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A B S T R A C T   

The similarity criterion for high speed or high enthalpy rarefied reaction flows is the binary scaling law, one of 
which is the product of the incoming flow density and the characteristic scale of the test model in a rarefied wind 
tunnel should be equal to that under the flight condition. This is to ensure that the ratio between the charac-
teristic distance of the relaxation process and the characteristic length of the body is equal. However, in a 
rarefied wind tunnel, it is difficult to directly measure the flow density below 10− 5 kg/m3 using common 
methods due to the relatively high rarefied degree, an indirect density estimation method based on force analysis 
of a pendulum sphere was proposed in this study. The oscillation trajectory of the pendulum sphere under 
ultrahigh-speed rarefied flow conditions was recorded and the corresponding aerodynamic drag force acted on 
the sphere along the trajectory was analyzed, based on which the density distribution of the flow was then 
estimated combined with DSMC simulations. The obtained results show that in the present study, the flow is in 
under-expanded condition and the measured density sharply decreased from 10− 6 kg/m3 to 10− 7 kg/m3 at 
140–170 mm from the nozzle outlet.   

1. Introduction 

Currently, the technological developments concerning the upper 
near space constitute an important issue due to the many applications in 
the near future. The design of transport vehicles for this space region is 
the most urgent step, while this region is also a completely new area due 
to the much more complex aerodynamic conditions, especially the 
aerodynamic loads on vehicles. Therefore, accurate ground prediction of 
rarefied aerodynamic characteristics is very important. The upper near 
space is in the transition flow region, where the real gas effect, rarefied 
gas effect and nonequilibrium effect are highly significant. Therefore, 
traditional experimental and computational methods based on contin-
uous media are no longer fulfilling. 

To obtain results comparable to those obtained in flight tests, ground 
experiments must satisfy similarity criteria. In addition to satisfying the 
Mach number and Reynolds number similarity criteria of continuous- 
medium wind tunnels, the similarity law for ultrahigh-speed rarefied 
gas flow extends to the binary scaling law, with two similar scales: 

U∞, p∞L (1) 

This suggests that the ground flow field must simultaneously satisfy 
two similar conditions: (1) the same absolute velocity of the incoming 
flow to ensure a similar energy supply for the same chemical reactions; 
(2) the same product of the model characteristic scale and incoming flow 
density to ensure the same ratio of the characteristic distance of the 
relaxation process to the characteristic size of the object/flow field [1]. 
The general ground simulation conditions are difficult to satisfy this 
similar criterion. 

In our previous work, we constructed a long-term ultrahigh-speed 
rarefied gas wind tunnel and effectively increased the incoming flow 
specific enthalpy via an optimized arc heating method to obtain tens of 
minutes-long 7 km/s nitrogen incoming flow conditions under an 
ambient pressure of 10− 1 Pa [2]. The incoming gas velocity was cali-
brated using molecular tagging velocimetry [3,4]. 

Density measurement is equally important. Because of their nonin-
trusive property and the lack of flow field disturbance during mea-
surement, optical techniques are popular among conventional wind 
tunnel density measurement methods. For rather high density flows, the 
shadow method, schlieren method, and interferometric method are the 
most frequently used optical density field measurement techniques 
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[5–8]. Although the shadow method is simple to use, it is not appro-
priate for quantitative measurement. To quantitatively measure the 
density the schlieren method should be utilized [9]. The background 
oriented schlieren methodology and the rainbow schlieren deflec-
tometry approach were recently developed [5,10,11]. In a blowdown 
wind tunnel, Leopold et al. reported using a background-oriented 
schlieren technique termed colored background oriented schlieren 
(CBOS) that obtained densities between 0.4 and 1.4 kg/m3 [12]. For 
high speed flow, optical interferometry is the most often employed 
quantitative density measurement technique [13–15]. In a hypersonic 
wind tunnel with a Mach number of 10.29, Song et al. reconstructed the 
density distributions of an axially symmetric flow field and found that 
the density ranged from 3.2 × 10− 2 to 4.6 × 10− 2 kg/m3 [15]. On the 
other hand, the density in ultrahigh-speed rarefied gas flow is too low to 
be measured using traditional optical interferometry. In super-
sonic/hypersonic low-density wind tunnels, glow discharge visualiza-
tion has recently been employed as a straightforward visualization 
technique [16–19]. However, this method cannot obtain quantitative 
density results, and the discharge in this method influences the flow 
properties. The method based on measurement of the fluorescence 
excited by an electron beam [20–24] is a feasible way to obtain the 
density of a rarefied gas; however recent experimental works indicate 
that measurable densities are still high, actually approaching 
10− 5–10− 4 kg/m3 [24,25]. For even lower density flows, there is no 
good means to measure the flow density directly. Our previous work 
showed that when the chamber pressure was below 10 Pa, the 
laser-induced fluorescence technique [26–28] could not generate a 
strong enough fluorescence signal for detection and therefore density 
estimation could not be performed. 

Flow field parameters can also be characterized using simple-shape 
bodies, since their behavior has been relatively well studied in both 
continuous medium-flow fields and rarefied flow fields. Studies have 
used a flat plate or a sphere to study the shock wave structure [29–31], 
the upstream density disturbance effect [32,33], and surface heating by 
hypersonic low-density flow [34]. By using a pendulum sphere model in 
a hypersonic rarefied wind tunnel of the Japan Aerospace Exploration 
Agency, the sphere displacement caused by aerodynamic forces was 
measured, and the test flow structure was carefully examined together 
with numerical simulations [35,36]. 

Aiming at the difficulty of direct density measurement at low density 
conditions, an indirect density estimation method for ultrahigh-speed 
rarefied flow fields using a small pendulum sphere was proposed in 
this work. The oscillation trajectory of the pendulum sphere model was 
experimentally observed in ultrahigh-speed rarefied flow, and the cor-
responding aerodynamic drag force acting on the sphere along the tra-
jectory was analyzed. The aerodynamic drag force can also be calculated 
using the direct simulation Monte Carlo (DSMC) method, the results 
which were compared to the experimental results so as to verify the 
feasibility of the proposed method. The aerodynamic force acting on the 
sphere is related to the flow density, flow velocity, etc. Based on force 
analysis of the pendulum sphere, the density distribution was then 
estimated in combination with DSMC simulations. In this study, the 
proposed indirect method can quantitatively provide the distribution of 
the ultrahigh-speed rarefied flow field. 

2. Model, methods, and theory 

2.1. Ultrahigh-speed rarefied wind tunnel 

Experiments were performed in a long-term rarefied gas wind tunnel 
at the Institute of Mechanics (Fig. 1). The continuous rarefied wind 
tunnel is a rarefied wind tunnel with a high enthalpy and an ultrahigh 
speed [2,37]. 

A schematic of the experimental system is shown in Fig. 2. The 
rarefied gas wind tunnel is composed of several parts, including a 
plasma heating generator, a test vacuum chamber, a vacuum pumping 

system, a parameter measurement system, and a corresponding power 
assist system. 

The classical plasma heating generator injects energy into the 
incoming gas and accelerates the gas into the test chamber through a 
unique structure, i.e., an optimized de Laval nozzle, to obtain the 
required uniform high-speed and high-enthalpy gas flow conditions [38, 
39]. In this study, the addition of differential pumping near the throat, 
using a separate stage vacuum pump to bypass low-enthalpy exhaust gas 
near the throat, increase the average enthalpy of the accelerated 
expansion gas flow in the nozzle expansion section and reduces the gas 
flow into the main vacuum chamber, which can reduce the pumping 
burden of the vacuum pumping system. The corresponding plasma 
generator nozzle exit diameter is 20 mm. 

A long-term rarefied gas wind tunnel must maintain a high vacuum 
degree under the condition of supplying incoming flow gas. The vacuum 
pumping system in use here includes molecular pumps, cryogenic 
pumps, and a pre-stage rough pumping unit that can provide the vacuum 
chamber with the requisite back pressure condition to satisfy the 
Knudsen number similarity requirements (Kn). The pumping speed of 
the vacuum pumping unit of the existing long-term rarefied gas wind 
tunnel can reach 54,000 L/s. To keep the working pressure at 10− 1 Pa, 
the wind tunnel currently has a maximum flow rate of 0.1 g/s. 

The parameter measurement system monitors the operating state of 
the entire system and collects experimental data. The power assist sys-
tem supplies the whole system with cooling water, electricity, and gas. 

In the experiments, the background pressure was monitored by 
pressure sensors covering the pressure ranges of concern and reached a 
steady value since the injected gas flow was controlled by a flowmeter. 

Fig. 1. Long-term ultrahigh-speed rarefied gas wind tunnel at the Institute of 
Mechanics, Chinese Academy of Sciences. 

Fig. 2. Schematic of the experimental system.  
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To exclude the influence of residual gas on the experiments, the vacuum 
chamber of the wind tunnel was pumped to a pressure of approximately 
10− 3 Pa before injecting the working gas. 

In the pendulum sphere experiment, the working gas was pure ni-
trogen with a gas flow rate of 83 mg/s. The power input of the plasma 
generator was approximately 3 kW. The real ambient back pressure was 
0.6 Pa. 

2.2. Sphere model 

The pendulum sphere model should adopt high roundness dimen-
sional accuracy to ensure effective measurement of the density of the 
ultrahigh-speed rarefied flow field. The selection of suspension wire 
should be as light, thin, and flexible as possible on the basis of ensuring 
sufficient strength to reduce the interference of the suspension wire in 
the flow field and the additional force generated on the sphere model. 

The primary body of the suspension wire sphere system was a 
bearing steel spherical model with a diameter of 5 mm, and its mass was 
0.524 g. The suspension wire was a silver wire with a diameter of 0.1 
mm that was spot-soldered onto the surface of the spherical model. The 
mean free path of nitrogen molecules is on the order of centimeters 
when the ambient pressure is 10− 1 Pa, so the choice of a 0.1 mm sus-
pension wire is feasible. 

The system of the suspended wire sphere and the forces actting on it 
are schematically depicted in Fig. 3. The x- and z-directions are the axial 
directions, and the y- and r-directions are the radial directions. The 
sphere underwent a simple pendulum motion in the experiment as a 
result of the combined action of gravity, i.e., mg, the suspension wire 
tension, i.e., T(x), and the aerodynamic force, i.e., F(x). The initial po-
sition z0 of the sphere was 103 mm, and the position of the nozzle outlet 
was z = 0. The trajectory of the sphere was captured with a video 
camera at a frame rate of 25 fps. Under the same aerodynamic condi-
tions, increasing the length of the suspension wire can help improve the 
image resolution accuracy [40]. Considering the above factors, the 
length of the suspension wire L in the experiment was set to 430 mm. 

2.3. DSMC method 

The DSMC method, in which molecules are the object of study, is a 
reliable tool for analyzing hypersonic rarefied gas flows [41]. An 
important factor determining the reliability and accuracy of the simu-
lation results obtained using this method is the grid scheme. Based on 
the position element algorithm proposed by Bird [42,43], a new version 
of the position element algorithm was developed [44,45], involving a 
hybrid grid scheme and a structureless meticulous description of the 
object surface to ensure high accuracy of the calculation results [46]. 

Hypersonic spherical disturbances in the slipstream, transition, and free 
molecular flow regions were simulated using a common program of 
position elements that included a new surface element representation. 
The calculation results were good agreement with the experimental 
data, indicating that the new DSMC position element algorithm with a 
hybrid grid scheme could effectively and accurately simulate rarefied 
gas flows and could effectively ensure the accuracy of aerodynamic 
calculations [47]. However, due to the notably challenging nature of 
ground test implementation, the data needed to compare DSMC and 
ultrahigh-speed rarefied flow field results are constrained. The flow field 
parameters acquired from DSMC numerical simulations must be 
compared to test results from experiments [48]. 

The new version of the DSMC method was used in this study. The 
studied problem is roughly categorized as an axisymmetric problem. 
Because the particle velocity at the outlet is very high and the expansion 
angle of the core air flow to both sides is small, an area not far from the 
rear of the sphere as the horizontal right boundary, which will not affect 
the flow field distribution in the direction of the incoming flow. The 
width of the left boundary is chosen as 5 times the nozzle diameter. 
Instead of simulating the flow in the pipe inside the nozzle, the left 
boundary is set to the nozzle output interface. The lower boundary is set 
to the axis of the nozzle. This paper mainly focuses on the force acting on 
the sphere in the flow field. The degree of ionization or temperature of 
the incoming gas has little influence on the aerodynamic force. There-
fore, the particles in this simulation are all regarded as neutral particles. 

To ensure a more realistic simulation of the surface of the sphere, the 
grids are selected as unstructured grids. The grid density steadily de-
creases from the nozzle outlet to the right boundary and is higher on the 
sphere surface and close to the nozzle exit. There are approximately 
100,000 grids in total. The average number of molecules is approxi-
mately 150 to improve the simulation accuracy, and under normal cir-
cumstances, there are approximately 15 million simulated molecules 
overall. The characteristic scale of the grid is approximately 1/4 of the 
local mean free path. According to the requirements of the DSMC al-
gorithm, the time step should be smaller than the smallest mean colli-
sion time of the incoming flow molecules. The mean collision time 
upstream of the sphere is 2.1 × 10− 6 s, whereas the characteristic time 
step is 2.0 × 10− 7 s, which is about one order of magnitude smaller. The 
particle collision model is selected as the variable hard sphere (VHS) 
model. Since nitrogen is present in the entering flow, the temperature 
exponent of the coefficient of viscosity can be taken as 0.74. The 
reflection condition of the surface of the small sphere is treated as diffuse 
reflection, and the initial temperature of the wall is set to 300 K. 

In this study, velocity analysis was used to validate the feasibility of 
using the DSMC method under ultrahigh-speed rarefied gas flow con-
ditions. The ultrahigh-speed rarefied gas flow velocity at z = 30 mm was 
measured using MTV. The results are shown in Fig. 4. The radial velocity 
distribution obtained from the experimental measurements reveals that 
the ultrahigh-speed rarefied gas velocity reached approximately 5 km/s 
near the center of the nozzle, and the gas velocity was nearly symmetric 
along the radial direction. The gas flow pattern at the ultrahigh-speed 
rarefied facility conforms to the flow pattern of free jets, in which the 
gas jetted from the nozzle constantly expands and high-speed gas 
spreads along the radial direction of gas flow [49–52]. Meanwhile, the 
velocity distribution at the experimental measurement position was 
calculated using the DSMC method, and the numerical results were also 
consistent with this pattern. The velocity results between the experi-
mental measurements and numerical simulations agreed. This numeri-
cal simulation method could be applicable under the experimental 
conditions in this article. 

With the use of the velocity and temperature measured experimen-
tally as initial conditions, the aerodynamic force acting on the sphere in 
the ultrahigh-speed flow field could be determined. By comparing the 
aerodynamic forces obtained by image analysis with those obtained by 
the DSMC method, the feasibility of using the indirect method to esti-
mate the density was verified. Then, the ultrahigh-speed flow field 

Fig. 3. Schematic diagram of the suspension sphere system and forces acting on 
the sphere. 
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density distribution was estimated by combining the results obtained by 
experimental aerodynamic force with the flow parameters obtained by 
the DSMC method. 

2.4. Density estimation 

The aerodynamic force on the sphere F(x) was thought to act in only 
one direction—axially—and depend on the position of the sphere. The 
mass of the silver suspension wire with a length of 430 mm and a 
diameter of 0.1 mm accounted for approximately 7% of the mass of the 
sphere and was ignored in this study. According to Newton’s law, the 
equation of the sphere motion along the direction perpendicular to the 
suspension wire can be approximated as: 

F(x)cos θ − mg sin θ = mẍ (2)  

where θ is the deflection angle of the suspension wire. 
In addition, 

sin θ=
x
L

(3) 

Therefore, the following can be obtained: 

F(x)=
mẍ + mg x

L̅̅̅̅̅̅̅̅̅̅̅̅

1 − x2

L2

√ (4) 

The magnitude of the aerodynamic force acting on the sphere in an 
ultrahigh-speed rarefied gas flow is closely related to parameters such as 
the flow velocity v, flow density ρ, and drag coefficient Cd: 

F(x)=
1
8

πd2Cdρ(x)v2 (5)  

where ρ(x) is the incoming flow density distribution of interest in this 
study. Equation (5) indicates that the aerodynamic force is proportional 
to the drag coefficient (i.e., Cd) and square of the velocity (i.e., v2). The 
drag coefficient Cd is a key parameter for evaluating the magnitude of 
the aerodynamic force acting on the sphere. Within the hypersonic 
range, Cd is influenced by the ratio of the sphere wall temperature to the 
incoming temperature, and the effect of the temperature is slight if the 
sphere wall temperature does not greatly exceed the incoming flow 
temperature [53]. The influence of temperature on the drag coefficient 
is minimal because there was little evidence in this investigation that the 
sphere wall temperature was significantly greater than the incoming 
flow temperature. As a result of the minor impact of the temperature on 

the drag coefficient, while computing the incoming flow density at the 
same aerodynamic level, the temperature has a minor impact while the 
velocity has a substantial impact. 

Reference [54] provided a simple expression of the drag coefficient 
based on the Mach number (Ma) and Reynolds number (ReD, i.e., the 
Reynolds number of free incoming flow based on the sphere diameter as 
the characteristic length, with a magnitude ranging from 0.01 to 1 in the 
experimental conditions) under hypersonic rarefied flow conditions: 

Cd = 0.9 +
1
2

Ma
̅̅̅̅̅̅̅
ReD

√ (6) 

According to the definitions of the Mach number and Reynolds 
number, the aerodynamic force can be expressed by the following 
equation: 

F(x)=
π
8

v2d2
(

0.9+
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅μv
γRTdρ(x)

√ )

ρ(x) (7)  

where γ is the gas specific heat ratio, R is the gas constant, T is the 
incoming flow temperature, and μ is the dynamic viscosity of the gas. 

Combining Equations (4) and (5) yields the following: 

ρ(x)=

⎛

⎝
− ab +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2b2 + 3.6aF(x)

√

1.8a

⎞

⎠

2

(8)  

where: 

a=
1
8

πv2d2 (9)  

b=
1
2

̅̅̅̅̅̅̅̅̅̅̅μv
γRTd

√

(10) 

Following the experiment, successive frames was intercepted from 
the videos, and image processing was used to determine the position of 
the sphere at various time points x(t). In this study, two methods were 
used to analyze the acceleration of the sphere at different positions 
during experimental data processing. 1) The sphere displacement and 
time interval between adjacent frames were directly used to determine 
the sphere acceleration. This method may yield a large error because the 
frame rate of the ordinary camera used in the current experiment 
reached only 25 fps, and the temporal resolution was insufficient. 2) The 
experimental x(t) data were fitted, and the fitting relationship was used 
to derive the analytical x′′ value. The problem with this method lies in 
the selection of the fitting equation. An unreasonable fitting relationship 
may yield a nonphysical independent variable–dependent variable 
relationship that cannot be extrapolated. However, interpolation could 
be possible within the range of independent variables measured exper-
imentally. After obtaining x′′, F(x) was determined via substitution into 
Equation (2). Then, substitution into Equation (8) yielded ρ(x). 

3. Results and discussion 

3.1. Aerodynamic evaluation 

Photographs of the initial sphere position and the position at a 
moment in the blowing process are shown in Fig. 5(a) and (b), 
respectively. 

Fig. 6 shows a series of positions during sphere oscillation within 
approximately one oscillation cycle obtained via image analysis. A cir-
cular fit was adopted for this series of positions fit, and the fitting 
equation can be expressed as follows: 
(
x + 1.5 × 10− 6)2

+(y − 0.4291)2
= 0.42912 (11) 

The fitted oscillation radius was 0.4291 m, which agrees well with 
the actual hanging wire length, indicating that the accuracy of the fitting 

Fig. 4. Velocity distribution in the experiment and simulations.  
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relationship meets the requirements when the sphere position is deter-
mined in the image processing software. 

The displacement of the sphere along the x-axis over time is shown in 
Fig. 7, and the fitting curve obtained by a trigonometric function fitting 
relationship can be expressed as follows: 

x(t)= 0.05605 − 0.001165 cos(5.966t) − 0.01733 sin(5.966t) (12) 

The figure shows that under the condition of an incoming plume, the 
sphere followed a simple pendulum-like movement trajectory, and the 
swing period reached approximately 2π/5.966 = 1.05s. 

As previously mentioned, the direct and fitting methods were used to 
determine x′ and x′′. Then, the corresponding F(x) value could be ob-
tained. x′ and x′′ were calculated with the fitting relationship of x(t), 
namely, Equation (12), as follows: 

x′

= 0.00695 sin(5.966t) − 0.1034 sin(5.966t) (13)  

x′′ = 0.041466 cos(5.966t) + 0.616829 sin(5.966t) (14)  

F(x) corresponding to the fitting relationship could be obtained with 
Equation (5). 

Fig. 8(a)–(c) show a comparison of the velocity, acceleration, and 
aerodynamic force distributions of the sphere obtained by the two 
methods. The abovementioned figures show that the deviation between 
the direct and proposed methods increased with the number of de-
rivatives, which is mainly attributed to the large time interval between 
adjacent frames when the direct method is used, and the selection of 
time points and space points corresponding to the average value of the 
corresponding physical quantities easily generates deviations. In 
contrast, the fitting method is equivalent to encrypting interpolation 
points within the experimental points, which could improve the 
spatiotemporal resolution accuracy in a mathematical sense. In general, 
the change trends of the physical quantities obtained with the fitting 
method were similar to those obtained with the direct method in the 
range of experimental data. 

As shown in Fig. 8(a), because of the reciprocal oscillation of the 
pendulum sphere, when the pendulum sphere is at the same position but 
moving in opposite directions, the velocity should be equal in magnitude 
but opposite in direction. The velocity reached zero at the nearest and 
farthest oscillation positions. The result obtained with the proposed 
fitting method was more reasonable. Under the experimental conditions, 
the maximum linear velocity of the swinging sphere reached 0.1 m/s. 

The position where the sphere acceleration reached zero in Fig. 8(b) 
should represent the position of equilibrium between the gravitational 
component and the aerodynamic component. Under the existing 
experimental conditions, the equilibrium position was basically located 
at the center of the pendulum sphere swing trajectory, suggesting that 
although the aerodynamic force changed along the x-direction, the 
change in this value was smaller than the sphere gravity. Based on the 
distribution shown in Fig. 8(c), this could be confirmed. 

As shown in Fig. 8(c), for z0 = 103 mm, the axial aerodynamic force 
acting on the 5-mm diameter sphere ranged from 0.79–0.57 mN at 
140–170 mm from the nozzle outlet and decreased with increasing axial 
distance. 

F(x) was also obtained with the abovementioned version of the 
DSMC method using the flow field velocity measured by MTV and the 
measured temperature as the initial calculation conditions. The tem-
perature was deduced from the vibration-rotation leap spectral bands of 
the NH (A3Π − X3Σ) nitrogen-hydrogen free radical, resulting in a value 
of approximately 4700 K in the plasma plume. The calculated aero-
dynamic force was approximately 0.51 mN. Compared to the force 
deduced based on the experimental positions of the sphere, there was a 
deviation in the magnitude. This difference was acceptable because the 
force determined by the numerical approach is the force along the 
central axis. 

3.2. Quantitative density estimation 

Based on the F(x) data depicted in Fig. 8, the flow density could be 
estimated using Equation (8)~(10). The plasma plume temperature was 
determined based on the rotation temperature mentioned earlier, i.e., 
4700 K. The viscosity at the corresponding temperature could be 
retrieved from a table of nitrogen transport properties [55]. The velocity 
was provided by DSMC simulation. The densities under the corre-
sponding experimental conditions were estimated, as shown in Fig. 9, 
and the density ranged from 10− 6–10− 7 kg/m3 at 140–170 mm from the 
nozzle outlet. 

As shown in Fig. 9, density estimation was carried out in the tem-
perature range of 2000–4000 K and in the velocity range from 2–5 km/s. 
Preliminary numerical simulations and experimental measurements 
indicated that the average nozzle outlet temperature ranged from 
approximately 2000–4000 K [56–58]. As shown in Fig. 9, whereas the 

Fig. 5. (a) Initial position of the sphere; (b) photograph of the 
blowing position. 

Fig. 6. Series of sphere positions and fitting curve obtained via photograph 
image analysis. 

Fig. 7. Measured positions and fitting curve of x(t).  
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density was significantly impacted by velocity, temperature only had a 
minor impact. This is consistent with the previous theoretical analysis. 

The density distribution with a sphere obtained with the DSMC 
method is shown in Fig. 10. When a sphere was present in the flow field, 
a density disturbance occurred near the sphere. The density distribution 
obtained with the numerical simulation method was on the same order 
of magnitude as that obtained with the indirect method based on the 
experimental conditions. 

Under the experimental conditions described in this study, the 
incoming flow density in the ultrahigh-speed rarefied wind tunnel 
ranged from 10− 6–10− 7 kg/m3 at a distance of 140–170 mm from the 
nozzle outlet. The current rarefied gas wind tunnel design operates in an 
under-expanded state; thus, with increasing axial distance, the gas 
further expands, leading to a decrease in the incoming flow density [59]. 

3.3. Effect of the aerodynamic force gradient on the pendulum oscillation 

From the aerodynamic force results shown in Fig. 8(c), the aero-
dynamic force is obviously not uniform along the oscillation trajectory 
of the sphere. Therefore, the temporal oscillation of the pendulum 
sphere is not a perfect sine function, which can be observed from the 

Fig. 8. Velocity, acceleration and aerodynamic force of the sphere model with 
changing position obtained with the direct and fitting methods. 

Fig. 9. Estimation of the flow density distribution within different temperature 
and velocity ranges. 

Fig. 10. Density distribution with a sphere obtained via the DSMC method.  
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velocity results calculated by the direct method as shown in Fig. 8(b). 
Moreover, the observed oscillation period of the pendulum sphere is 
significantly smaller than the traditional theoretical value, i.e., 

T = 2π

̅̅̅
L
g

√

(15)  

which gives a value of approximately 1.316 s Where g is the gravity 
acceleration, i.e. 9.8 m/s2. Therefore, the fitting function of equation 
(12) is approximate. However, the approximation is sufficiently precise 
for the purpose of these experiments since the discrepancy of the fitting 
curve from the directly calculated results is small, as shown in Fig. 8(b). 
Moreover, the measured force gradient is consistent with the decrease in 
the observed oscillation period from the uniform flow value, which 
verifies the feasibility of the method. The subsequent section provides an 
analysis of the effect of the force gradient. 

The deflection angle at the equilibrium position of the pendulum is 
defined as θ0, where the net force on the sphere is zero, and θ is redefined 
as the deflection angle in relation to θ0, as shown in Fig. 11. The polar 
coordinates (er, eθ) are used. Since the motion in the radial direction is 
constrained by the wire, only the force components projected along the 
eθ axis will act. Using these denotations, equation (2) is rewritten as 

mL
d2θ
dt2 = − G sin(θ+ θ0) + Fd(θ+ θ0)cos(θ+ θ0) (16) 

Using the facts that θ≪θ0 and θ≪1, and expanding the aerodynamic 
force at the equilibrium position, 

F(θ+ θ0)=F(θ0)+
dF
dθ

⃒
⃒
⃒
⃒

θ=θ0

θ+Ο
(
θ2)≈F0 + Fθθ (17)  

where F0 is the aerodynamic force at equilibrium position θ0 ≈ 0.1106。, 
which is approximately 0.65 mN as shown in Fig. 8. Fθ is the angular 
force gradient at the equilibrium position, and can be averaged ac-
cording to the aerodynamic force distribution shown in Fig. 8 (c), i.e., 

Fθ ≈
Fmax − Fmin

θmax − θmin
≈ − 3.728mN (18) 

Combining equation (16) ~ (18), the oscillation motion can be 
described as 

mL
d2θ
dt2 = − [(G − Fθ)cos θ0 +F0 sin θ0]θ − Fθ sin θ0θ2 (19) 

Omitting the high-order small quantity related to θ2, the oscillation 
period of the pendulum sphere in the rarefied gas flow should be 

T = 2π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
mL

(G − Fθ)cos θ0 + F0 sin θ0

√

≈ 0.997s (20) 

This result agrees well with the experimentally acquired value, 1.05 
s, and the deviation of approximately 0.053 s is nearly equal to the 
temporal resolution of the camera, i.e., 0.04 s. In equation (19), the 
contribution from the aerodynamic force, i.e., F0 sin θ0, is trivial since it 
is much smaller than the other term. Therefore, the aerodynamic force 
gradient determines the pendulum sphere oscillation period, and the 
fitting method is actually a first-order approximation of the pendulum 
motion and has good precision for calculating the aerodynamic forces 
along the trajectory. 

4. Conclusion 

Aiming at the difficulty of direct density measurement at low density 
conditions, an indirect density measurement method for high-velocity 
rarefied flow is proposed using a small pendulum sphere. Making use 
of the relationship between the aerodynamic force on the sphere and the 
flow density, the density could be estimated with the local velocity in-
formation. In our studies, the local velocity was obtained through the 
DSMC numerical calculation with input initial conditions from MTV 
experiments. 

Under the incoming pure nitrogen plasma flow conditions, the 
aerodynamic force deduced from the image sequences of a 5-mm 
diameter sphere was less than 1 mN but could be effectively distin-
guished and agreed with the DSMC calculated results. Based on these 
results, the estimated value of the density ranged from 10− 6–10− 7 kg/m3 

at a distance of 140–170 mm from the nozzle outlet. 
The errors in this method mainly originated from the low frame rate 

of the camera, which could be improved with a high-speed camera, and 
from the temporal oscillation of the pendulum sphere. The oscillation of 
the sphere was not a perfect sine function with time because of the 
gradient of the aerodynamic force on the sphere due to the nonunifor-
mity of the flow parameters. An analysis of the gradient effect on the 
sphere oscillation was conducted, and the measured aerodynamic force 
distribution along the trajectory was consistent with the observed mo-
tion of the sphere, especially the predicted oscillation period, which 
agreed well with the observed value. These results demonstrate that the 
proposed method is a feasible way to indirectly estimate the density of 
high-velocity rarefied gas flow. 
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