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ABSTRACT

In this work, a semi-resolved computational fluid dynamics-discrete element method is employed to study the effects of fluid–particle and
particle–particle/wall interactions on particle mixing and segregation behaviors and particle dynamics with different particle sizes in a vertical
pipe. There are two species of particles with the same density in the vertical pipe: d1¼ 10 (species 1) and d2¼ 2–7mm (species 2), and species
2 contains both fine and coarse particles. The Stokes number Stp is introduced to characterize the effects of different particle sizes on particle
dynamics. First, the particle mixing and segregation behaviors with different size ratios are qualitatively analyzed. By comparing with smaller
size ratios, obvious granular plugs and stronger contact force networks occur at larger size ratios. Second, after the segregation of species 1
and 2, the differences in dynamic characteristics between fine and coarse particles are explored. The normalized autocorrelation length scale,
which is the ratio of propagation length of particle velocity fluctuations and particle diameter, is significantly different from fine to coarse
particles. One notable feature is that two different flow regimes are found through the radial distribution function. Furthermore, the hydro-
dynamic stress and collision stress are defined to study the mechanism for the differences between fine and coarse particles. The results imply
that the reason for the differences is that the collision effects go beyond the hydrodynamic effects with the increase in the Stokes number.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0157609

I. INTRODUCTION

Fluidized beds have been widely applied to many industrial pro-
cesses, such as chemical synthesis, mining industries, and wastewater
treatment, all attributed to their sufficient solid–liquid contact, good
heat and mass transfer, low operation cost, and friendliness to the
environment.1,2 The typical fluidized beds using solid particles of the
same size and density can exhibit a homogeneous fluidization phe-
nomenon, and they have been well predicted by the classical equation
proposed by Richardson and Zaki.3 However, a wide size distribution
for particles is extensively practiced in current industrial operations.
By comparing with mono-disperse particles, fluidized beds with a
wide size distribution will exhibit different particle mixing and segre-
gation behaviors.4 In addition, the dynamics characteristics of fluidized
beds are intrinsically complicated due to particle–fluid and parti-
cle–particle/wall interactions, especially if the solid particles have a
wide size distribution.5 Moreover, the fluidized beds with a wide size
distribution may exhibit particle aggregation phenomena, such as
unsafe behaviors-plugs and pipe blockage.6 Therefore, it is very signifi-
cant to understand the effects of different particle sizes on particulate

flows, such as particle mixing and segregation behaviors, and then pro-
vide recommendations for optimizing fluidization behaviors.

Over the past decades, many researchers have conducted a large
number of experimental and numerical studies to understand the
characteristics and mechanisms of particle mixing and segregation.7–9

After extensive research, the segregation modes in fluidized beds could
be categorized into three types: no segregation, partial segregation, and
complete segregation.8,9 Most researchers chose binary fluidized beds
with different particle size ratios or densities to study the particle mix-
ing and segregation.10–12 For example, the layer inversion phenome-
non can often be observed in binary fluidized beds where the larger
particles have a smaller density than smaller particles.5 Moreover, the
layer inversion is considered a collection of three types of segregation,
depending on the relationship between the inlet fluid velocity and the
minimum fluidization velocity.4 When the inlet fluid velocity is slightly
greater than the minimum fluidization velocity, layer inversion can
happen. Table I summarizes particle and pipe information in binary
fluidized beds. From these studies, it is obvious to be seen that the ratio
of particle size to pipe diameter is generally small, which may be
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because the particle size needs to be as small as possible to increase the
solid–fluid contact in gas–solid fluidized beds.13 However, in liquid-
solid fluidized beds, especially in mining industries, the particle size is
coarse.14 Coarse particles refer to particles with a ratio of particle size
to pipe diameter not less than about 0.1.15,16 For binary fluidized beds
with coarse particles, C�u~nez and Franklin17 investigated the layer
inversion with two different solid species in a vertical pipe through
experimental and numerical methods. The pipe diameter was
D¼ 25.4mm, and two different solid species were as follows: d1 ¼ 6
mm and q1 ¼ 3690 kg=m3; d2 ¼ 4:8 mm and q2 ¼ 2760 kg=m3.
The dp=D were 0.236 and 0.189, respectively. Finally, they qualitatively
analyzed the layer inversion and gave the characteristic time for layer
inversion. Ren et al.14 studied the characteristics and formation mech-
anisms of layer inversion in binary fluidized beds by changing fluid
velocity. The fluidized bed was formed in a 50mm-ID cylindrical pipe
and composed of two species of coarse particles with the same density:
d1 ¼ 10, d2 ¼ 6 mm. The dp=D was 0.2 and 0.12, respectively. They
found the relative magnitude of fluid–solid interaction force, and the
net gravity was the main reason for layer inversion. It is worth noting
that there were only two particle sizes in their binary fluidized beds.
However, in realistic industry operations, particles have a wide size
distribution. Hence, it is necessary to study particle mixing and
segregation behaviors with both coarse particles and a wide size
distribution.

By comparing with fine particles (about dp=D < 0:1), there is no
doubt that the dynamics with coarse particles are complicated.20,21 In
the past decade, some papers have reported some obvious findings at
about dp=D � 0:1 in a vertical pipe. When the ratio of particles to
pipe diameter was between 0.1 and 0.001 in the experiments, Duru
and Guazzelli20 found that transverse waves, blobs, and bubbles would
appear. While particle size was larger than about 0.1 times the pipe
diameter, the fluidized beds may become jammed due to the forma-
tion of upward arches of particle flow, which could cause the disap-
pearance of fluctuations.21 Van Wijk et al.16 conducted experiments
on hydraulic transport in a vertical pipe. They found that when the
ratio of particle size to pipe diameter dp=D was about 0.1, the flow was
instability and detrimental to the transport process. When
dp=D > 0:2, C�u~nez and Franklin15 studied the dynamic characteristics
of the fluidized beds using experiments and computational fluid
dynamics-discrete element methods (CFD-DEM). They qualitatively
evidenced the effect of strong constraints of wall on bed dynamics
through a dense network of contact forces from the center of the pipe
to the pipe wall. In addition, C�u~nez et al.22 also explored bed dynamics
with duos and trios of bonded coarse particles. They found the

fluidized beds would exhibit obvious instability due to wall constraints,
and the jamming may occur suddenly for bonded coarse particles
depending on the grain type. Zhang et al.23 investigated the character-
istics of hydraulic conveying with dense coarse particles in a vertical
pipe, and their results showed various unstable flow patterns, such as
dilute-dense and plug flow patterns. Although they discover some sig-
nificant changes when dp=D is not less than about 0.1, quantitative
dynamics characteristics between fine and coarse particles and the
mechanism are still unclear. The relevant research is rarely reported.
Some papers defined coarse particles without considering the pipe
diameter.24,25 Therefore, it is also significant to quantitatively explore
the differences in dynamics of coarse and fine particles and reveal the
mechanism for the differences.

Although experiments are very important means to study the
particle dynamics in fluidized beds, it is difficult to obtain information
about individual particles over time. Detailed information about par-
ticles, such as particle/fluid distribution and particle–fluid interaction
forces, can be easily obtained from the numerical simulation. The
information can be further used to analyze particle mixing and segre-
gation behaviors with different size ratios as well as the dynamic char-
acteristics.14 Thus, in this paper, we will study the effects of the particle
sizes on particulate flows in fluidized beds using the Eulerian–
Lagrangian (E–L) methods.26,27 For the E–L methods, the fluid field is
solved in Eulerian meshes, and the motion information of individual
particles is obtained in a Lagrangian way.28 It can be classified into two
subcategories: (1) resolved computational fluid dynamics-discrete ele-
ment methods (CFD-DEM) and29–31 (2) unresolved CFD-DEM.32–34

In resolved CFD-DEM, particle–fluid and particle–particle/wall inter-
action forces can be fully resolved without using any empirical force
models, which also brings a large amount of computational cost and is
not suitable for a large amount of particles.35 To achieve high compu-
tational accuracy, the resolved CFD-DEM usually requires the ratio of
mesh size to particle size less than 0.1.31 In the unresolved CFD-DEM,
fluid–solid interaction forces, such as drag force, are calculated by vari-
ous empirical equations, and it is not necessary to accurately describe
the particle boundary and analyze the flow field around particles.
Therefore, it dramatically improves the computational efficiency and
the number of particles.36 To better capture this information, the unre-
solved CFD-DEM usually requires a mesh size greater than three times
the particle diameter.35 However, when the mesh size of CFD is 0.1–3
times the particle size, the results of both resolved and unresolved
CFD-DEM methods are not accurate.37 Our work has the characteris-
tics of both coarse particles and different size ratios, which leads to the
ratio of mesh size to particle size belonging to this range. Thus, an
unresolved CFD-DEM that can meet both the number of particles and
particle size is required. In our previous work,38 an optimized unre-
solved CFD-DEM has been proposed to meet the need, and it is
referred to as a semi-resolved CFD-DEM.

The semi-resolved CFD-DEM has been implemented into the
open-source code computational fluid dynamics/discrete element
method (CFDEM).39 The fluid field is solved by the open source code
Open Field Operation Manipulation (OpenFOAM)6 while the individ-
ual particle information is calculated by the open source code
LAMMPS improved for general granular and granular heat transfer
simulations (LIGGGHTS),40 both are linked via the open source code
CFDEM. It can greatly improve computational efficiency since partic-
ulate flows and flow fields are solved separately.14

TABLE I. The typical experimental and numerical simulation data of binary fluidized
beds.

Authors D (mm) d1 (mm) d2 (mm) d1=D d2=D

Xie et al.4 50 4 1 0.08 0.02
Epstein and LeClair5 50.8 3.15 2.05 0.06 0.04
Di Renzo et al.8 38.2 1.08 0.65 0.0282 0.0170
Moritomi et al.10 50 0.775 0.163 0.016 0.003
Zhou and Yu18 150 0.78 0.19 0.005 0.001
Molaei et al.19 10 0.778 0.193 0.078 0.019
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The aims of this article are to analyze particle mixing and segre-
gation behaviors with different size ratios, then quantitatively study
the differences in dynamic characteristics between coarse and fine par-
ticles, and reveal the mechanism for the differences.

The paper is organized as follows. In Sec. II, the governing equa-
tions of the semi-resolved CFD-DEM are introduced. In Sec. III, the
geometric settings and conditions for numerical simulation are given.
In Sec. IV, the model is validated. In Sec. V, the results of particle mix-
ing and segregation behaviors and particle dynamics are shown.
Finally, the main findings are summarized in Sec. VI.

II. MODEL DESCRIPTION
A. Solid phase

A single particle has translational and rotational motions in a
solid–liquid two-phase flow, which is solved based on Newton’s sec-
ond law. The expressions41 are as follows:

mp
dup
dt

¼ ffp þmpg þ
XNc

i6¼j

fc;ij þ
XNw

i

fc;iw; (1)

Ip
dxp

dt
¼
XNc

i6¼j

Tp;ij þ
XNw

i

Tp;iw; (2)

where mp is the mass of the particle; up and xp are the translational
and angular velocities of the particle i, respectively; and fpf is the fluid-
particle interaction force; and it can be expressed by

ffp;i ¼ fd;i þ frp;i þ fr�s;i þ flift;i þ fvm;i; (3)

where fd;i is the drag force; fr�s;i is the viscous force; frp;i is the pres-
sure gradient force; flift;i and fvm;i are the lift force and the virtual mass
force, respectively; fc;ij and fc;iw are the collision forces of particle i to
particle j and wall w, respectively, Tij is the torque generated by the
tangential component of the collision forces between particles i and j;
and T iw is the torque generated by the tangential component of the
collision forces between particles i and the wall w. The collision forces
and torques between particles are the sums of particles i in contact
with other Nc � 1 particles, and Nc is the number of all particles. The
particle–wall collision forces and torques are the sums of Nw particles
in contact with the wall. The soft sphere model is used to calculate the
particle–particle/wall collision forces.42,43 The model is expressed as
follows:

fc;ij ¼ fcn;ij þ fct;ij; (4)

Fcn;ij ¼ knd
3
2
n;ij � gnuij � nij

� �
nij; (5)

Fct;ij ¼ ktdt;ij � gtus;ij � tij
� �

tij; (6)

where n and t represent the normal and tangential directions at the
contact point, k and g are the spring coefficient and the damping coef-
ficient, respectively, d is the overlap between particle i and particle j,
and k and g can be calculated based on the Hertzian model.6,44

B. Fluid phase

The fluid phase is described by the volume-averaged incompress-
ible Navier–Stokes (N–S) equations. The pressure and velocity are
solved by the mass and momentum equations45

@qf af
� �

@t
þr � qf af ufð Þ ¼ 0; (7)

@ qf af ufð Þ
@t

þr � qf af uf ufð Þ ¼ �afrp� Fpf þ afr � sf þ qf af g;

(8)

where rP is the pressure gradient, uf is the mean fluid velocity, af is
the void fraction of the fluid, sf is the stress tensor, g is the acceleration
of gravity, and Fpf is the volumetric fluid–particle interaction force,
and it is computed by

Fpf ¼ 1
Vc

Xn
i¼1

fd;i þ flift;i þ fvm;i
� �

; (9)

where Vc is the volume of the CFD cells.
sf is expressed as follows:

sf ¼ �f ruf þruf
T

� �
� 2
3
�fr � uf I; (10)

where �f is the viscosity coefficient of fluid and I is the unit matrix.

C. Fluid–solid interaction

In the semi-resolved CFD-DEM, the particle–fluid two phases
are coupled through void fraction af and particle–fluid interaction
force ffp;i, and CFD cells and particles are linked based on the position
of the particles.38 The drag force, pressure gradient force, Magnus lift
force, and virtual force need to be considered in the fluidized beds.17,23

The drag force between particles and fluid is calculated by the
Wen–Yu model,46

Ffp ¼ kd uf � upð Þ; (11)

kd ¼
af < 0:8; Vp 150

1� afð Þ
af

lf
d2

þ 1:75
qf juf � upj

d

 !
;

af � 0:8; Vp
3
4
Cd

qf juf � upj
d

a�2:65
f ;

8>>>><
>>>>:

(12)

Cd ¼ Refp < 1000;
24 1þ 0:15Re0:687ð Þ

Re
;

Refp � 1000; 0:424;

8><
>: (13)

Refp ¼
qf juf � upjd

lf
; (14)

where Vp is the particle volume, lf is the shear viscosity of fluid, Cd is
the drag coefficient, and Refp is the Reynolds number of particle–liquid
relative motion.

The pressure gradient43 is expressed as follows:

frp ¼ �Vprp; (15)

where Vp is the particle volume.
The Magnus lift force47 is written as follows:

f lift ¼
1
8
CLqf pdp

2juf � upj uf � upð Þ �
r � uf
jr � uf j

" #
; (16)

where CL is the lift coefficient, which is calculated by Loth and
Dorgan.47
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The expression of the virtual mass force45 is

f vm ¼ Cvmmp
qf
qp

upruf � dup
dt

� �
; (17)

where Cvm is the virtual mass force coefficient, which is typically equal
to 0.5.45

D. Virtual mass distribution function (VMDF)

There is a solid–liquid two-phase flow in the fluidized beds with
coarse particles. The solid particles are solved in the Lagrangian field,
and the fluid is solved in the Eulerian field, which are coupled by the
void fraction and fluid–particle interaction forces. When the CFD
mesh contains multiple particles, the particle void fraction and fluid-
particle interaction forces are calculated as follows:

ap;b ¼
Xnb
a¼1

Vp;a=Vcell;b; (18)

fpf ;b ¼ 1
Vcell;b

Xnb
a¼1

Fpf ;a; (19)

where ap;b is the void fraction of particles in cell b, Vp;a is the volume
of particles a, Vcell;b is the volume of cell b, Fpf ;a is the solid–liquid
interaction force of particles a, and nb is the number of particles in cell
b. This method is only applicable to the case where the cell contains
multiple particles. When the particle size is larger than the mesh size,
the error of the method will be very large, even void fraction of par-
ticles is larger than 1 in a single cell.38 Therefore, to solve this problem,
we proposed the VMDF. First, the true mass distribution function
(TMDF) for a particle is calculated as

MTðrÞ ¼
ðr
jcj¼0

mTðcÞdc; (20)

mT cð Þ ¼
jcj � R; qp;

jcj > R; 0;

(
(21)

where c ¼ x � p, p is the center vector of particle position, x is a vec-
tor at any position in the flow field, R is the particle radius, andmTðcÞ
is the true density distribution function (TDDF). The virtual density
distribution function (VDDF) is defined as

mVðcÞ ¼ 4
3
pR3qpuðc; sÞ; (22)

MVð1Þ ¼ 4
3
pR3qp ¼ MTð1Þ; (23)

wheremVðcÞ is the VDDF andMVðcÞ is the VMDF.
As shown in Fig. 1, the void fraction of particles in at cell a is

apðxaÞ ¼ 1
VcellðbÞ

ð
jcj2VcellðaÞ

1
qp

mVðcÞpc

¼
ð
jcj2VcellðaÞ

4
3

pR3

VcellðbÞ
1

ð4psÞ3
2

exp � c2

4s

� �
pc

¼
ð
jcj2VcellðaÞ

ap;PCMðxJÞ
ð4psÞ3

2

exp � c2

4s

� �
pc; (24)

where VcellðaÞ and VcellðbÞ are the volumes of cell a and b. xa and xb
are the center vectors of the cell a and b. ap;PCMðxbÞ is the void fraction
of particles in cell b. Based on the Green’s function, Eq. (24) is the
solution of Eq. (25):

@uðb; sÞ
@s

¼ r2uðb; sÞ;
uðb; sÞjs¼0 ¼ ap;PCMðxbÞdðxbÞ:

8><
>: (25)

For the fluid–particle interaction forces fpf , it is necessary to dis-
perse the solid–liquid momentum exchange source term of coarse par-
ticles into the surrounding cells:

fpð1Þ ¼ fp;PCMðxÞuðx � 1; sÞ; (26)

where 1 is the position vector of any point in the flow field. fp;PCM is
the momentum exchange source term. Similar to Eq. (24), Eq. (26)
can be converted into the following equation:

@fp;PCM
@s

¼ r2fp;PCM;

fp;PCMjs¼0 ¼ fp;PCMðxÞdðxÞ;

8><
>: (27)

where x is the center vector of all cells occupied by particle p. More
details about VMDF can be found in Refs. 23 and 38.

E. Algorithm

The semi-resolved CFD-DEM has been implemented into the
open-source code CFDEM,14,38 which is divided into the OpenFOAM
for the CFD part and LIGGGHTS for the DEM part. The specific algo-
rithm is introduced as follows:

(1) The positions and velocities of the particles are obtained within
a specific time step in the LIGGGHTS and then passed to the
OpenFOAM.

FIG. 1. The virtual mass distribution function.
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(2) Particle void fraction and particle–fluid interaction forces are
solved based on the positions and velocities of the particles.

(3) The flow field is solved based on the PISO (pressure-implicit
with the splitting of operators) algorithm48 using the particle
void fraction and particle–fluid interaction forces.

(4) The force of the fluid acting on the particles is transferred back
to the LIGGGHTS.

For OpenFOAM, the flow field is solved based on the finite vol-
ume method (FVM), so all variables, such as the fluid velocity, pres-
sure, and void fraction, are stored in the center of the CFD cells. When
integrating the convection and diffusion terms, it is necessary to use
variables on the cell surfaces to calculate fluxes. We use the pressure-
implicit with the splitting of operators (PISO) algorithm48 for the fluid
phase equations with pressure corrections and non-orthogonal flux
corrections in the OpenFOAM. The second-order upwind scheme is
employed in the discretizations of momentum and turbulent kinetic
energy equations, and the implicit Euler discretization scheme is used
to discretize the transient term. The source terms are calculated by all
variables in the center of the CFD cells. For LIGGGHTS, the positions
and velocities of the particles are obtained based on Newton’s second
law.

III. COMPUTATIONAL SETTINGS

As shown in Fig. 2, a fluidized bed is set in a vertical pipe with a
diameter of 50mm and a length of 0.6m. The computational geome-
try is divided by a hexahedral mesh with about 40 500 cells using the
mesh generation utility BlockMesh included in OpenFOAM. The
mesh size is 3.33� 3.33� 3.33 in the x, y, and z directions, respec-
tively. As shown in Table II, the size of the two particles is larger than
the mesh size, and the other particle sizes are larger than the mesh
size. This fully demonstrates the wide applicability of the semi-

resolved CFD-DEM, that is, it can be applied to both particle sizes
larger than the mesh size and particle sizes smaller than the mesh size.

A. Numerical setting

The fluidized bed is filled with two species of spherical particles
with a density of qp ¼ 2600 kg=m3. The two species of particle sizes
are d1 ¼ 10 (species 1) and d2 ¼ 2–7mm (species 2). The ratios of
two species of particles are shown in Table II. Fluid defaults are room
temperature water with a density of qf ¼ 1000kg=m3 and a viscosity
of �f ¼ 1:0� 10�6m2=s. All parameters used in the numerical simu-
lation are shown in Table III. First, we analyze the particle mixing and
segregation behaviors with different size ratios. In this part, the size of
species 1 is a constant value, and the particle size in species 2 changes.
It is worth noting that the ratio of the particle size in species 2 to pipe
diameter d2=D is 0.04–0.14 in Table II, obviously which has both fine
and coarse particles in species 2 according to the range of coarse par-
ticles dp=D � 0:1.15,16 To better understand the differences in
dynamic characteristics between coarse and fine particles, we only
concentrate on the dynamic characteristics in species 2 after the segre-
gation of species 1 and 2. Moreover, to understand the causal relation-
ship of the differences, the Stokes number Stp, which characterizes the
motion of particles, is introduced as follows:49,50

Stp ¼
qpd

2
2

18lf

uf
D
; (28)

where d2 is particle diameter in species 2. lf is dynamic viscosity coeffi-
cient of fluid. uf is upward fluid velocity. D is the pipe diameter. The
Stokes number Stp is defined as the ratio of particle response time to
the fluid characteristic timescale. It reflects the inertial effects of par-
ticles, which suggests that the larger Stokes number the more likely
particles will undergo more frequent collisions.51

As shown in Table II, the particle sizes d2 in species 2 are as fol-
lows: 2, 3, 4, 5, 6, and 7mm, corresponding to Stp are 1.96, 4.42, 7.86,
12.28, 17.68, and 24.06, respectively. That is, the smaller Stokes num-
ber Stp corresponding to fine particles (2, 3, and 4mm) is 1.96, 4.42,
and 7.86, and the larger Stokes number Stp corresponding to coarse
particles (5, 6, and 7mm) is 12.28, 17.68, and 24.06.

B. Boundary conditions and time step

The vertical pipe has three boundaries: the inlet, the outlet, and
the wall. At the inlet of the pipe (bottom boundary), the fluid velocity
is a given value u0. The pipe wall is no-slip boundary conditions, so
the normal and tangential fluid velocities are set to zero. At the outlet

FIG. 2. Computational geometry.

TABLE II. Settings of particle size and the ratio of binary particles.

Case d1 (mm) d2 (mm) d1/d2 d2/D Stp

1 10 7 1.43 0.14 24.06
2 10 6 1.67 0.12 17.68
3 10 5 2.00 0.10 12.28
4 10 4 2.50 0.08 7.86
5 10 3 3.33 0.06 4.42
6 10 2 5.00 0.04 1.96
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of the pipe (upper boundary), the fluid pressure is specified and the
velocity gradient of the fluid is set as zero. As initial conditions, the
fluid velocity is zero, and the particles fall freely to the bottom of the
pipe. After particles are in a steady state, then particles move upward
together under the action of the fluid with a given inlet velocity. The
packing bed consists of two layers (species 1 and 2) at the bottom of
the vertical pipe, where the top layer is species 1 and the bottom layer
is species 2.

The numerical model is solved in Sec. II based on CFDEM, where
the flow field and particle motion are solved by the CFD and DEM
models, respectively. Thus, the DEM module (tDEM) and the CFD
module (tCFD) have independent time steps. The data are exchanged
once after a certain time step. To keep the DEM time step less than
10% the Rayleigh time,52 the time steps are calculated by

tDEM ¼ 0:5pdp
0:163� þ 0:8766

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qp 1þ �ð Þ

Y

s
; (29)

where � is Poisson’s ratio and Y is Young’s modules. The time step of
the DEMmodel is set as tDEM ¼ 1� 10�5 s. The time step of the CFD
model is generally 10–100 times that of the DEM model,53 so the time
step of the CFDmodel is set as tCFD ¼ 5� 10�4 s.

IV. MODEL VALIDATION

The paper adopts the semi-resolved CFD-DEM based on the
CFDEM. This part will briefly verify the reasonability of the numerical
model in a fluidized bed. The pressure drop equation related to the
inlet fluid velocity is proposed by Ergun and Orning54 as follows:

Dp
L

¼ 150
1� afð Þ2

a3f

�f uz
d2p

þ 1:75
1� af
a3f

qf u
2
z

dp
; (30)

where af is the void fraction of fluid. uz is the inlet fluid velocity.
Fluidization is a suspension of particles in a vertical pipe under the
action of the upward inlet fluid. The pressure drop Dp increases with
the increase in inlet velocity in a fixed bed. When the pressure drop
equals the buoyant weight of the solid particles per unit area of the
bed, the fixed bed begins to expand. In this case, the inlet fluid velocity
is called the minimum fluidization velocity. The minimum fluidization
velocity54 is calculated by

um ¼
Rem < 1000;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qp � qfð Þdpga3f

1:75qf
;

s

Rem � 1000;
d2p qp � qfð Þga3f
150lf 1� afð Þ ;

8>>>>><
>>>>>:

(31)

Rem ¼ umdp
�f

; (32)

where Rem is the particle Reynolds number and um is the minimum
fluidization velocity.

As shown in Fig. 3, a fluidized bed is formed in a vertical pipe,
where the bed consists of glass balls with a diameter of 5mm and a
density of 2600 kg=m3. Other parameters in the numerical simulation
are shown in Table III. In the initial, these particles are freely accumu-
lated at the bottom of the pipe. Then, the inlet fluid velocity increases
linearly at the bottom. Figure 4 shows the variation of pressure drop

with inlet fluid velocity in the fluidized bed. The analytic pressure drop
is obtained from Eq. (30). As shown in Fig. 4, the numerical simulation
results are in good agreement with the analysis results. Based on the
above, we further verify the minimum fluid velocity of particles with

TABLE III. All parameters used in the numerical simulation.4,17,23

Parameters Values

The parameters of vertical pipe
Pipe diameter, D (mm) 50
Pipe length, H (m) 0.6

Particle parameters
Particle density, qp (kg/m

3) 2600
Large particles’ diameter, d1 (mm) 10
Small particles’ diameter, d2 (mm) 2–7
Young’s modulus, Y (Pa) 1.0�108

Poisson’s ratio, � 0.23
Coefficient of restitution, lc 0.5
Sliding friction coefficient, ls 0.5

Water parameters
Fluid density, qf (kg/m

3) 1000
Fluid viscosity, �f (m

2/s) 1:0� 10�6

Upward fluid velocity, u0 (m/s) 0.17

Simulation parameters
CFD time step, tCFD (s) 5:0� 10�4

DEM time step, tDEM (s) 1:0� 10�5

FIG. 3. The geometry of the fluidized bed in a vertical pipe.
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different sizes by comparing analytic and numerical results. The parti-
cle sizes are 3, 4, 5, 6, and 7mm and particle density is 2600 kg=m3.
Finally, a linearly varying fluid velocity is set at the inlet of the pipe.
When the pressure drop is basically stable, the inlet fluid velocity is the
minimum fluidization velocity. As shown in Fig. 5, the results of
numerical simulation are close to the analytic results.

Finally, we calculate the expansion height in a fluidized bed and
compare it with the experimental results (Fig. 6).4 The fluidized bed
was formed in a cylinder with a diameter of 50mm and a height of
0.3m, consisting of two particles with the same particle density of
2230 kg=m3: 120 g species 1 with the diameter 8mm and species 2
with the diameter 3mm. Fluid defaults to room temperature water,
with a density of qf ¼ 1000kg=m3 and a viscosity of lf ¼ 0:001
kg/(ms). At the inlet of the pipe, the fluid velocity is set to 0.141, 0.149,
0.156, 0.163, and 0.170m/s, respectively. As initial conditions, the
packing bed consists of two layers (species 1 and 2) at the bottom of
the vertical pipe, where the top layer is species 1 and the bottom layer

is species 2, and then move upward together under the action of the
fluid. As shown in Fig. 6, the numerical simulation results are in good
agreement with the experimental results.

V. RESULTS AND DISCUSSION

To better explore the time evolution of particulate flows, the
ensemble-averaged variable of the particle is defined as

hhf�giii ¼
1
Np

XNp

i¼1

f�gi; (33)

where �f gi is the variable of particle i, such as particle velocity.
Figure 7 shows the ensemble-averaged vertical velocities of all

particles with time at Stp ¼ 24:06. In this paper, the time is normalized
by the particle turnover time (sp ¼ dp=u0), and the ensemble-
averaged particle velocity is normalized by the fluid velocity u0. As

FIG. 4. The variation of pressure drop with inlet fluid velocity in a fluidized bed.

FIG. 5. The minimum fluidization velocity between numerical and analytic results at
different particle sizes.

FIG. 6. The expanded bed height between numerical and experimental results.

FIG. 7. Time series of the ensemble-averaged vertical velocity of the whole par-
ticles hhwpii at Stp ¼ 24:06. The statistical equilibrium is about t ¼ 370sp, where
sp ¼ dp=u0 is the particle turnover time.
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shown in Fig. 7, the particle velocity increases initially when species 1
and 2 are mixed, because the average drag force of the fluid acting on
the particles is greater than the submerged gravity. Eventually, the
average drag force and submerged gravity are balanced, and then, the
particles are in statistical equilibrium. It can be seen from Fig. 7 that
the statistical equilibrium is reached after t¼ 370 sp at Stp ¼ 24:06.
Thus, the maximum simulation time is tmax ¼ 728� 2550sp to ensure
statistical stationary results, which depends on different Stokes num-
bers Stp.

Time-averaged statistics are calculated by Eq. (34), and more
than 240 sp are calculated,

f�g ¼ 1
240sp

ðtmax

tmax�240sp

f�gdt; (34)

where f�g is the related variable in the simulation. It is worth noting
that the time and velocity mentioned below are normalized variables.

First, in Sec. VA, we analyze the mixing and segregation behav-
iors of species 1 and 2 at different size ratios. For species 2, there are
both fine and coarse particles. Thus, after the segregation of species 1
and 2, we only quantitatively study the differences in dynamics of spe-
cies 2 from fine to coarse particles in Secs. VB and VC and reveal the
mechanism for the differences in Sec. VD.

A. The particle mixing and segregation behaviors

This section mainly qualitatively analyzes the particle mixing and
segregation behaviors over time when the particle size ratios are 2.5
and 1.43, respectively. As shown in Figs. 8 and 9, red represents species
1, and blue represents species 2. In the initial state, the top layer is spe-
cies 1 and the bottom layer is species 2. Then, species 1 and 2 form the
granular plug and rise as a whole under the action of the fluid, and
particles fall gradually. Subsequently, species 2 starts to migrate
through species 1. Finally, the phenomenon forms that species 2 is the
top layer and species 1 is the bottom layer. All processes represent the
layer inversion.5,14 By comparing with the smaller size ratio (1.43) in

Fig. 9 (Multimedia view), at the larger size ratio (2.5) in Fig.
8 (Multimedia view), species 2 has migrated into species 1 when the
plug is still rising, leading to a higher particle mixing degree. The par-
ticles are more aggregated in this case. Eventually, the granular plug is
prominent at a larger size ratio (2.5) in Figs. 8(b)–8(d).

The network of contact forces is a contact force chain between
particles, which can reflect the contact between particles and the con-
straint of the wall on particle motion.17,34 Thus, when two particles
with different size ratios are mixed, the evolution of the contact force
network is explored. Figures 10 and 11 show the change in the net-
work of contact forces when the size ratio is 2.5 and 1.43, respectively.
When two particles are mixed at the larger size ratio (2.5), the contact

FIG. 8. Instantaneous snapshots of particle mixing and segregation at size ratio of
2.5. The corresponding normalized times are (a) 0.0, (b) 42.5, (c) 85.0, (d) 127.5,
(e) 170.0, (f) 340.0, (g) 510.0, and (h) 680.0. Multimedia available online.

FIG. 9. Instantaneous snapshots of particle mixing and segregation at size ratio of
1.43. The corresponding normalized times are (a) 0.0, (b) 24.3, (c) 72.9, (d) 97.1,
(e) 194.3, (f) 291.4, (g) 388.6, and (h) 485.7. Multimedia available online.

FIG. 10. Instantaneous snapshots of the network of contact forces at a size ratio of
2.5. The corresponding normalized times are (a) 0.0, (b) 17.0, (c) 34.0, (d) 51.0, (e)
68.0, (f) 85.0, (g) 102.0, and (h) 119.0.
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chains are stronger in Fig. 10, corresponding to a prominent plug of Fig.
8. While the sizes of the two species of particles are closer (1.43), the
contact chains and the plug are weaker in Figs. 9 and 11. Therefore, the
wall has stronger constraints on the mixing of two particles with a larger
size ratio, and the probability of the plug is higher in this case, easily
leading to pipe blockage. The phenomenon is what we do not want to
see. To ensure safety in realistic industry operations, it is recommended
that the differences in particle sizes should not be too large possible
when there are different particle sizes in a vertical pipe.

B. Velocity fluctuations

In the fluidized beds, the ensemble-averaged vertical velocity of
the particles hhwpii is a constant, which indicates that the particles are
in an equilibrium state when the particle–fluid interaction force and

submerge gravity are balanced.1 However, some researchers found
that the velocity fluctuations of particles and fluids are 10%–120%
higher than the inlet fluid velocity due to particle–particle/wall colli-
sion forces.1,23,24 Hence, in this section, particle and fluid velocity fluc-
tuations are analyzed at different Stokes numbers Stp. To better
analyze the effects of Stokes number Stp, the root mean square velocity
is introduced as follows:

urms;i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hhu0iu0iii

q
; (35)

where u0i ¼ ui � hh�uiii is the fluctuations of particle velocity in differ-
ent directions (x, y and z). hh�ii is the ensemble-averaged particle vari-
able in the simulation defined in Eq. (33). The overbar is time-
averaged statistics defined in Eq. (34).

Figures 12(a) and 12(b) are the root mean square of particle and
fluid velocity fluctuations (u0) at different Stokes numbers Stp, respec-
tively, normalized by inlet fluid velocity u0. The urms;z increases first
and then decreases with increasing of Stokes number Stp. Also, urms;z

is greater than urms;x and urms;y , which is because the particle motion
mainly occurs in the z direction under the action of upward fluid, and
the wall constrains the particle motion in the x and y directions.
Similar to Fig. 12(a), we calculate the root mean square of fluid velocity
fluctuations (uf ;rms) in different directions (x, y, and z) with Stp. On
the whole, the trend of fluid velocity fluctuation is consistent with that
of particles. It is very obvious that the particle velocity fluctuation is
greater than the fluid velocity fluctuation no matter which direction. It
is because particle collision leads to frequent instantaneous changes in
particle velocity and then causes the particle velocity fluctuations to
occur over timescales that are too short for the fluid to respond.

C. Autocorrelation and radial distributions

1. Autocorrelation

To better analyze the process of governing the fluctuating particle
motions, this part discusses the change of instantaneous particle veloc-
ity fluctuation autocorrelation at a given time lag s. The normalized
autocorrelation55,56 is as follows:

FIG. 11. Instantaneous snapshots of the network of contact forces at a size ratio of
1.43. The corresponding normalized times are (a) 0.0, (b) 9.7, (c) 19.4, (d) 29.1, (e)
38.85, (f) 48.6, (g) 58.3, and (h) 68.0.

FIG. 12. The change of root mean square velocity normalized by inlet fluid velocity with different Stokes numbers Stp: (a) particle velocity and (b) fluid velocity.
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Rii sð Þ ¼ hhu0iðt0Þu0iðt0 þ sÞii
hhu0iðt0Þu0iðt0Þii

; (36)

where t0 is a selected time after species 1 and 2 are segregated and in
equilibrium. i represents x, y, and z directions.

Figure 13 shows the change in instantaneous particle velocity
fluctuation autocorrelation Rii with time in different directions (Rxx,
Ryy, and Rzz) and different Stokes number Stp. As shown in Fig. 13, the
particle velocity remains a correlation of about 15–80 sp with different
Stp. In addition, another significant feature is that the autocorrelation
coefficient in the horizontal direction (x and y directions) decreases
faster than that in the vertical direction (z direction), which also means
that the particle velocity decorrelates in the horizontal direction faster
than that in the vertical direction. Similar research results can be found
in Refs. 1 and 57. It is likely that under the action of the upward fluid,
random particle motion is preferentially excited in the vertical direc-
tion, and the wall constrains particle motion in the horizontal
direction.

The autocorrelation timescale of particle velocity fluctuations is
as follows:

Ri ¼ lim
s!1

ð
Rii sð Þds: (37)

Unfortunately, the time is limited in numerical simulation. Thus,
the computed integral timescale is approximated with

Ri;c ¼ lim
s!tf

ð
Rii sð Þds; (38)

where tf is the simulation time. To calculate the computed integral
timescale, we define Ns ¼ u0tf

dp
.

Figure 14 is the integral timescale of the particle velocity fluctua-
tion autocorrelation Rii as a function of s=sp in x and z directions at
Stp ¼ 7:86. As shown in Fig. 14, Rx; c and Rz; c first increase with
the increase in normalized time (s=sp) and then reach a relatively sta-
ble value due to the wavelike autocorrelations. The average time value
is calculated by

E Ri;cð Þ ¼ 1
Ns;s

XNs

j¼Ns�Ns;s

R
j
i;c; (39)

where Ns is all data after the Ri;c reaches a steady state. Ns;s is the
minimum Ns for theRi;c to reach a steady state. EðRi;cÞ is the average
value of the Ri;c. That is, tf is the simulation time when Ri;c reaches
stability. To reduce the error, tf selects the maximum simulation time
in our cases.

Then, the normalized autocorrelation length scale is calculated:
l�i ¼ li=d ¼ urms;iEðRi;cÞ=d, which represents the length scale that the
particle velocity fluctuation is still correlated.1 When l� > 1, the prop-
agation length of particle velocity fluctuation is larger than a particle
diameter. While l� < 1, the fluctuation length of particle velocity is
less than a particle diameter. Figure 15(a) shows the changes in auto-
correlation length of particle velocity fluctuation with different Stp in x
and z directions. In the z direction, the normalized autocorrelation
length is l�z > 1 at smaller Stp (1.96, 4.42, and 7.86), that is, the velocity
fluctuation propagates faster than a particle diameter, indicating the

FIG. 13. The change in instantaneous particle velocity fluctuation autocorrelation Rii with time in different directions (Rxx, Ryy, and Rzz) and different Stokes numbers:(a)
Stp ¼ 1:96, (b) Stp ¼ 4:42, (c) Stp ¼ 7:86, (d) Stp ¼ 12:28, (e) Stp ¼ 17:68, and (f) Stp ¼ 24:06.
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influence of mean flow is prominent in these cases. While at larger
Stp (12.28, 17.68, and 24.06), the normalized autocorrelation length
is l�z < 1. It is due to the increase in particle inertia with the increase
in Stp, the particle velocity fluctuation is dominated by particle col-
lision. This is also a clear difference between fine and coarse par-
ticles. It is worth noting smaller Stokes number Stp corresponds to
fine particles (2–4mm), and the larger Stokes number Stp corre-
sponds to coarse particles (5–7mm). In addition, l�x decreases with
the increase in Stp. It is because the increase in the Stp brings the
higher wall constraint on particle motion in the horizontal direc-
tions from fine particles to coarse particles, which is consistent with
Figs. 12 and 13. Figure 15(b) represents the ratio of transverse and
axial autocorrelation length, which indicates anisotropy. As shown
in Fig. 15(b), the ratios of transverse and axial autocorrelation
length increase, that is, the anisotropy gradually decreases with the
increase in Stp.

2. Radial distribution function (RDF)

To explore the relationship between anisotropy and Stokes num-
ber Stp, we use the pair probability distribution function proposed by
Yin and Koch.58 It is as follows:

P rð Þ ¼ 0:25pD2H�

N2
p

**XNp

i¼1

XNp

j¼1;j 6¼i

d r � rijð Þ
++

; (40)

where rij ¼ ðrij; hijÞ is the vector connecting particle i and particle j.
hh�ii represents the ensemble average in the simulation. H� is the
expansion height of species 2 after species 1 and 2 are segregated. d is
the Dirac function as follows:

d r � rijð Þ ¼
1; r ¼ rij;

0 other;

(
(41)

where rij ¼ jjxi � xjjj. xi and xj are the position center coordinates of
the particle i and j, respectively. The hij is calculated as follows:

hij ¼
arccosðjzi � zjj=rijÞ; zi � zj < 0;

arcsinðjzi � zjj=rijÞ; zi � zj � 0;

(
(42)

where z is the coordinate of a particle in z direction.
Then, the radial distribution function (RDF) gðr; hÞ is calculated

based on the pair probability distribution function PðrÞ, which indi-
cates the density of particle pairs as a function of radial segrega-
tion.58,59 It is in three ranges: the entire range 0 < h < p=2, the
vertical section 0 < h < p=12, and the horizontal section
5p=12 < h < p=2. Figure 16 shows the angular variation of the RDF
at the three ranges with different Stokes numbers Stp. As shown in Fig.
16, it is obvious that there are two peaks at r=dp ¼ 1 and r=dp ¼ 2,
indicating that particles are likely to appear in the two positions.
Moreover, when r=dp ¼ 1, the entire RDF at smaller Stp (1.96, 4.42,
and 7.86) is smaller than the RDF at larger Stp (12.28, 17.68, and
24.06). While r=dp ¼ 2, the entire RDF at smaller Stp is larger than the
RDF at larger Stp. Figure 17 shows the change of gðr=dp ¼ 2Þ at

FIG. 14. The integral timescale of the particle velocity fluctuation autocorrelation Rii
as a function of s=sp in x and z directions at Stp ¼ 7:86.

FIG. 15. The normalized autocorrelation length scale at different Stokes numbers Stp: (a) autocorrelation length scale in x and z directions and (b) the ratio of transverse and
axial autocorrelation length (l�x =l

�
z ) indicate anisotropy.
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different Stokes numbers Stp. It is obvious that two flow regimes are
found after linear regression. They are regime1 (smaller Stp) and
regime2 (larger Stp), which suggests that the particle collision is promi-
nent at the larger Stp again. Next, we will analyze its potential mecha-
nism in detail.

D. Particle collisions and fluid–particle interactions

To better understand the mechanisms for differences in dynamic
characteristics between fine particles and coarse particles, we calculate
the collision stress rco, hydrodynamic stress rhy to quantify the
particle–particle/wall collisions, and particle–fluid interactions. The
collision stress rco and hydrodynamic stress rhy are as follows:

rco ¼ 1
NtNp

XNt

t¼1

XNp

n¼1

jf cjtn
pd2P

; (43)

rhy ¼ 1
NtNp

XNt

t¼1

XNp

n¼1

jf pf jtn
pd2p

; (44)

where Np is the number of particles and Nt is the number of time sam-
ples in equilibrium. The stress is normalized by dp2=qf �

2
f , and the nor-

malized stress is expressed as r̂.
Figure 18 shows the normalized hydrodynamic stress and collision

stress variation at different Stokes numbers Stp. As shown in Fig. 18,
both the r̂co and r̂hy increase with the increase in Stp. However, the col-
lision stress r̂co increases faster. It is due to the increase in particle iner-
tia with the increase in Stp, and then, particle collision frequency
increases (see from Fig. 19), leading to the instability of particle motion,
for smaller Stp, 1.96, 4.42, and 7.86, r̂hy > r̂co. This shows that the
hydrodynamic effects are slightly larger than the collisions in this case,
but the difference is small. It corresponds to regime1 (smaller Stp) in

FIG. 16. The angular variation of the radial distribution functions at different Stokes numbers Stp: (a) Stp ¼ 1:96, (b) Stp ¼ 4:42, (c) Stp ¼ 7:86, (d) Stp ¼ 12:28, and (e)
Stp ¼ 17:68, and (f) Stp ¼ 24:06. The red lines represent the average over the entire range 0 < h < p=2; the green lines are the horizontal sector 5p=12 < h < p=2; the
blue lines are the vertical sector 0 < h < p=12.

FIG. 17. The variation of the pair probability distribution functions [gðr=d ¼ 2Þ] at
different Stokes numbers Stp. Different lines obtained by linear regression indicate
different regimes.
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Fig. 17, indicating that the hydrodynamic and collision stresses are
equally important. For larger Stp, 12.28, 17.68, and 24.06, it is obvious
that r̂hy < r̂co, corresponding to regime2 (larger Stp), which suggests
that the collisions dominate in the case. In this paper, the smaller Stp
(1.96, 4.42, and 7.86) to larger Stp (12.28, 17.68, and 24.06) corresponds
to fine particles (2–4mm) to coarse particles (5–7mm), respectively.
Therefore, the reason for the differences in particle dynamics between
fine and coarse particles is that the effects of collisions are greater than
that of the hydrodynamic effects with the increase in Stp.

To further analyze the collisions, the time and ensemble average
collision frequency fre are calculated as follows:

fre ¼ 1
NtNp

XNt

t¼1

XNp

n¼1

Nt
re;n; (45)

where Nt
re;n is the number of collisions between particle n and other

particles at time t. The collisions occur when the distance between two
particle centers is less than a particle diameter dp.

Figure 19 shows the change in the average collision frequency fre
with different Stokes numbers Stp. As shown in Fig. 19, similar to the
normalized collision stress, the collision frequency increases with the
increase in Stp. It evidences that the collision is prominent at larger Stp.
The collisions between particles can transfer momentum from the verti-
cal direction to the horizontal direction, which leads to horizontal particle
velocity fluctuations in Fig. 15(a) and smaller anisotropy in Fig. 15(b).

In short, as the particle size dp increases from fine to coarse par-
ticles, then the Stokes number Stp increases, resulting in greater particle
inertia and higher wall constraint at a given pipe diameter. From the
comparison of Figs. 15(a) and 17–19, it is not difficult to see that there
are two flow regimes between smaller and larger Stp, that is, there are
indeed significant differences between fine particles and coarse particles.

VI. CONCLUSION

In this paper, the semi-resolved CFD-DEM based on CFDEM is
applied to explore particle mixing and segregation behaviors with dif-
ferent size ratios, then analyze the differences in particle dynamics
between fine and coarse particles, and finally reveal the mechanics for
the differences:

(i) First, the changes in particle mixing and segregation behaviors
and the network of contact forces with different size ratios are
analyzed. For a larger size ratio (2.5), the plug is obvious and
the contact force network is stronger. For a smaller size ratio
(1.43), the contact force network and the plug are weaker.
Thus, the plug is likely to occur in larger size ratios. To ensure
safety in engineering, the difference in particle size should not
be too large in fluidized beds with different size ratios.

(ii) Second, after the segregation of species 1 and 2, the differences
in particle dynamics of species 2 such as velocity fluctuations,
autocorrelation time and length scales, and radial distribution
functions are studied. For autocorrelation length scales, it is the
obvious difference in the normalized autocorrelation length
that is greater than 1 at smaller Stp (1.96, 4.42, and 7.86), but
smaller than 1 at larger Stp (12.28, 17.68, and 24.06). In addi-
tion, the anisotropy decreases with the increase of Stp. For radial
distributions, there are two peaks at r=dp ¼ 1 and r=dp ¼ 2,
indicating that particles are likely to appear in the two posi-
tions, and two flow regimes are observed at gðr=dp ¼ 2Þ.

(iii) Finally, the hydrodynamic stress, collision stress, and collision fre-
quency are used to investigate the mechanism of differences in the
particle dynamics between fine and coarse particles. The hydrody-
namic stress is larger than the collision stress at smaller Stp, which
indicates that the influence of mean flow is more important in this
case. However, the hydrodynamic stress is smaller than the colli-
sion stress at larger Stp, which evidences that the collisions are
prominent at larger Stp. The collision frequency increases with the
increase of Stp, which explains why the anisotropy decreases with
the increase of Stp. Eventually, it is the main reason for the differ-
ence in particle dynamics between fine and coarse particles that
the effects of collisions are greater than that of the hydrodynamic
effects with the increase of Stp.
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