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Plate structures with active cooling are widely used, and rapid evaluation of the temperature performance is of interest. In this
paper, an analytical model is proposed for the prediction of maximum temperature and temperature distribution of plate
structures with active cooling channel. The analytical model has three types of input parameters including thermal boundary
conditions, material properties, and geometry parameters. Solution procedures under different thermal boundary conditions,
including heat flux and convective heat transfer, are discussed respectively. The model with heat flux boundary (MHF) is
established based on the principle of energy conservation. The model with convective heat transfer boundary (MCHT) is
established based on the method of second-order function fitting the real heat flux distribution. The materials of the plate
structures are aluminum alloy and titanium alloy. The results show that the analytical model is able to predict the maximum
temperature with an error of less than 4% compared to the numerical method. The analytical model is able to quickly and
accurately evaluate the thermal protection performance of the active cooling structure.
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Nomenclature

Abbreviation

Subscripts

1. Introduction

Active cooling has been widely used for the thermal pro-
tection of hypersonic vehicles [1-5], photovoltaic [6-9], and
lithium-ion battery [10-13] applications due to its flexible
design and reliable structure. Taddeo et al. [14,15] experi-
mentally studied the performance of active cooling of hy-
drocarbon fuel for scramjet applications. The effect of mass
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T Temperature, K
q Heat flux, W/m2

δ Thickness, m
d Diameter, m
W Width of plate/channel spacing, m
k Thermal conductivity of coolant, W/(m K)
λ Thermal conductivity of solid, W/(m K)
h Convective heat transfer coefficient of hot gas, W/(m2 K)

MHF Model with heat flux boundary
MCHT Model with convective heat transfer boundary
RMSE Root mean squared error

channel Channel wall
f Fluid
max Maximum
hot Hot gas
wall Surface
A, B, C Position
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flow rate on the heat transfer efficiency of the cooling
system was experimentally investigated using ethylene as
coolant. Ebaid et al. [16] used Al2O3 and TiO2 nanofluids to
cool photovoltaic panels and the experimental results
showed that cooling of nanofluids may greatly reduce the
surface temperature of photovoltaic panels and improve
photoelectric efficiency. Akbarzadeh et al. [17] proposed a
“hybrid cooling plate” method that combines water cooling
and phase change material of paraffin/graphite to cool down
lithium-ion batteries. Experimental and numerical results
show that the “hybrid cooling plate” method can reduce the
energy consumption caused by active cooling while meeting
the cooling requirements.
There are a large number of plate structures of engineering

objects that require thermal protection [18-21], such as rocket
or scramjet engines [22], reusable aircraft bodies [23-25],
and electronic components. There are wide areas of plate
structures on hypersonic aircraft that require active cooling
due to the intense heat generated by fuel combustion and
aerodynamic heating. Youn et al. [26] optimized the channel
parameters of the cooling plate on the hypersonic aircraft.
The results showed that the size of the cooling channel is
recommended to be smaller because the pressure drop
caused by it can be ignored. Wagner et al. [27] summarized
the regenerative cooling technology used to cool rocket
thrust chambers and orbital vehicles. The characteristics of
hydrogen, oxygen, and hydrocarbon fuels as coolants are
studied, and the repeatable service life of the thrust chamber
is also analyzed. The research results show that regenerative
cooling is a key technology for aircraft to realize reusability.
Li et al. [28] designed a plate-type microchannel-heat-ex-
changer used for active cooling the electronic components
on spacecraft.
The actively thermal protection system is a complex

system coupled with fluids and solids. Experimental and
numerical methods are typically used to evaluate the cooling
effect. However, both methods are complex and time con-
suming. In this paper, an analytical model is proposed to

quickly predict the maximum temperature and temperature
distribution of plate structure with active cooling channel.
The coolant is chosen to be kerosene. The material of the
plate is chosen to be aluminum alloy or titanium alloy. It is
worth mentioning that the analytical model is also usable for
other coolants and plate materials. Two solution procedures
of the analytical model are established based on different
thermal boundary conditions. The model accuracy is vali-
dated by the numerical results.

2. Analytical model setup and boundary conditions

The schematic diagram of the plate structure with active
cooling channel is shown in Fig. 1a. A cooling structure
with circular cooling channel is located beneath the plate.
The thermal boundary of the plate top surface is heat flux
(the second thermal boundary) or convective heat transfer
(the third thermal boundary). The other surfaces are adia-
batic except for the cooling channel wall with convective
heat transfer.
The schematic diagram of a cross section of the plate

structure is shown in Fig. 1b. Heat transfer in the three-
dimensional (3D) plate structure may be simplified to two-
dimensional (2D) heat transfer through the cross sections of
the plate structure because heat conduction along with the
plate streamwise (z) direction is much smaller than that in the
vertical and spanwise (y, x) directions. The streamwise
change in coolant properties is neglected for cases with a
small temperature rise of coolant through the cooling chan-
nel, which applies to the structure with relatively low heat
flux and short length. The 2D heat transfer of cross sections
is then divided into two segments, 0-1 segment and 1-2
segment. The length of the 0-1 segment is X, and the max-
imum temperature is located at the 0 point as indexed as T0.
The height and width of the 1-2 segment are ΔH = δ + H2/2
and H1, respectively. Tchannel is the average inner wall tem-
perature of the cooling channel, which can be determined

Figure 1 Schematic diagram of the plate with active cooling a 3D configuration and b simplified 2D configuration.
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using the empirical formula of convective heat transfer as
addressed in the later section.

2.1 Analytical model

As shown in Fig. 1a, the plate thickness is δ and the length
of section 0-1 is X = (W−H1)/2, where W is the channel
spacing i.e., the width of the plate as shown in Fig. 1a. The
size of the rectangular cooling structure beneath the plate is
H1 × H2. q(x) is the heat flux on the plate top surface.

2.1.1 0-1 segment
The heat flux in the 0-1 segment is mainly conducted along
the x-direction due to the large value of the length-to-height
ratio. qx is heat flux in the x-direction at the x position.
Thermal analysis of an elemental section in the 0-1 segment
is shown in Fig. 1b. According to the differential formula
[29] for heat conduction through an elemental section, the
heat flux in the spanwise direction at x position for the
thermally steady state, qx, is obtained by integration as
shown below.

q Q q x x
= =

( )d
, (1)x

x x

0

where Qx denotes the total heat in the section from 0 to x
position.
According to Fourier’s law [30]:

T q xd = d , (2)x

where λ is the thermal conductivity of the plate material.
Integrate both sides of formula (2):

T
q x
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where T1 is the temperature at position 1.

2.1.2 1-2 segment
The heat transfer of segment 1-2 is mainly in the vertical
y-direction. According to the principle of energy conserva-
tion, the average heat flux qH in the y-direction of the 1-2
segment is determined as follows:

q
q x x

H=
2 ( )d

. (5)H

W

0

/2

1

There is an assumption for Eq. (5) that heat flux on the
plate top surface is symmetric to the plate centerline.
Similarly, according to Fourier’s law:

T q H T= / + . (6)H1 channel

The average heat flux on the channel wall is
q q H d= / ( ). (7)Hchannel 1

According to Newton’s law of cooling [30]:

q h T T Nuk
d T T= ( ) = ( ), (8)channel f channel f channel f

where the Nusselt number Nu is determined by the empirical
formula for convective heat transfer, such as the Dittus-
Boelter formula for most conventional coolants. k is the
thermal conductivity of the coolant. d is the hydrodynamic
diameter of the cooling channel and Tf is the coolant tem-
perature.
Therefore, the inner wall temperature of the cooling

channel is

T q d
Nuk T= + . (9)fchannel

channel

Combining Eqs. (4), (6), and (9), the maximum tem-
perature and temperature distribution function of the plate
structure with active cooling are

T T
q x q H q d

Nuk T

T T
q x

= =
d

+ + + ,

=
d

.
(10)

X x H

x
x x

max 0 0
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f
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It is worth noting that λ is the thermal conductivity of solid
material, which is a function of temperature for most ma-
terials. When Eq. (10) is used, the thermal conductivity λ is
determined by an iterative calculation process.

2.2 Thermal boundary conditions

2.2.1 The model with heat flux boundary (MHF)
When the thermal boundary of the plate top surface is heat
flux, for most heat flux distribution, q(x) may be expressed
by a polynomial such as a second-order function of the
spanwise direction q(x) = ax2 + bx + c, 0 ≤ x ≤ W/2. In this
paper, the second-order function is used as an example to
calculate the maximum temperature and temperature dis-
tribution. According to Eq. (10), the maximum temperature
and temperature distribution at the heat flux boundary
condition are as follows:

( ) ( ) ( )
T T aX bX cX q H q d

Nuk T

q H a W b W c W

T T ax bx cx

= = + 2 + 6
12 + + + ,

= 1
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2.2.2 The model with convective heat transfer boundary
(MCHT)
When the thermal boundary is convective heat transfer, q(x)
is calculated according to the following formula:
q x h T T( ) = ( ), (12)hot wall

where h is the convective heat transfer coefficient, Twall is the
surface temperature, and Thot is the hot gas temperature. The
surface temperature and the heat flux are coupled to each
other. The surface temperature determines the heat flux,
which in turn affects the surface temperature. The heat flux
distribution q(x) of the MCHT model is unknown. There-
fore, the maximum temperature cannot be solved directly
using Eq. (10).
In many engineering cases, the convective heat transfer

coefficient and hot gas temperature are nearly constants
along the plate spanwise direction, and the surface tem-
perature of the plate with active cooling is low near the plate
centerline and high on both sides. Therefore, the heat flux is
high near the center and low on the two sides, as shown in
Fig. 2. When the convective heat transfer coefficient and the
hot gas temperature are both constant, polynomial fitting is
used to replace the real non-uniform heat flux distribution.
In this paper, a quadratic function q(x) = ax2 + bx + c, is used
to approximately fit the realistic heat flux distribution. The
maximum temperature and the heat flux distribution of the
plate are then solved by an iterative solution method de-
scribed in the next section. After obtaining the heat flux
distribution, the surface temperature distribution is calcu-
lated by Eq. (11).

3. Solution method

3.1 Iterative process of the solution method

The maximum temperature of MHF model is solved directly
by Eq. (11). The MCHT solution is an iterative calculation
based on the assumption that the heat flux of MCHT model
is nearly a quadratic function distribution. The solution flow
chart is shown in Fig. 3. The solution steps are described as

follows.
(1) Given a uniform initial temperature, such as TA(0) = TB

(0) = TC(0) = 273.15 K. Points A and C are located on the
edge and middle positions of the plate structure, respec-
tively. Point B is located at the midpoint of A and C, as
shown in Fig. 2.
(2) According to Eqs. (13)-(15), the heat flux distribution

q = ax2 + bx + c is obtained.
(3) The MHF model is used to solve the temperature at

points A, B, and C, as shown in Eq. (16) or (17).
(4) If |TA(i) − TA(i − 1)| ≥ δ_balance, the solution has not

yet converged. δ_balance is a threshold value of the itera-
tions, which depends on the acceptable tolerance of the error
and the conductivity of the material. It is set as 1 K in this
paper. i is the iteration step. For special conditions, if TA(i) ≥
Thot − 0.1j, then let TA(i) = Thot − 0.1j, where j denotes the
number of TA adjustments as shown in Fig. 3. This judgment
is to avoid negative heat flux on the plate surface, which
would cause divergence of the solution procedure.
(5) Return to step 2 and iterate until the temperature

converges.
The temperature coordinates of A, B, and C are A(0, TA), B

(W/4, TB), and C(W/2, TC), respectively, and the heat flux
coordinates are A(0, qA), B(W/4, qB), and C(W/2, qC), re-
spectively. The location of the three points is shown in
Fig. 2. The initial plate temperature is TA(0) = TB(0) = TC(0)
= 273.15 K. The heat flux at points A, B, and C are

q h T T
q h T T
q h T T

= ( ),
= ( ),
= ( ).

(13)
A A

B B

C C

hot

hot

hot

The quadratic function q = ax2 + bx + c is used to fit the
real heat flux distribution. Therefore, the heat flux at points
A, B, and C meet the following conditions:Figure 2 Schematic diagram of cooling plate of MCHT.

Figure 3 Solution flow chart of MCHT model.
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The coefficients of the quadratic function, namely a, b,
and c, are
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Based on Eq. (11), the temperature values of A, B, and C
are calculated as follows:
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If TA(i) ≥ Thot − 0.1j, the temperatures at points A, B, and
C are calculated as follows. The initial value of j is 0.

T T j

T T a W b W c W

T T a W b W c W

= 0.1 ,

= ( / 4) + 2 ( / 4) + 6 ( / 4)
12 ,

= ( / 2) + 2 ( / 2) + 6 ( / 2)
12 .

(17)

A

B A

C A

hot

4 3 2

4 3 2

The purpose of Eq. (17) is to prevent the occurrence of
temperature oscillation around Thot leading to negative heat
flux and to accelerate the iteration procedure as well. Based
on this iterative method, the maximum temperature and heat
flux distribution of the MCHT model may be obtained.

3.2 Convergence performance of the solution method

Taking the aluminum alloy and titanium alloy structures
with the channel spacing W = 0.08 m as examples, the
iterative solution processes of the MCHT model are shown
in Figs. 4 and 5, respectively. The thermal boundary con-
dition is h = 100 W/(m2 K), Thot = 800 K. The coolant is
kerosene at 300 K, and the mass flow rate is 20 g/s. At this
time, the Nu number in Eq. (9) is 56.9, which is determined
by a classic heat transfer formula of the Dittus-Boelter

Figure 4 Solution process of MCHT model-aluminum alloy. a Temperature; b heat flux.

Figure 5 Solution process of MCHT model-titanium alloy. a Temperature; b heat flux.
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formula described in Ref. [30].
As shown in Fig. 4, the temperature and heat flux of the

aluminum alloy plate are converged after ten iterations.
However, for titanium alloy plate, the convergence speed is
much slower. With almost one thousand iterations, the
temperature and heat flux are converged. This is because the
low conductivity of titanium alloy leads to higher surface
temperature, which is very close to the value of Thot.
Therefore, the bypass (Eq. (17)) of the iteration flow chart is
launched, as shown in Fig. 3.

4. Numerical validations

The temperature distribution of plate structure with active
cooling is numerically solved with the finite volume method
to validate the analytical model. Navier-Stokes equation of
coolant flow is solved. The RNG k-ε model [31] is used to
calculate the turbulent flow of the coolant, and the near-wall
region adopts the Wolfshtein turbulence model [32]. The
convective terms of Navier-Stokes equations are discretized
by the second-order upwind scheme, and the viscous terms
are discretized by the second-order central scheme. The
pressure and velocity coupling is solved by the SIMPLE
method. The computational domain is divided into the solid
domain and the fluid domain as shown in Fig. 6. The fluid
and the solid heat transfer coupling are achieved by con-
tinuity of temperature and heat flux through the fluid/solid
interface. The length of the plate (L) is 0.5 m, its width (W)
varies from 0.04 to 0.1 m, and the plate thickness (δ) is
0.002 m. A 0.01 m × 0.01 m square cooling structure (H1 ×
H2) is located beneath the plate and the inner diameter of the
cooling channel (d) is 0.005 m. The solid material is alu-
minum alloy 2a12 or titanium alloy TA15, and their material
properties can be found in Ref. [33]. The fluid is RP3 ker-
osene and its thermophysical properties are calculated based
on a 10-component surrogate model [34]. The total meshes
for fluid and solid regimes in the numerical model are nearly
1.4 million. Stretched meshes are distributed in the near-
wall region in the cooling channel for accurate calculation of

convective heat transfer. The numerical model was validated
in our previous work [35], including grid independence
verification and comparison with experimental results.
The mass flow of kerosene is 20 g/s with inlet temperature

and pressure of 300 K and 3.0 MPa, respectively. The
thermal boundary condition on the plate top surface includes
three cases: two heat flux distributions and one convective
heat transfer. Taking the channel spacing of 0.1 m as an
example, the two heat flux distributions are shown in Fig. 7.
The thermal boundary conditions are shown in Table 1.

5. Results and discussion

In the second part of this article, an analytical model with
two types of thermal conditions is established, namely MHF
and MCHT. According to the numerical simulation de-
scribed in the last section, the model is verified and the
results are discussed in this part.

Figure 6 Computational domain. a Geometric configuration; b mesh distribution.

Figure 7 Heat flux distribution of W = 0.1 m.

Table 1 Thermal boundary conditions
Heat flux (W/m2) Values
q1 = ax2 + bx + c a = b = 0, c = 5000
q2 = ax2+ bx + c a = 6 × 106, b = 6 × 103, c = 0
q3 = h(Thot − Twall) h = 100 W/(m2 K), Thot = 800 K
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5.1 Verification of the MHF model

The boundary condition of the MHF model is heat flux. The
heat flux distribution functions are q(x) = 5000 and q(x) =
6 × 106x2 + 6 × 103x, 0 ≤ x ≤ W/2, as shown in Fig. 7. The
maximum temperatures of the aluminum alloy and titanium
alloy plates are shown in Figs. 8 and 9 for the two heat flux
conditions respectively. It can be seen from the figures that

the maximum temperatures predicted by the MHF model
agree well with the numerical results for varied cooling
channel spacing W and materials. The maximum tempera-
ture errors are 1.8 K and 2.2 K for aluminum and titanium
alloy plates respectively, accounting for 3.1% and 0.6% of
the numerical temperature.
The temperature distribution is calculated by Eq. (11).

Figure 10 shows the temperature distribution of aluminum

Figure 8 Maximum temperature comparisons under q1. a Aluminum alloy; b titanium alloy.

Figure 9 Maximum temperature comparisons under q2. a Aluminum alloy; b titanium alloy.

Figure 10 Temperature distribution comparisons under q1. a Aluminum alloy; b titanium alloy.
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alloy and titanium alloy when the thermal boundary is q1
and the channel spacing W is 0.06 m. At this time, the root
mean squared error (RMSE) of aluminum alloy and titanium
alloy are 1.2 K and 4.7 K, respectively, accounting for 2.6%
and 4.1% of the average temperature. When the thermal
boundary is q2 and the channel spacing W is 0.06 m, the
temperature distribution of aluminum alloy and titanium
alloy is shown in Fig. 11. The RMSE is 0.5 K and 1.8 K
respectively, accounting for 1.4% and 3.7% of the average
temperature.

5.2 Verification of the MCHT model

The boundary condition of the MCHT model is convective
heat transfer. The MCHT model is calculated using an
iterative method as described in Fig. 3. The thermal
boundary conditions are listed in Table 1. The comparison of
the maximum temperature of the MCHT model and the
numerical model for the aluminum alloy and titanium alloy
plates are shown in Figs. 12a and Fig. 13a, respectively. It
can be seen from the figures that the results of the MCHT
model are very close to the numerical results. The maximum
temperature errors of aluminum alloy and titanium alloy are

4.9 K and 8.7 K, respectively, accounting for 1.9% and 1.8%
of the numerical temperature. When the channel spacing W
is 0.06 m, as shown in Figs. 12b and 13b, the RMSE of the
temperature distribution of aluminum alloy and titanium
alloy are 2.9 K and 14.4 K, respectively. They account for
1.9% and 4.6% of the average temperature. Through the
above analysis, it can be seen that the MCHT model can
accurately predict the maximum temperature and tempera-
ture distribution.

6. Conclusions

In this paper, an analytical model based on the principle of
energy conservation is developed for solving the maximum
temperature and temperature distribution of plate structure
with active cooling. Compared with the numerical and ex-
perimental methods, the calculation time of this model is
shortened to a few seconds. This model mainly considers
varied thermal boundary conditions, material properties, and
geometric parameters, and it is compared with the numerical
model for validation. The main conclusions are as follows:
(1) The thermal boundary conditions involve heat flux and

Figure 11 Temperature distribution comparisons under q2. a Aluminum alloy; b titanium alloy.

Figure 12 MCHT model results of aluminum alloy under q3. a Maximum temperature; b temperature distribution.
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convective heat transfer. The MHF and MCHT models
correspond to both types of boundary conditions, respec-
tively. The MCHT model is established based on the sim-
plification of fitting the real heat flow distribution using a
second-order function.
(2) The models in this paper are able to accurately cal-

culate the maximum temperature and temperature distribu-
tion. The maximum temperature error is within 4%
compared to that of the numerical model and the RMSE of
the temperature distribution is less than 5%.
(3) The models established in this paper are also suitable

for a variety of materials, such as steel, copper, photovoltaic
plate, water, and ethanol. It is able to quickly and accurately
predict the maximum temperature and temperature dis-
tribution of plate structures with active cooling.
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主动冷却平板型结构件的最高温度及温度分布解析模型

胡国豪, 仲峰泉, 陈科挺

摘要 主动冷却平板型结构件应用广泛,快速评估其温度性能具有重要意义.本文提出了一种用于预测主动冷却平板型结构件的最高

温度和温度分布的解析模型. 解析模型有三种输入参数, 包括热边界条件、材料特性和几何参数. 分别讨论了两种热边界条件下的求

解过程, 包括热流密度边界和对流传热边界. 根据能量守恒原理, 建立了热流密度边界模型(MHF). 采用二次函数拟合真实热流密度分

布的方法, 建立了对流传热边界模型(MCHT). 结构件的材料有铝合金和钛合金. 结果表明, 与数值模型结果相比, 该解析模型能够预测

最高温度, 误差小于4%. 该模型能够快速、准确地评估主动冷却平板型结构件的热防护性能.
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