 1000
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Figure 3 Mach number profiles at the shock position. a Case C4 and b
case C5.
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Figure 4 Mass fraction of O2 and vibrational temperature profiles along
the stagnation line for the case C4. a Mass fraction of O2 and b vibrational
temperature.

ified two-temperature models is also analyzed and discussed.
For the aforementioned case C2, a significant amount of O2

is dissociated after the ending time of vibrational relaxation.
Therefore, case C2 is selected as a typical sample for the
dissociation-dominated flow in this section.
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4.1 The dissociation rate

To compare with the two-temperature result, the total disso-
ciation rate from the StS model is defined as

k f =

46∑
i=0

k f ,i
[A2(i)]
[A2]

, (22)

where k f ,i is the dissociation rate for vibrational state i.
Figures 5 and 6 show the total dissociation rate behind

the shock for O2-O2 and O2-O collisions respectively. The
non-Boltzmann correction factor αNB

k predicted by the MMT
model is also plotted in Figs. 5 and 6. It is shown that the flow
is near chemical equilibrium when the translational temper-
ature goes down to 4800 K, i.e., αNB

k = 1. The flow is in
the state of chemical nonequilibrium when the translational
temperature is higher than 4800 K.

Generally, the two-temperature models using Park90 rates
predict the faster dissociation rates at lower translational tem-
perature and underpredict it at higher translational tempera-
ture. Compared with the two-temperature models using Park-

Translational temperature (K)

D
is

so
ci

at
io

n
 r

at
e 

(m
3

  
s-1

)

N
o
n
-B

ol
tz

m
an

n
 f

ac
to

r 
α
kN

B

4000 6000 8000
10-23

10-22

10-21

10-20

10-19

10-18

10-17

10-16

0

1

2

3

4

5

α
k

NB

O2-O2 collisions
Chemical

nonequilibrium

 Chemical

equilibrium

State-to-state model 
Park model
Modified park model 
Marrone-Treanor model
Modified Marrone-Treanor model
Macheret-Fridman model
Modified Machcheret-Fridman model 

Figure 5 Dissociation rates for the O2-O2 collisions.
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Figure 6 Dissociation rates for the O2-O collisions.

90 rates, modified models underestimate the dissociation
rates. However, significant differences in dissociation rates
still can be observed between modified models and the StS
model. In the state of chemical nonequilibrium, the MMT
and MMF model’s dissociation rates are closer to that of the
StS model. Previous studies show that O2-O2 collisions are
the dominant process for case C2. Therefore, the agreement
of dissociation rates of the StS and modified models is impor-
tant for the improved vibrational temperature after the shock.

It is also shown that the MPark model predicts similar
profiles with the Park model for O2-O2 collisions and un-
derestimates the dissociation rates for O2-O collisions. But,
it may not be enough to get consistent results with the StS
model. The compared study implies that the improvement
of the widely-used Park two-temperature model is still lim-
ited even if the state-of-the-art QCT calibrated data is used.
Some physics-based models, such as the MT and MF mod-
els, are more appropriate for the simulation of dissociation-
dominated flow.

Figure 5 shows that the dominant O2-O2 dissociation rates
of the MMT and MF models are still two times faster than
the StS model in the state of chemical equilibrium. Note that
the MMT and MMF models’ dissociation rates are closer to
that of the StS model because αNB

k = 0.5 multiplies the QCT
refitted rates in the state of chemical nonequilibrium. We can
probably infer that the QCT refitted dissociation rate of O2-
O2 in Table 1 is two times faster. Therefore we reduce the
dissociation rates by a factor of two and recalculate. In this
section, only the results of MMF model are analyzed. The
vibrational temperature and mass fraction of O profiles are
shown in Fig. 7a and b, respectively. Under the condition
of the same non-Boltzmann correction parameters used, re-
ducing the dissociation rates by a factor of two significantly
increases the vibrational temperature and reduces the mass
fraction of O. However, only reducing the dissociation rates
by a factor of two and without non-Boltzmann correction,
i.e., αNB

k = 1 everywhere, gets better results with the StS
models.

On the whole, reducing the dissociation rates will slightly
reduce the mass fraction of O. It is implied that if the equi-
librium dissociation rates are refitted correctly, an improved
agreement with the StS model can also be obtained even
without considering the non-Boltzmann correction. How-
ever, it needs to be further investigated because the modifi-
cation of the MMT model is proposed on the adiabatic heat
bath simulation whose temperature is much higher than case
C2 [43]. Machine learning may offer techniques to extract in-
formation from large amounts of QCT and high fidelity StS
data that can be used for the improvement of widely-used two
temperature model [44].
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Figure 7 Effect of dissociation rates on the vibrational temperature and
mass fraction of O. a Vibrational temperature and b mass fraction of O.

4.2 The vibrational energy change per dissociation

By comparing the results of the MT model and DMS method
for adiabatic heat bath, Chaudhry et al. [23] find that the vi-
brational energy loss per dissociation of MT model is nearly
10% higher than DMS method. Therefore αNB

⟨ϵ⟩ = 0.1 is used
in MMT model to reduce dissociation energy of O2 [23].
Nonetheless, Baluckram and Andrienko [43] note that the
MMT model still overestimates the vibrational energy loss
per dissociation. Therefore, we increase the αNB

⟨ϵ⟩ and investi-
gate the effect on the vibrational temperature and mass frac-
tion of O. The results are shown in Fig. 8a and b. The max-
imum vibrational temperature post the shock increases with
increasing αNB

⟨ϵ⟩ that decreases the vibrational energy loss. In
general, changing the value of αNB

⟨ϵ⟩ from 0 to 0.5 does not
significantly affect the vibrational temperature and mass frac-
tion of O. It is also indicated that the accuracy of vibrational
energy loss per dissociation of the MT model is acceptable,
i.e., αNB

⟨ϵ⟩ = 0. Comparatively, modifying dissociation rates
has more influence on the distribution of vibrational temper-
ature and mass fraction of O than changing the value of αNB

⟨ϵ⟩ .

5. Conclusions

The correction method of the modified MT model is success-
fully applied and extended to the physics-based MF model.
After that, the performance and accuracy of the modified and
widely-used two-temperature models are assessed in detail
by two typical tests.
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The numerical results show that the widely-used two-
temperature model fails to predict the highly nonequilibrium
dissociating flows. Compared with the Park 90 rates used in
widely-used two-temperature models, the QCT data utilized
in modified models indicate slower dissociation rates. In ad-
dition, the non-Boltzmann effect further reduces the dissoci-
ation rates and vibrational energy per dissociation. Conse-
quently, the dissociation rates predicted by modified models
are closer to the rates of the StS model. Therefore, better
agreements with the StS modeling and experiments are pro-
vided.

However, a significant difference in dissociation rates still
can be observed between modified models and the high
fidelity StS model. Comparatively, equilibrium dissocia-
tion rates have more influence on the distribution of vibra-
tional temperature and mass fraction of O than changing the
value of non-Boltzmann factor for vibrational energy loss
per dissociation. Suppose the equilibrium dissociation rates
are refitted correctly, and more physical-based vibrational-
dissociation coupling models are used. In that case, an im-
proved agreement with the StS model can also be obtained
without considering the non-Boltzmann correction.

On the whole, this work indicates that the correction
method based on the MT model is easily applied and ex-
tended to the other widely-used two-temperature model. The
modified form is promising for further development to design
the high fidelity and effective kinetic model for engineering
applications.
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高高高超超超声声声速速速热热热化化化学学学非非非平平平衡衡衡流流流动动动双双双温温温度度度模模模型型型的的的精精精度度度研研研究究究

王小永,洪启臻,胡远,孙泉华
摘要 由于一些经验性的假设, 高超声速热化学非平衡流动模拟中广泛使用的双温度模型包含很大的不确定性. 为了克服传统

双温度模型的缺陷, 本文基于修正Marrone-Treanor model的方法建立了修正的Macheret-Fridman model. 一些典型的算例被用来验

证上述修正模型和广泛采用的双温度模型的精度.此外, 本文重点分析和讨论了修正模型预测精度提高的原因.研究结果表明, 基

于Marrone-Treanor model的修正方法可以推广至传统的双温度模型中,并显著提高其预测精度.此外,精确模拟高超声速热化学非平衡

流动需要考虑三个方面的因素:离解速率、振动-离解耦合作用以及非Boltzmann效应.非Boltzmann效应降低了离解速率和振动导致的

离解能变化. 对比而言,离解速率的影响大于非Boltzmann效应导致的离解能的变化. 为了提高传统双温度模型的预测精度,未来工作

可以主要集中在提高离解速率的精度上面.
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