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ARTICLE INFO ABSTRACT
Keywords: Field decomposition is an effective strategy for reducing numerical dissipation and dispersion. This strategy
Velocity decomposition was employed by Li et al. (2021) to generate incident waves in two-phase flow simulations. This study

Wave generation

attempts to improve previous methods in two ways. First, the density gradient in the additional source term,
Two-phase flow

i.e. a delta function at the interface, is explicitly discretised. Although the explicit calculation simplifies the
implementation, an additional pressure translation correction method is proposed to ensure numerical stability
and accuracy. Second, the coupled level-set and volume-of-fluid method is used for interface capture. The
calculation of the additional source term is more precise using the level-set function. The two proposed
improvements result in a second-order spatial accuracy for the wave amplitude. A test on wave propagation
over a flat bottom shows that the proposed method provides more accurate predictions of the wave amplitude
compared with the previous method. In other test cases, including wave propagation over two-dimensional
breakwater and three-dimensional shoal, the simulation results show good agreement with the experimental
data.

1. Introduction problems, and results show good agreement with experiments and

numerical simulations based on viscous-flow solvers (Islam et al., 2019;
In computational fluid dynamics (CFD) studies of wave-structure Mohapatra et al., 2020, 2022).

interactions, generating accurate incident waves is a key technique.
Several wave generation approaches have been developed, includ-
ing internal wave generation, static-boundary wave generation, and
moving-boundary wave generation (Higuera et al., 2015). Despite the
success of the wave generation approaches, the numerical simulation
of water wave propagation is challenging, because numerical dissipa-
tion and dispersion result in non-physical wave attenuation and phase
shift (Paulsen et al., 2014; Tao, 2020). Regardless of the selected wave
generation method, the waves undergo non-physical attenuation and
phase shift owing to the numerical dissipation and dispersion associated
with the Navier-Stokes equation solver (Paulsen et al., 2014; Tao,
2020). Although such numerical errors can be reduced by refining
the mesh, reducing the time step, or adopting a higher-order accu-
racy scheme, these are accompanied by increased computational costs.
When the wave motion is described by a potential theory, it can be
solved either analytically or numerically through a high-order accuracy
scheme to avoid numerical dissipation and dispersion. The potential-
flow method can be also used to solve wave-structure interaction

The velocity decomposition strategy, which combines the advan-
tages of different flow solvers, has been used in many CFD applications,
such as phase change (Lu et al., 2023), turbulent wake (Edmund et al.,
2013; Mittal et al., 2017), interactions between vortex tubes and free
surface (Dommermuth, 1993), and the coupled motion of viscous fluid
and elastic material interface (Beale and Layton, 2009). When the ve-
locity decomposition strategy is used for wave generation, the velocity
field can be decomposed into an incident part and a complementary
part. The incident part can be obtained using a high-accuracy potential
flow solver (Choi et al., 2023). Thus, the incident wave propagation
is not influenced by the numerical errors corresponding to the Navier—
Stokes equation solver. The complementary part can be solved using the
Navier-Stokes equation solver by adding some derived source terms.
Using this velocity decomposition strategy, Ferrant et al. (2003) studied
the interaction between a regular wave and square body based on
a single-phase simulation. This method was subsequently called the
Spectral Wave Explicit Navier-Stokes Equation (SWENSE) by Luquet
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et al. (2003). Compared with the pure Navier-Stokes equation solver,
the SWENSE method reduced the computational time by approximately
50% while achieving the same accuracy in the prediction of wave
amplitude (Luquet et al., 2007).

Vukéevié¢ et al. (2016a,b) extended the SWENSE method to two-
phase flow simulations. They applied the decomposition strategy to the
velocity field; however, the pressure field remained undecomposed. In
their algorithm, a phase-field method coupled with the level-set (LS)
method was used for interface capture, with the density smeared in
two or three grid points. Later, Li et al. (2019, 2021) pointed out that
applying pressure-field decomposition was crucial to satisfying the two
basic requirements of the governing equations of the complementary
part. These are the (1) degeneration to an Euler equation when the
complementary flow is trivial and (2) degeneration to the Navier—
Stokes equation when there are no incident waves. They derived the
conservative form of the momentum equation of the complementary
velocity, in which two additional terms appeared. One was derived
from the non-linear term of the Navier—Stokes equation, while the other
was associated with the pressure of the incident flow. The volume-of-
fluid (VOF) method (Hirt and Nichols, 1981) was used by Li et al.
(2019, 2021) to capture the interface. To keep the interface sharp,
they treated the additional term with the pressure similar to the sur-
face tension using a ghost-fluid (GF) method (Liu et al., 2000). They
further compared the performance of the SWENSE method with that
of the internal wave generation and static-boundary wave generation
methods for generating incident waves. They found that the number
of grid points required by the SWENSE method was only 25% of that
required by the other two methods to achieve the same wave amplitude
accuracy.

Previous studies show that the performance of the SWENSE method
relies on the interface calculation method. The summary of different
interface calculation methods can be found in Mirjalili et al. (2017,
2019). Generally speaking, a sharp-interface treatment is usually prefer-
able to obtain more accurate results. The VOF method can be regarded
as a sharp-interface method. Specifically, the transition of density in the
VOF method occurs only in one layer of grid cells between two phases.
Li et al. (2019, 2021) adopted an algebraic VOF method by using
the compression velocity for keeping interface sharp, while advanced
and accurate geometric VOF method was developed by Roenby et al.
(2016), Nguyen and Park (2016), Pathak et al. (2023), which has been
successfully applied for simulating waves (Nguyen and Park, 2018). In
the LS method, the density is usually determined by a mollified Heavi-
side function of the signed distance of each grid point to the interface.
If the transition thickness of the mollified Heaviside function is smaller
than one grid width, the LE method is regarded as a sharp-interface
method.

In this study, we extended the SWENSE method to a coupled LS and
VOF (CLSVOF) interface-capturing framework (Sussman and Puckett,
2000). Using the LS function, the location of the interface can be iden-
tified more accurately for the more precise calculation of the incident
pressure at the interface. The LS method has been used to simulate
non-breaking and breaking waves with good results (Bihs et al., 2016;
lafrati, 2009). The LS function is not a conserved quantity, and as such
a reinitialisation algorithm needs to be adopted to ensure the mass
conservation. In our method, the VOF method is coupled to reconstruct
the interface to avoid non-physical loss of fluid volume. The LS function
is updated through a direct calculation of the distance of a grid point
to the reconstructed interface. Thus, the reinitialisation algorithm is no
longer needed. To obtain a better performance of the SWENSE method,
we use a stricter definition of sharp interface, that is, the density is
either the value of air or water without any transitional values. The
density is determined using an original Heaviside function without any
mollification. In other words, the transition thickness of the density is
zero. In addition to the interface-capturing method, another difference
between the present study and Li et al. (2019, 2021) is in the treatment
of the additional term corresponding to the pressure of the incident
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flow. Here, this term is discretised explicitly instead of applying the GF
method as in Li et al. (2019, 2021). Although the explicit calculation
simplifies the implementation, additional treatment of the incident
flow pressure is required to ensure numerical accuracy. The proposed
method is found to be accurate in predicting the wave amplitude in
different test cases, including wave propagation over a flat bottom, two-
dimensional submerged breakwater, three-dimensional circular shoal,
and with currents past a vertical cylinder. The remainder of this paper
is organised as follows. Section 2 describes the governing equations and
numerical methods. Section 3 discusses the test results of the four cases,
followed by the conclusions in Section 4.

2. Numerical method
2.1. Field decomposition and governing equations

In the SWENSE method (Ferrant et al.,, 2003), the velocity u is
decomposed as

u=u;+uc, (@D)]

where the subscripts I and C denote the incident and complementary
fields, respectively. The pressure decomposition is expressed as (Li
et al., 2021)

p
p=—pr+pcs 2)
Pr

where p and p; are the densities corresponding to the total and incident
fields, respectively. The incident field can be regarded as a far field
without considering the presence of solid bodies in the flow field, while
the complementary field contains the irrotational flow induced by
solid bodies and the rotational flow associated with viscous and wave
breaking effects. Therefore, the air-water interfaces of the incident and
total fields are typically not coincident. Thus, p and p; in Eq. (2) can
be different.
The incident field can be given by the potential theory as

u; =Voy. 3

The potential function ¢; satisfies the Poisson equation, which can be
solved analytically or numerically using a high-order accuracy scheme.
Therefore, the wave amplitude of the incident field does not decay ow-
ing to the numerical dissipation in the Navier-Stokes equation solver.
The incident field satisfies the following Euler equations for incom-
pressible flow:

V-.u; =0, 4
ou; Vp;

— Vu; =——+g, 5
% +uy - Vuy o +g 5)

where ¢ represents the time, g is the gravitational acceleration, and

V = [d/0x,0/0dy,0/dz] denotes the gradient operator. The pressure of

the incident field p; can be determined by the Euler equation (5) or

equivalently, through the Bernoulli equation. The air-water interface

of the incident field is assigned as the zero-value iso-surface of p;.
Combining the following advection equation of density

7} 7]
L4V ()= 24V (puc) +V - (pup) = 0. 6)
the governing equation of pu; can be derived as
d(puy)
e =—V~(pu,u,)—u1V~(puc)—inpz + 8. @
1

The difference between the governing equations of the total and inci-
dent fields yields the governing equations of the complementary field
as

Veoue =0, ©)

apuc) _

p
5 =V ) = Vpe +V - QuS) = pV - eup) = SLVp ()
1
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where y is the dynamic viscosity and S = (Vu+VuT)/2 is the strain-rate
tensor. The summation of Egs. (5) and (9) results in the conservative
form of the momentum equation of the total velocity u. Egs. (8) and (9)
can be solved using the Navier—Stokes equation solver, with the last two
terms in Eq. (9) treated as additional source terms.

2.2. Basic solver

In the present study, Egs. (8) and (9) are solved using the in-house
code developed in a previous study (Yang et al., 2021). The momentum
equation is obtained using a fully explicit second-order Runge-Kutta
(RK2) method. An adaptive time step is used. The time step determined
using the Courant-Friedrichs-Lewy (CFL) number as

At = CFL - min -, —,1/ — (10)

where 4., 4, and A, represent the grid sizes in the x-, y-, z-directions,
respectively, and 4 = (4,4,4,)'/3.

In each sub-step of the RK2 method, a fractional-step method (Kim
and Moin, 1985) is applied to satisfy the divergence-free condition. To
ensure the stability of the simulation, an approximation-synchronisation
method is used to obtain the density field. In the approximation step,
the density is estimated by solving the convection equation without
considering the interface geometry. After a full time-step, the density
is synchronised according to the interface location. The momentum
is then updated using the synchronised density. Thus, the interface
geometry is accurately captured.

The finite difference method is used to discretise the governing
equations on a staggered Cartesian grid. The first three terms on the
right-hand side of the momentum equation of u. are similar to those
in the governing equations of the total velocity u. These three terms
are discretised using the same scheme as that of the corresponding
terms of u. Therefore, the fundamental architecture of the basic solver
does not require any modification. In particular, the convection term is
estimated using a limited cubic upwind interpolation scheme (Patel and
Natarajan, 2015), while the pressure and viscosity terms are calculated
using a second-order central difference scheme.

The last two terms on the right-hand side of Eq. (9) are the addi-
tional terms of uc. To describe the spatial discretisation of these two
terms, the coordinates of the cell centres are denoted as x;, y;, and z,.
The subscripts i = 1,2,...,N,, j =1,2,... ,N,, k=1,2,..., N, represent
the quantities defined at the cell centres in the x-, y-, z-directions,
respectively. The velocity components in the corresponding directions
are denoted by u, v, and w. Taking the equation in the x-direction
as an example, the fourth term on the right-hand side of Eq. (9) is
approximated as

=V - (ucuplizijo gk

(uc)i.j,k (“l)i,j.k - (uc)i—l,j.k (ul)i—l,j.k
== Pi-1/2,jk )

x

(Uc)i—l/z,jﬂ/l,k (“l)ifl/z.m/z.k - (”C)ifl/z,,fl/z,k (u’)i—l/l,j—l/z,k
— Pi-1/2,jk A
,

(wc)i—l/z,/.k+]/2 (ul)i—]/z,j,k+l/2 - (wC):—]/Z‘/,k—]/Z (”l)i-l/z,,‘k-l/z
—Pi-1)2,j.k A .

1D

On a staggered grid, the velocity components are defined at the cell
faces. The velocity components at the cell centres and edges in the
above equation are calculated using a second-order central interpo-
lation. The last term on the right-hand side of Eq. (9) is explicitly
discretised using the following expression:

B [p_,@ _ (pl)i—l/z,j,k Pijk _pi—l,j,k. 12)

pr ax]i—l/z.,pk Pr Ax
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The CLSVOF method is used to capture the interface between the
two fluid phases by solving the following convection equations of the
LS function ¢ and VOF function y:

ap B
5tV @w =0, 13
oy _
o +V-(yuw) =0, a4+

In this paper, ‘water’ and ‘air’ are used to represent the two fluid
phases. The LS function ¢ is defined as the signed distance from each
cell centre to the air-water interface. Its sign is positive and negative in
the water and air phases, respectively. The VOF function y is defined
as the fraction of the volume occupied by water in each cell. Its value
ranges from zero to one. To couple the LS and VOF functions, the LS
function is used to determine the normal direction of the interface
to reconstruct the interface in each grid cells in the VOF method.
The VOF method ensures that the reconstructed interface satisfies
the requirement of mass conservation. The reconstructed interface is
then used to determine the LS function near the interface, which
ensures the mass conservation of the LS function without applying
any reinitialisation algorithms. Although the coupling of LS function
increases the complexity of the interface-capturing algorithm, it does
not influences the overall computational efficiency. This is because the
CLSVOF method only costs 3%-4% computational time in the cases
tested in the present study. Most computational time is used to solve
the Poisson equation of the pressure, which occupies 70%-75% in the
tested cases, and this percentage tends to increase as the number of
grid points increases. In other words, the overall computational cost
with the CLSVOF method is comparable to that with the VOF method.

Based on the LS function, the density p and dynamic viscosity u are
determined as

P=pa+(py— P )H(P), (15)
= pg+ (uy — ) H(P). (16)
The Heaviside function H(¢) is defined as
0, ¢<0 ,
H(¢) = { a7)
1, ¢>0 .

From Eq. (17), it is understood that the density and viscosity change
sharply across the interface without applying any diffusion. The ap-
plication of the sharp-interface treatment improves the accuracy of
the momentum flux calculation around the interface. However, when
coupled with the SWENSE method, the calculation of p; in Eq. (12)
must be treated carefully, which is discussed in Section 2.3.

2.3. Pressure translation correction

An intuitive approach to calculate (p;),_, i 0 Eq. (12) is to
interpolate it using p; at the two neighbouring cell centres. However,
this treatment causes numerical inaccuracy. Fig. 1 demonstrates this
point. The figure shows a special condition u- = 0, under which the
interfaces corresponding to u (the edge of the grey area) and u; (the
dashed line) are expected to collapse. If the viscosity is negligible, then
the first four terms on the right-hand side of Eq. (9) are all zero. The
fifth term is also trivial at the cell faces away from the interface because
of the condition dp/dx = 0. At a cell face next to the interface, taking
point A in Fig. 1 as an example, dp/dx is non-trivial. If p; is determined
by interpolation, then it is also non-trivial at point A. This is because
p; = 0 is satisfied at the interface of the incident field, which is usually
not collocated with the cell face centres. This means that the last term
is not zero, which acts as a non-physical momentum source causing
spurious velocity.

To address this issue, we revisit Eq. (9) in a continuum framework.
The last term can be regarded as a surface force, which is only non-
trivial at the interface of the total field. In a discretised system, it must
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Fig. 1. The sketch of the operation of pressure translation correction.

be redistributed to the neighbouring cell faces. In the present study, we
calculated this term at point A’ and prescribed its value to point A. This
treatment is equivalent to translating p; at point A’ to correct its value
at point A. Therefore, it is called the pressure translation correction
(PTC) method. The calculation of p; at point A’ is given by a linear
interpolation as

_ pl,wAa + pl,aAw

= 18
br Aw +Aa a8

where p; , and p, , are the pressures at two neighbouring cell centres in
the water and air phases, respectively; and 4,, and 4, are the distances
between the corresponding cell centres and the interface. In the present
framework, based on the CLSVOF method, the interface is defined as
¢ = 0, the location of which can be determined by interpolating the
LS function ¢ at the cell centres. Specifically, it is assumed that the
curvature radius of the interface is significantly larger than the grid
size, such that the interfaces inside two adjacent cells are approximately
in the same plane. As shown in the right panel of Fig. 1, the ratio
between 4,, and 4, can be estimated as

4, 19,

N ——

4, 1l

Substituting Eq. (19) into Eq. (18) results in the following estimation
of p; at point A’.

19)

Ay 1wl
Prw*Prag,  PrwtPraiy pruldal +praldul
I |¢ur|+|¢a|

(20)

pr =

1+ 22

2 1+

w 1wl

Based on the above treatment, the special condition u- = 0 can be
reconsidered as follows. Because p; = 0 is defined at point A’, p; =0
is also satisfied at point A with the PTC method. This is a desirable
feature because it ensures that the last term on the right-hand side of
Eq. (9) is trivial when it should be. If a disturbance exists in the flow
field, the air-water interface corresponding to the total field u deviates
from that corresponding to the incident field u;. Under this condition,
p; at point A’ becomes non-trivial (note that point A’ is located at the
air-water interface of the total field, but not the incident field). The
presence of the disturbance is received by the complementary field u.

From the perspective of a discretised system, the PTC method is
a zeroth-order accuracy approximation of the last term in Eq. (9).
This is because no higher-order term of the grid size 4 is explicitly
involved in the relationship between the values of p; at points A and
A’. We do not intend to seek a higher-order approximation for the
following reasons. First, the PTC method satisfies the most fundamental

requirement (i.e. p; is equal to zero when it should be) under the special
condition u- = 0. Second, a higher-order scheme requires the gradient
of p;, which is likely to introduce additional error sources into the
system. Finally, the last term is only non-trivial in the flow regions
where the interface of the real field does not collocate with the incident
field. In the SWENSE method, the grid resolution in these regions
must be refined to capture the disturbance effect of u.. Therefore, the
discretisation error associated with the PTC method is not dominant.
The test results in Section 3.1 show that the zeroth-order approximation
is sufficiently accurate to predict the interface geometry.

To finalise the discussion of the PTC method, we note that in
the previous study by Li et al. (2019), it is shown that the direct
interpolation of p; to cell faces without applying any correction yields
reasonable results of the interface geometry when the interface is
diffused within several cells. However, the density gradient has a larger
value in the present study owing to the sharp-interface treatment,
which increases the sensitivity of the simulation results to the error
in p;. The test results in Section 3 show that applying the PTC method
with the sharp interface is required in the present framework. Although
additional treatment is required in the calculation of p;, it does not es-
sentially increase the complexity of the code implementation, while the
accuracy of the interface geometry is improved with the sharp-interface
treatment.

2.4. Boundary conditions

A periodic boundary condition is prescribed in the wave propaga-
tion direction. Relaxation zones (Jacobsen et al., 2012) are applied to
both sides of the computational domain in the wave propagation di-
rection. In the relaxation zone, the complementary field is damped out
and only the incident field is sustained. At the top and side boundaries,
a free-slip condition is applied to the complementary field, same as the
previous study (Li et al., 2021). At the bottom, the boundary condition
of the total field can be either no-slip or free-slip.

Owing to the use of a Cartesian grid, the immersed boundary (IB)
method is used to capture the geometry of solid bodies inside the
computational domain. In this study, we adopt the sharp-interface IB
method described in Cui et al. (2018). Note that the no-slip boundary
condition must be satisfied by the total field, but not the comple-
mentary field. In fact, the incident field is given without considering
the presence of any solid bodies; thus, it does not satisfy the no-
slip boundary condition at the body surfaces. Therefore, the boundary
condition of the complementary field should be the opposite of incident
field rather than no-slip at the surfaces of immersed bodies.
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x/A

Fig. 2. Wave geometry at r = 207 in the test case of wave propagation over a flat bottom. The number of grid points is (a) 256 x 64, (b) 500 x 128, (c) 1000 x 256, and (d)

2000 x 512.

Table 1
Physical parameters of the incident waves for
the test case of wave propagation over a flat

bottom.

Parameter Value

Wave height (2a/4) 0.0711
Water steepness (ka) 0.2235
Water depth (h/4) 0.7425
Dispersion parameter (kh) 4.6645
Wave phase speed (c/+/g4) 0.4090
Wave period (T'/+/4/g) 2.4447

3. Test results
3.1. Wave propagation over a flat bottom

In the first test case, two-dimensional deep-water gravity waves are
analytically obtained using a stream function solution as the incident
field (Rienecker and Fenton, 1981). The bottom is flat and the flow
field has no structure. The flow is inviscid. Thus, the complementary
field should be zero, and the wave geometry of the total field should
be consistent with the incident field. This is the most fundamental case
for examining the accuracy and robustness of the SWENSE method.

Table 1 lists the physical parameters of the incident waves. The
wave amplitude is a = 0.07114, where 4 is the wavelength of the
incident field, yielding a wave steepness of ka = 0.2235. The water
depth is A = 0.74254, yielding a dispersion parameter of kh = 4.665
that satisfies the deep-water condition. The wave phase speed is ¢ =
0.40904/g4, and the wave period is T = i/c = 2.4447@. The
above parameters of the incident waves are also used to initialise the

Table 2
Grid parameters for the test case of wave propagation over a flat
bottom.
Very coarse Coarse Medium Fine
N, 250 500 1000 2000
N, 64 128 256 512
Ax 1/25 1/50 /100 4/200
Ay H/5 H/10 H/20 H /40

simulation. All the physical parameters in this test case are consistent
with those in Li et al. (2021) to facilitate a direct comparison with their
results.

The computational domain size is L, X L, = 104 x 0.924. The tests
are conducted using different grid resolutions. Table 2 lists the number
of grid points and grid resolution for different tests. It can be seen that
the number of grid points is N, X N,, = 250nx64n, where n is 1, 2, 4, and
8. On the coarsest grid with n = 1 and finest grid with »n = 8, the grid
resolutions are 4, X 4, = /25 x H /5 and 1/200 x H /40, respectively,
where H = 2a is the wave height.

First, we demonstrate the importance of applying the PTC method
described in Section 2.3. Fig. 2 compares the wave geometries at T = 20
obtained from the simulations with and without the application of the
PTC method. The analytical solution is also shown in the figure. It can
be seen that when the PTC method is applied, the numerical results
agree with the analytical solution on the coarsest grid. In contrast, the
wave amplitude is significantly underestimated on the coarsest grid
when the PTC method is not applied. As the number of grid points
increases, the wave amplitudes obtained without applying the PTC
method approach the analytical value; however, the error in the wave
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(b) lue| / (VN
T .
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Fig. 3. Complementary velocity fields (a) without and (b) with the use of the PTC method after the first time step.

Table 3

Relative errors of the numerical results with respect to the analytical solution in
the first-order wave amplitude for the test case of wave propagation over a flat
bottom at 7 = 20T

N, Present with PTC Present without PTC Li et al. (2021)
64 +2.62% -93.77% _—
128 +0.53% —38.20% —2.45%
256 +0.15% —6.58% —0.81%
512 +0.06% -1.23% —1.03%
Table 4

Relative errors of the numerical results with respect to the analytical solution in
the second-order wave amplitude for the test case of wave propagation over a
flat bottom at 7 = 20T

N, Present with PTC Present without PTC Li et al. (2021)
64 +5.17% —55.04% —_

128 +1.47% +35.21% -3.96%

256 +0.27% —-4.81% —1.80%

512 +0.09% +7.56% —1.96%

phase cannot be eliminated. Thus, applying the PTC method is crucial
to obtaining accurate results of the wave geometry.

To further visualise the effects of the PTC method, Fig. 3 compares
the complementary velocity fields obtained from the simulations with-
out and with the use of the PTC method after the first time step. The
black lines demarcate the water surface. It is seen from Fig. 3(a) that
a large magnitude of spurious velocity that reaches a maximum of
3.69 x 10734/g 4 is generated near the interface without using the PTC
method. This spurious velocity is significantly reduced by more than
99% with the use of the PTC method, as shown in Fig. 3(b). This allows
the regular wave to propagate accurately. The results in Fig. 3 indicates
that the PTC method eliminates the spurious velocity. This is crucial for
the accurate prediction of the wave geometry in the present SWENSE
method coupled to the CLSVOF method.

Fig. 4 compares the results of the first- and second-order wave
amplitudes 7" and 7@ with Li et al. (2021). The wave amplitudes are
defined as

n n
_i2l L]
nD =Y (e @ =Y nGre” (21)
Jj=1 J=1

The results are normalised using the corresponding analytical values
n(()l) and 11(()2). To facilitate a quantitative comparison, Tables 3 and 4 list
the relative errors in the first- and second-order amplitudes at ¢ = 20T,
respectively. It is evident from Fig. 4 and Tables 3 and 4 that the present
results are closer to the analytical solution than those of Li et al. (2021).
This is mainly attributed to the accurate identification of the interface
location in the present study based on the LS function. Specifically, the
value of P; at the interface needs to be calculated, which requires to
allocate the interface first. In the study by Li et al. (2021), the interface
was captured using the VOF method, and the location of the interface
could only be approximated by y = 0.5. Additionally, P; was computed

on the cell face closest to the isosurface of y = 0.5, rather than on the
isosurface as in the present study, resulting in a first-order discretisation
error with respect to the grid size. In the present method, the interface
location is determined using the LS function as illustrated in Fig. 1. This
provides a more accurate estimation of P, at the interface. Therefore,
the coupling of the LS function can be regarded as the key for improving
the accuracy of the SWENSE method in the present study over the
previous method of Li et al. (2021).

Fig. 4 shows another desirable feature of the present results: the
error decreases as the grid is refined. To further examine the numerical
accuracy, Fig. 5 shows the error in the wave amplitude at r = 20T based
on different numbers of grid points. The error is defined as

n i

Eg="2""a, 22)
Ma

where the subscripts s and a denote the simulation and analytical re-
sults, respectively. Because the grid resolution is proportionally refined
in two directions in the present tests, the number of grid points in the
vertical direction N, is used as a representative of the grid resolution in
Fig. 5. The slope is fitted using the least-squares method. It can be seen
that for both n() and #®, the accuracy is slightly lower but close to the
second order. These results indicate that although the PTC method is
only a zeroth-order approximation, it can accurately predict the wave
geometry. Thus, a high-order scheme is unnecessary.

The above tests are conducted on a uniform grid. In many ap-
plications, it is common to refine the mesh near the water surface
and structures, and stretch the grid to the boundaries to reduce the
computational cost. As a result, we also test the proposed SWENSE
method in a non-uniform grid. In this test, we remain the computational
domain size the same as the previous test. The grid resolution at the
central region also remains unchanged. Specifically, in a sub-domain
[34,741x [h—0.8H,h + 0.8 H], the grid resolution is 4, x 4, = 2/(25n) x
H /(5n), where n is 2, 4, and 8. The grid size is stretched to the four
boundaries of the computational domain. This treatment reduces the
number of grid points from N, X N, = 250n x 64n for the previous
uniform grid to N, X N,, = 200n X 28n for the present non-uniform grid.

Fig. 6 compares the first- and second-order wave amplitudes 5!
and #® normalised by the corresponding analytical values obtained
from uniform and non-uniform grids. It is seen that when a low grid
resolution of 4, = H/10 is used, the non-uniform grid over-predicts
the second-order wave amplitude. As the grid resolution is refined to
4, = H/20 and A, = H /40, the difference between non-uniform and
uniform grids becomes insignificant. The test results shown in Fig. 6
indicate that using the non-uniform grid provides the same accuracy in
the wave amplitude as the uniform grid by using only 34% grid points.

3.2. Wave propagation over a two-dimensional submerged breakwater

The above test of the wave propagation over a flat bottom shows the
accuracy of the proposed method without the presence of a complemen-
tary field. In the following tests, we further examine the performance
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Fig. 4. Time evolution of the normalised (a) first-order and (b) second-order wave amplitude obtained from the present simulation. Previous results of Li et al. (2021) are shown

for comparison.
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Fig. 5. Relative error in the first- and second-order wave amplitude at ¢ = 207 for the
test case of wave propagation over a flat bottom.

of this method in capturing the effects of various solid body struc-
tures on the wave propagation. We begin with the case of wave

propagation over a two-dimensional submerged breakwater. This case
was experimentally investigated by Luth et al. (1994), and was used
as a benchmark to examine the performance of numerical simula-
tions (Gobbi and Kirby, 1999; Engsig-Karup et al., 2006; Zhao et al.,
2015b; Chen and Hsiao, 2016).

Fig. 7 shows a schematic of the test case. The computational domain
size is L, X L, = 44.88 m x 0.6 m, where x and y represent the wave
propagation and vertical directions, respectively. The water depth is
0.4 m. The breakwater is located from x = 6 m to 17 m. The breakwater
height is 0.3 m; hence, the water depth is reduced to 0.1 m over the
top of the breakwater. The slopes of the front and back faces are 1 : 20
and 1 : 10, respectively. The wavelength, height, and phase speed of the
incident waves are A = 3.74 m, 0.02 m, and 1.85 m/s, respectively. These
parameters are also used to generate the initial waves of the simulation.
The relaxation zones are located at the left and right boundaries. The
width of each relaxation zone is twice the wavelength (i.e. 7.48 m).
The number of grid points is N, x N, = 1536 X 256, providing a grid
resolution of 4, x 4, = 0.0292 m x 0.00235 m.

We recorded the time histories of the water surface elevations at dif-
ferent points (Fig. 7) for comparison with the experimental data (Luth
et al.,, 1994). The results are shown in Fig. 8. The relative errors
of the numerical simulation with respect to the experimental data
in the maximum of water elevation at different locations are given
quantitatively in Table 5. As shown in Fig. 8, when the waves approach
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Fig. 7. Sketch of key simulation parameters for the test case of wave propagation over a two-dimensional submerged breakwater. The unit of all length scales is metre.

Table 5

Relative errors of the numerical simulation with respect to the
experimental data in the maximum of water elevation at dif-
ferent locations for the test case of wave propagation over a
two-dimensional submerged breakwater.

Location Present with PTC Present without PTC
x=125m +0.90% —27.00%
x=135m -2.19% —29.47%
x=145m —1.98% —27.45%
x=157m —4.44% —20.07%
x=173 m +4.84% —17.83%
x=190m +4.74% —28.42%

the bar, the water depth decreases. The nonlinearity of the wave is
enhanced (Jacobsen, 2011), and the wave amplitude reaches a max-
imum at the top of the bar. When the waves propagate over the bar,
the water depth increases and the wave amplitude decreases. It is seen
from both Fig. 8 and Table 5 that when the PTC method is adopted, the
numerical results agree with the experimental results at all monitoring
points. In contrast, without the PTC method, the wave amplitude is
underestimated.

3.3. Wave propagation over a submerged circular shoal

In this test, we examine the capability of the proposed method to
simulate three-dimensional cases. The test is conducted in the context
of wave propagation over a submerged circular shoal. This case was
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Fig. 8. Time evolution of the water elevation or the test case of wave propagation over a two-dimensional breakwater at different locations: (a) x = 12.5 m, (b) x = 13.5 m, (c)

x=145m, (d) x=157 m, (¢) x=17.3 m, and (f) x =19.0 m.

studied experimentally by Chawla and Kirby (1996), and was consid-
ered by Chen et al. (2000) and Zhao et al. (2015a) to validate their
simulations based on the potential theory. Similar experiments were
conducted by Lee et al. (2013).

Fig. 9 shows the top view of the computational domain for this
test case. The coordinates x, y and z denote the wave propagation,
lateral, and vertical directions, respectively. The computational domain
is L, X L,X L, =30mx18.2 mx0.75 m. The water depth is 2, = 0.45 m.
The shoal geometry is a spherical crown. Its centre is located at x =5 m
and y = 8.98 m. The radius of the crown is 9.1 m. At the bottom, the
outer border of the crown is expressed as

(x—5)% + (y — 8.98)> = (2.57). (23)
The water depth over the circular shoal is given as
h=hy+873— /8281 — (x — 5)2 — (y — 8.98)2, (24)

which results in a minimum water depth of 0.08 m over the top of the
crown. The wavelength, wave height, and phase speed of the incident
wave are 4 = 1.5 m, Hy, = 1.18 cm, and ¢ = 1.5 m/s, respectively.

The initial wave geometry remains the same as the incident wave.
The relaxation zones are located at the two sides of the computational
domain in the x-direction. The width of the relaxation zone is 3 m,
which is twice the wavelength. The number of grid points is N, X
N, X N, = 600 x 360 x 200. The grid resolution is 0.05 m in the x-
and y-directions, respectively. In the vertical (z) direction, The grid is
refined near the water surface from z = 0.37 m to 0.52 m, where the
grid resolution is 4, = 0.0012 m. The grid is stretch to the top and
bottom boundaries of the computational domain. The grid is displayed
in Fig. 10. The simulation parameters are consistent with those in the
experiment of Chawla and Kirby (1996).

Fig. 11 shows the instantaneous water surface at + = 107, where
T = Ai/c = Is denotes the wave period. It is observed that the
waves refract over the shoal owing to the change in wave depth. The
wave amplitude is attenuated as it propagates over the shoal. The
wave geometry shown in Fig. 11 is qualitatively consistent with the
observations from previous studies (Lee et al., 2013; Zhao et al., 2010).

To further validate the simulation results quantitatively, the wave
amplitudes along different longitudinal and lateral lines are collected.
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Fig. 9. Top-view sketch of key simulation parameters for the test case of wave propagation over a circular submerged shoal. The unit of all lengths scales is metre. The solid
circles represent the isopleths of the shoal with the altitude marked by the numbers. The mean water elevation is defined as z = 0. The coordinates x, y and z denote the wave
propagation, lateral, and vertical directions, respectively.

Fig. 10. Front-view of grid diagram around the shoal. To facilitate a clear illustration, only 1/2 grid lines and 1/8 grid lines are displayed in the x- and z-directions, respectively.
The red curves illustrate the free surface position at + = 107

Fig. 11. Wave geometry at r = 107 in the test case of a regular wave over a 3D submerged shoal. The contour shows the water elevation.

The locations of these lines are shown in Fig. 9. The simulation results —11.97%. This indicates that the PTC method improves the accuracy of
are compared with the experimental data in Fig. 12. It is seen that the wave amplitude, particularly when the wave nonlinearity is strong.
the simulation results generally agree with the experimental results Furthermore, the simulation results are oscillatory without the PTC
when the PTC method is adopted. If the PTC method is not adopted, method. This is evident in the insets in Fig. 12(f,g). This observation
the wave amplitude is underestimated by the numerical simulation. indicates that without the PTC method, spurious velocity is induced.

In particular, as shown in Fig. 12(a), the maximum wave amplitude
predicted by the numerical simulation with the PTC method is H =
2.7H,,, which occurs at x = 8.0 m. The relative error of this maximum
wave amplitude is 2.92% with respect to the measurement. However,
if the PTC method is not applied, the maximum wave amplitude is
underestimated as H = 2.2H,,, of which the relative error increases to

3.4. Wave propagation with currents past a vertical circular cylinder

In the above test cases, the complementary field is essentially a
potential flow corresponding to the submerged solid bodies. Therefore,
the wave geometries in these cases can be accurately predicted by a

10
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Fig. 12. Wave amplitude along different longitudinal and lateral lines for the test case of wave propagation over a circular shoal. The locations of the lines correspond to (a)

A-A, (b) B-B, (c) C-C, (d) D-D, (e) E-E, (f) F-F, and (g) G-G, as shown in Fig. 9.

potential flow solver (Gobbi and Kirby, 1999; Zhao et al., 2015b; Chen
et al., 2000; Zhao et al., 2019). As a potential-viscous coupling method,
the SWENSE method have shown its low numerical dissipation and
dispersion performance in the previous potential problem test cases.
Meanwhile, owing to the coupling of potential-flow solution to the
viscous-flow solver, the SWENSE method has another advantage, that
is, its ability in simulating viscous flow phenomena, such as vortex
shedding in flow past a bluff body. To demonstrate this, we conducted
a test case of wave propagation with currents past a vertical circular
cylinder. It should be noted that there are no benchmark experiments
for this test case in the literature. Therefore, we are unable to quanti-
tatively validate our simulation results. The purpose of conducting this
test case is to demonstrate the capability of the proposed method in
resolving the rotational flow in a qualitative manner.

Fig. 13 shows the side and top views of the computational domain.
The computational domain size is L, X L, x L, = 17Ax 84 x 1.44, where
A represents the wavelength of the incident wave. The water depth is
hy = A. The steepness of the incident wave is ka = 0.20, where k = 27/
and a is the wavenumber and wave amplitude, respectively. The current
velocity is U, = 0.273¢, where ¢ is the wave phase speed. The cylinder
diameter D = /2 is one-half the wavelength. Its centre is located 44
from the left boundary. The Reynolds number is Re = U,4/v = 3900.
The number of grid points is N, X N, X N, =200 X 160 x 140.

Fig. 14 shows the instantaneous surface geometry and vortex struc-
tures visualised using the iso-surface of ¢ = 0 and Q = 0.2U2/4%,
respectively, where Q is the vortex identification criterion (Hunt et al.,
1988). As shown in Fig. 14, the interface geometry is disturbed down-
stream of the cylinder. Owing to the no-slip boundary condition applied
at the bottom boundary, a horseshoe vortex appears at the junction

11

between the front of the cylinder and the bottom. This observation is
consistent with the results of Shin et al. (2017). Behind the cylinder,
irregular vortex shedding is observed, indicating the presence of viscous
effect. This observation indicates that the proposed method can solve
rotational flows.

4. Conclusion

In this study, we describe a wave generation algorithm based on a
velocity decomposition strategy for interface-resolved two-phase flow
simulations. Unlike previous methods based on velocity decomposition,
the additional source term associated with the pressure of the incident
field is explicitly discretised. Although the explicit calculation of the
source term simplifies the implementation, the simulation results are
sensitive to the calculation method of the incident pressure. If the
pressure at the cell faces is directly used to calculate the additional
source term, a spurious velocity is induced. To improve the numerical
accuracy, we propose a pressure translation correlation method, in
which the pressure of the incident field is calculated at the wave sur-
face and prescribed to the adjacent cell faces. This method eliminates
the spurious velocity and improves the numerical accuracy. Another
difference between the proposed method and the previous study is
the interface-capturing method. The proposed method is developed
within the framework of the CLSVOF method. The interface location
is accurately identified with the aid of the LS function. Consequently,
the calculation of the source term is also more accurate.

The proposed method is quantitatively validated in three test cases.
In the first test case of wave propagation over a flat bottom, the incident
field is theoretically zero, and the simulation results are compared
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Fig. 13. Sketch of the computational domain for the test case of wave propagation with currents flow past a vertical circular cylinder.

Fig. 14. Instantaneous surface geometry and vortex structures visualised using the iso-
surfaces of ¢ = 0 and Q = 0.2U? /4, respectively, for the test case of wave propagation
with currents past a vertical circular cylinder.

with the analytical solution. This test case shows that owing to the
coupling of the LS function for interface capture, the present results
are more accurate than those in the literature that identify the interface
using the VOF function. The numerical results of the wave amplitude
show second-order spatial accuracy in a resolution-convergence test,
a desirable feature that was not achieved in a previous wave gener-
ation methods based on the velocity decomposition strategy. In the
second test case of wave propagation over two- and three-dimensional
submerged objects, the simulation results show good agreement with
experimental results reported in the literature. The last test case in-
volves a wave propagation with currents past a circular cylinder. This
case demonstrates the ability of the proposed method in simulating
viscous effect, which cannot be achieved by a potential flow solver.
In present method, it is assumed that the interface in two adja-
cent grids remain in the same plane. This assumption is correct if
the curvature radius of the interface is smaller than the grid size. If
large deformation occurs in the interface, this assumption is incorrect.
Therefore, the proposed method cannot be used to simulate problems
with breaking waves. This issue can be addressed by locally refining
the mesh. Therefore, adaptive mesh refinement technique (Sussman
et al.,, 1999; Popinet, 2009; Zeng et al., 2022a,b, 2023) is expected
to be a potential solution. At the same time, the use of adaptive
mesh also helps to highlight the advantage of the SWENSE method in
using a coarse mesh in the far field, such that accurate simulations

of wave-structure interaction problems can be achieved using less
computational resources.
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