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I. Introduction

T HE high temperatures in hypersonic flows induce many com-
plicated physical and chemical processes, such as vibrational

and electronic energy excitation, dissociation of molecules, and even
ionization [1,2]. Thermochemical nonequilibrium phenomena are
ubiquitous in hypersonic flows [1–3]. Developing reliable and accu-
rate computational tools to predict these thermochemical nonequili-
brium flows is essential for designing hypersonic vehicles [1–3].
Nowadays, two typical models, i.e., the two-temperature and

state-to-state (StS) models, have been proposed to simulate the
thermochemical nonequilibrium flows [3]. Due to the simpleness,
the two-temperature model is widely used and implemented in well-
knownCFDcodes [4–6]. In the two-temperaturemodel, each internal
energy mode is assumed to follow a Boltzmann distribution corre-
sponding to its equilibrium temperature. Therefore, its applicability
is only limited to the flow where vibrational distribution slightly
deviates from equilibrium [3]. Furthermore, the reaction rate con-
stants utilized in the two-temperature model are based primarily on
the decades-old shock-tube data [7], which includes significant
uncertainties.
Based on the recent advances in computational chemistry, the StS

model has been developed to overcome the deficiencies of the two-
temperature model [8]. The StS model treats each internal energy
state as a pseudospecies and directly tracks the states’ population
[8]. Consequently, the assumption of Boltzmann distribution is
abandoned. However, the StS model requires numerous rates for
all the excitation and dissociation processes from each internal
energy state [9]. These rates are usually obtained by the quantum-
classical method, quasi-classical trajectory (QCT) calculations, or

approximate models, including Landau–Teller model, Schwartz–
Slawsky–Herzfeld (SSH) theory, and forced harmonic oscillator
(FHO) model [3,9]. On thewhole, due to hundreds of internal energy
states and kinetic processes to be considered, the computing con-
sumption of the StS model is vast, restricting its application only to
simplified zero- or one-dimensional cases [3,10,11].
Another issue for the StS model to be noted is the uncertainties in

the excitation and dissociation rates. Baluckram and Andrienko state
that up to three-orders-of-magnitude uncertainties are observed
between the FHO model and QCT for bound–bound rates of the
higher-lying states because of the harmonicity and nonreactive
assumptions [11]. Furthermore, nearly one-order-of-magnitude
uncertainty is observed from the QCT databases proposed by differ-
ent authors for the state-specific dissociation rates [11]. StS results
are well known to be sensitive to the excitation and dissociation rates
employed. Therefore, the uncertainty quantification of the StSmodel
should be assessed.
In this study, we perform Monte Carlo uncertainty and sensitivity

analysis in state-specific modeling of thermal relaxation and disso-
ciation of oxygen behind a normal shock. The vibrational temper-
ature and the mole fraction of O are chosen as the output quantities of
interests (QoIs). The excitation and dissociation rates are considered
as uncertain parameters.

II. State-to-State Method

In this paper, the thermal relaxation and dissociation of O2 behind
normal shock are calculated by StS. The freestream conditions are set
according to the shock tube experiments conducted by Ibraguimova
et al., i.e., V � 4440 m∕s, P � 0.8 Torr, and T � 295 K [12]. The
governing equations for the flow behind normal shock wave can be
expressed as [10,13]
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where ρO and ρO2�i� denote the densities of O andO2 at ith vibrational

level; u, p, and h are the velocity, pressure, and enthalpy, respec-
tively; and ωO2�i� and ωO are the mass production rates of O2 at ith
vibrational level and O, respectively.
The mass production rates of O2 at ith vibrational level are

expressed as [10,13]
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where NA is the Avogadro constant; Ms is the species molecular
mass; kV−T and kV−V−T are the vibration–translation (V-T) rate and

vibration–vibration–translation (V-V-T) rate, respectively; kO2

dis and

kO2
rec are the vibration–dissociation (V-D) and recombination rates for

O2–O2 collision; and kOdis and kOrec are the V-D and recombination

rates for O2–O collision.
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The mass production rates of O are expressed as [10,13]
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In the current study, 47 vibrational states of O2 in the ground
electronic state are considered [14,15]. The V-V-T bound–bound
transition rates are computed by FHO model [16]. The V-T and
state-specific dissociation rates are obtained from the QCT database
proposed by Andrienko and Boyd [14,15,17]. The V-T rates and V-D
rates forO2–O2 andO2–O collision proposed by Andrienko et al. are
presented in references [14,15,17]. In this study, the multiquantum
V-V-T transitions with jumps larger than 5 are neglected [16].
The above stiff equations are conducted from a shock wave

reference frame, and solved by second-order additive semi-implicit
Runge–Kutta method [18]. The simulations are performed on a uni-
form grid of 20,000 nodes totally covering 2 cm in distance behind
the shock. The initial conditions are derived from the Rankine–
Hugoniot relations [13].

III. Uncertainty Quantification Approach

MonteCarlo sensitivity and uncertainty analysis have already been
successfully utilized to identify the primary source of uncertainty in
chemical kineticmodels [19,20]. Therefore,Monte Carlo uncertainty
and sensitivity analysis perform the uncertainties analysis in state-
specific modeling of thermal relaxation and dissociation of oxygen
behind a normal shock. The main steps are briefly outlined as
follows:
1) It is well known that StS models consider hundreds and thou-

sands of kinetic processes between the states. However, significant
uncertainty still exists in the rates of these kinetic processes. In this
study, all the rates of the StS modeling of thermal relaxation and
dissociation of O2 behind normal shock are treated as uncertainty
inputs. Totally, 61,263 rates, including 47 V-D and 60,088 V-V-T
rates for O2–O2 collision and 47 V-D and 1081 V-T rates for O2–O
collision [11,14,15,17], are identified as varying input parameters
redefining as [19]

P � log10

�
k

k0

�
(4)

where k and k0 are the varying rate and baseline rate, respectively.
2) The identified input parameters P are statistically varying,

representing their typical uncertainties. Each input parameter varies
independently with a Gaussian distribution. The mean value and
standard deviation of the Gaussian distribution are set to 0 and 0.5,
respectively, which means that the probability of this parameter
varying between an order of magnitude is 95.4% [19].
3) The randomly varying parameters are input in the StSmodeling,

and many StS runs are conducted to obtain the corresponding QoIs.
4) Correction coefficients are obtained for each input–output pair,

and the uncertainty contributions to the QoIs are identified and
ranked.

IV. Results

A. Statistical Convergence

In this work, 5000, 10,000, and 15,000 runs are made to ensure
statistical accuracy. Figure 1 shows the mean value and standard
deviation of vibrational temperature profiles. Figure 2 shows the
mean value and standard deviation of mass fraction for O after the
shock. Compared with the results of 10,000 samples, increasing
the number of samples has little effect on the predicted mean value
and standard deviation of mole fraction of O and temperature profiles
after the shock. Therefore, 10,000 samples are enough to get stat-
istical convergence results and evaluate the following uncer-
tainty study.

B. Uncertainty Analysis

Figure 3 shows the profiles of vibrational temperature. The mean,

maximum, and minimum values evaluated by 10,000 samples are

comparedwith baseline results, experimental data [12], and other StS

results [10,11]. Compared with the baseline result, the mean value is

slightly higher before 0.1 μm, and lower afterward.Overall, themean

value of vibrational temperature agrees well with experiments and

baseline results. However, the uncertainty in rates induces consid-

erable uncertainty in vibrational temperature, especially before

0.1 μm. Themaximum interval between themaximumandminimum

vibrational temperature simultaneously is nearly 10,000 K. After

0.1 μm, the gap between the maximum and minimum vibrational

temperature is gradually decreased.
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Fig. 2 Mole fraction of O.
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Fig. 3 Uncertainty of vibrational temperature.
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Figure 4 shows the profiles of the mole fraction of O. The mean
value of the mole fraction of O is slightly higher than the baseline
value, which is significantly different from the experiments before
0.4 μm and agrees well with experiments after 0.4 μm. The uncer-
tainty in rates also induces considerable uncertainty in the mole
fraction of O, especially before 0.2 μm. Same as the vibrational
temperature profiles, the interval between the maximum and mini-
mumvalue of themole fraction ofO is comparably small after 0.2 μm
and large before 0.2 μm.
In comparison, the baseline results of vibrational temperature and

mole fraction of O agree well with the results of Baluckram and
Andrienko [11], which are also consistent with the experiments [12].
The bound–bound (V-T) and bound–free (V-D) rate coefficients used
in this paper are mainly taken from the Andrienko et al. database
presented in detail in references [14,15,17]. Therefore, the results of
this paper are consistent with Baluckram and Andrienko [11]. How-
ever, the results ofNeitzel et al. [13] andHao andWen [10] liewithout
the maximum and minimum results of this study. We can probably
infer that at least one order of magnitude of uncertainty exists in their
rates. Note that theO2 − OV-TandV-D rates ofNeitzel et al. andHao
and Wen are both obtained from the QCT method of Andrienko and
Boyd [10,13].However,BaluckramandAndrienko recently stated that
up to one-order-of-magnitude uncertainty exists in the bound–free
rates due to the different potential energy surface (PES) used [11].

C. Sensitivity Analysis

In this section, the square of the correction coefficient is employed
to rank the relative contribution of each kinetic rate to the total
uncertainty. The correction coefficient ρ�X; Y� of input parameters
X and QoIs Y is defined as [21]

ρ�X; Y� � Cov�X; Y����������������������������
Var�X�Var�Y�p (5)

where Var�⋅� is the variance, and Cov�X; Y� is covariance defined as

Cov�X; Y� � E�XY� − E�X�E�Y� (6)

where E�⋅� is the mean value.
The previous study shows that the uncertainties in rates induce

significant uncertainties in vibrational temperature. Therefore, the
maximum vibrational temperature and mole fraction of O at maxi-
mum vibrational temperature are chosen as the QoIs. We prioritize
the kinetic rates according to their contributions to the uncertainty in
QoIs. The sensitivities of QoIs are quantified in Figs. 5 and 6,
respectively. The maximum correction coefficient normalizes the
correction coefficient of each reaction. A high correction coefficient
suggests that the reaction or rate strongly affects the QoIs [21].
For the maximum vibrational temperature, O2�0� � O2�0� ⇌

O2�0� � O2�1� (V-T energy transfer), O2�0� �O2 ⇌ O�O�O2,

and O2�1� � O ⇌ O� O� O are the primary reactions. For the

mole fraction of O at maximum vibrational temperature, O2�0� �
O2�0� ⇌ O2�0� � O2�1� and O2�0� � O2 ⇌ O� O� O2 are the

dominant reactions. This is because large number of O2 have not

dissociated and are in the ground state at maximum vibrational

temperature. In addition, the vibration temperature in this paper is

defined as the number density ratio of first excited state to the ground

state [3], i.e.,

Tv � ev�1� − ev�0�
kB ln��O2�1��∕�O2�0���

(7)

Therefore, the number density changes of the ground and first

excited states can significantly affect the vibrational temperature.

Furthermore, recent QCTand FHO databases consistently show that

the V-T rates at low-lying states are faster than V-V-T at high-

temperature conditions [11]. Due to the above reasons, O2�0� �
O2�0� ⇌ O2�0� � O2�1� dominantly determines the vibrational

temperature and mole fraction of O behind the shock. Although the

dissociation rates of low-lying vibrational states are lower than those

of the higher states [11], O2�0� � O2 ⇌ O� O� O2 is more

important because a large number of O2 are in the ground state.
In the end, we solely speed up or slow down the rates of O2�0� �

O2�0� ⇌ O2�0� � O2�1� or O2�0� � O2 ⇌ O� O� O2 by an

order of magnitude, and four additional StS runs are performed to

verify the above conclusion. The results are shown in Figs. 7 and 8.

Figure 7a shows that changing the rate ofO2�0� � O2�0� ⇌ O2�0� �
O2�1� significantly affects the vibrational temperature profiles before

0.2 μm. However, no discrepancy is found after 0.2 μm. Note that the
sensitivity analysis is performed only for the maximum vibrational

temperature. Therefore we only analyze the data before 0.2 μm. In
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Fig. 4 Uncertainty of mole fraction of O.
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comparison, Fig. 8a shows that the effect of O2�0� � O2 ⇌ O�
O� O2 on vibrational temperature is relatively weak. Nevertheless,
the apparent difference still can be observed. The effect of O2�0� �
O2 ⇌ O� O� O2 on the mole fraction of O is visible in Fig. 8b.
However, Fig. 7b shows that O2�0� � O2�0� ⇌ O2�0� � O2�1�,
which is quantified as a primary rate in Fig. 6, does not affect
the mole fraction of O. We can infer that the rate mentioned above
first affects the number density of ground state of O2, then through
the reaction ofO2�0� � O2 ⇌ O� O� O2, finally affects themole
fraction of O. In general, the effects of the above two reactions on the
vibrational temperature and mole fraction of O are fairly significant.

V. Conclusions

Monte Carlo uncertainty and sensitivity analysis perform the
uncertainties analysis in the StS modeling of thermal relaxation
and dissociation of oxygen behind a normal shock. The 61,263
excitation and dissociation rates are considered as uncertain param-
eters statistically varying between an order of magnitude. The maxi-
mum vibrational temperature and themole fraction of O at maximum
vibrational temperature are chosen as the QoIs. 10,000 runs are used
to get statistical convergence results. The results show that the
uncertainty in V-T and V-V-T rates imposes a noticeable effect on
the QoIs. O2�0��O2�0� ⇌ O2�0��O2�1� and O2�0��O2 ⇌ O�
O�O2 are identified as the dominant reactions that affect the QoIs
significantly. This study also infers that more accurate rates for the
StS model are still needed, and we can focus on the rates of O2�0� �
O2�0� ⇌ O2�0� � O2�1� and O2�0� � O2 ⇌ O� O� O2.
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