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Phonon instability of a multi-principal element alloy
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It is a common wisdom that the emergence of plasticity in crystalline solids is accompanied by the collapse
of the softest vibrational mode. However, the recent advance in the multi-principal element alloys (MPEAs)
complicates this scenario with essential local chemical inhomogeneity rendered by formation of the chemical
short-range order (CSRO) via strong enthalpic interaction between specific atom pairs. Here we develop a set
of computational metrics to characterize the features of phonons and the instability pathway in a prototypical
ternary CoCrNi MPEA by atomistic simulations. There exists strong anharmonicity in MPEA quantified by a
large Grüneisen parameter, which is modulated by the degree of CSRO. Both localized and extended vibrational
modes exist at either low- or high-frequency vibrations, whereas extremely high-frequency modes prefer local
vibration. Introduction of CSRO increases the phonon density of states at high frequency and reduces the
degree of anharmonicity. Therefore, CSRO enhances elastic stability. Upon loading, phonon instability occurs
via annihilation of the softest mode, akin to the scenario seen in conventional crystals. However, softening of
several low-frequency modes occurs simultaneously in MPEA, and it is the cooperative softening of them that
leads to the onset of plasticity. Amid phonon instability, essential variations in the Grüeisen parameter and
participation ratio are observed, signifying the correlation between vibrational and configurational space in such
compositional complex alloys. The results of unusual phonon features could give insight into how the structure,
elasticity, and plasticity interact in generic multi-component high-entropy alloys.
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I. INTRODUCTION

A striking breakthrough in materials design and modula-
tion in the last two decades is the simultaneous introduction of
several multi-principal elements in one single-phase crystal,
which brings about an impressive conceptional revolution in
physical metallurgy termed high-entropy alloys or even high-
entropy materials [1,2]. The principle of design is based on the
concept of high configurational entropy with the assumption
of ideal random mixing of constitute elements, which lowers
the free energy and possibly yields the thermodynamically
stable high-entropy materials [3–7]. This strategy does give
birth to a category of unique multi-principal elemental alloys
(MPEAs) with superb mechanical and functional properties,
e.g., ultra strength and enhanced ductility, excellent fracture
toughness and shock resistance, etc. [8–14]. The promising
properties and huge design phase space of such materials
motivate great interest in materials science and condensed
matter physics.

The excellent mechanical properties of MPEAs as struc-
tural materials are attributed to their unique atomic-scale
structures with nanometer scale chemical heterogeneity
[15–17]. The uneven distribution of elements in local regions
generates different atomic environments even if nominally
the MPEAs are random solid solutions [18]. Recent high-
resolution transmission electron microscope observations
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provide compelling evidence for the existence of possible
local chemical short-range order (CSRO) in a list of MPEAs
[15,19–21]. The formation of CSRO is mostly driven by the
strong enthalpic interaction between specific element pairs
which locally dominates over the entropic contribution. En-
thalpic interaction between compositions causes insufficient
miscibility that controls both the occurrence and degree of
CSRO far away from melting temperature [22–24]. As a
result, CSRO in such alloys is strongly affected by the ther-
momechanical annealing process during fabrication and heat
treatment. Note that CSRO is different from the long-range
chemical order in intermetallics. The former produces spatial
chemical heterogeneity at the nanoscale, which leads to a
severe rugged potential energy landscape for plasticity carriers
that is responsible for the observed sluggish diffusion [25–27]
and rough pathway of dislocation motion [28–32]. All these
features of the structures give rise to unusual dislocation nu-
cleation, slip, cross slip, multiplication, and twinning plastic
mechanisms rendering abnormal strength and ductility trade-
off in MPEAs.

To comprehend the unprecedented mechanical properties
of MPEAs, it is necessitated to probe the incipient plastic
mechanism. It is common sense that the onset of plasticity
should be accommodated by the phonon instability in solids
[33–36]. The phonon instability criterion also sets up the
ideal strength and ideal strain of a crystal [37,38]. Further-
more, the feature of the phonon is also closely associated
with the thermodynamic and mechanical stability of materials
[39,40]. While the phonon instability is well understood in
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terms of a transition from positive to imaginary vibrational
frequency of the softest mode upon shear yielding, the sce-
nario becomes intricate in MPEAs due to the appearance of
complex heterogeneous local lattice structures. The spatial
nature of soft modes should be significantly modified by the
CSRO and, therefore, the initiation process of plasticity is
not intuitive anymore. One significant question that arises
is the interplay between vibration and CSRO. For example,
phonon dispersion can be broadened in random alloys [41].
And both the force constant and the distribution of the phonon
spectrum can be varied by the interaction between phonon
and CSRO. Even in conventional elemental metals and alloys,
there is a strong anharmonic effect in the elastic deformation
of confined-volume materials, e.g., nanoscale pillars with a
huge fraction of surface [42,43]. Anharmonicity is usually
related to nonlinear elasticity due to phonon softening that is
informative of plasticity in crystals. In the MPEAs, one can
envisage a scenario of intrinsic lattice defects everywhere and
there should be strong anharmonic effect in lattice vibrations
that brings about abnormal phonon instability behaviors [44].
In other words, the chemical heterogeneity in MPEAs compli-
cates the correlation between phonon instability and plasticity
in MPEAs that deserves in-depth investigation.

To settle the issues, here we systematically survey the
phonon features and the instability pathway with atomistic
simulations in a CoCrNi MPEA with a varied degree of CSRO
generated by combined molecular dynamics (MD)/Monte
Carlo (MC) modelings. Special attention is paid to the phonon
instability pathway and the spatial nature. We find strong
anharmonic effect of lattice vibration in MPEAs indicated by
the nontrivial Grüneisen parameter, which can be modified by
the degree of CSRO. The relevance of unique phonon features
upon deformation to plasticity emergence is discussed in such
chemically complex concentrated alloys.

II. METHODS

A. Atomistic simulations

We fabricate the equilibrium configurations of CoCrNi
MPEAs by the combined MD/MC simulations at 400 K.
The tested model alloy is compositionally CoCrNi which
is described by an embedded-atom method (EAM) empir-
ical potential [22], which has been well benchmarked by
either first-principles calculations or experimental data. It has
been widely used to study the plastic deformation mecha-
nism of this alloy. The samples contain N = 6912 atoms
with 3D dimensions of 42.72×42.72×42.72 Å3. Periodic
boundary conditions are applied for all three directions within
NPT ensemble (constant number of atoms, constant pressure,
and constant temperature). Temperature is controlled by the
Nosé–Hoover thermostat [45]. The stress tensor is kept zero
by the Parrinello–Rahman barostat.

In the unphysical MC modeling, it is allowed to swap
different atoms of two species twice within ten MD steps. The
MD time step for the integration of Newtonian equation is
1 fs. Sufficiently long MC iterations up to 1 000 000 cycles are
carried out to get the equilibrium configurations of MPEA at
400 K. Ten samples of different degrees of CSRO are selected
amid the MD/MC annealing. Hydrostatic compression and

expansion are applied on the models by quasistatic loading to
derive the equation of states of these materials. Further tensile
test is applied along the [001] direction to yield the samples
at 300 K, from which the phonon is calculated based on
Hessian matrix of strained samples after energy minimization.
All the atomistic simulations herein are performed using the
LAMMPS code [46]. The OVITO package is used to visualize
the MPEA configurations [47].

B. Chemical order parameter

An atom-level CSRO parameter is defined as ϕi =
exp(−sShannon

i ), where the Shannon entropy about a central
atom is sShannon

i = −∑n
i=1 αi ln αi. αi is the probability of

finding one specific type of atom around the central atom
in its nearest neighbors. n = 12 is the coordination number
of the FCC lattice. The system-level order parameter ϕ is
defined by an ensemble average of ϕi, i.e., ϕ = 〈ϕi〉. If the
elements Co, Cr, Ni are distributed entirely randomly on the
lattice site, the system-level Shannon entropy is sShannon

i =
−∑3

i=1 1/3 ln 1/3 = 1.09, which reaches the maximum value
for this three-principal element alloy. If the atoms are not
uniformly distributed in space, sShannon

i can be varied between
1.09 and 0. Then, the possible order parameter ϕ for any
MPEA of three elements is within [1, 0.34], which correspond
to a fully ordered phase and that of the random solid solution,
respectively. In this context, ϕ is a global parameter to quan-
tify the degree of CSRO in any crystalline material, which is
easy to calculate from atomistic simulations.

C. Phonon density of states

The phonon density of states (DOS) and the polarization
vector of normal mode are derived by performing diagonal-
ization of the Hessian matrix. The total DOS is numerically
estimated by binning the eigenvalues of the secular equation,
i.e., g(ω) = 1

3N

∑
i δ(ω − ωi ). To further obtain the vibra-

tional feature of a specific atom, the atomic-level partial
vibrational DOS of an atom j is defined as

g j (ω) = 1

3N

∑
i

δ(ω − ωi )
∣∣e j

i

∣∣2
, (1)

where N is the total number of atoms, ωi represents the
ith phonon frequency, and e j

i denotes the polarization vector
of frequency ωi projected to coordinate vector of the atom
j. Here we employ the PHONON package implemented in
LAMMPS to calculate the dynamical matrix of the system
from MD simulations. The magnitude of the finite different
displacement is 10−8 Å + in this method.

D. Grüneisen parameter

To demonstrate and quantify the degree of anharmonicity
for the MPEAs, the Grüeisen parameter γ is calculated, which
is directly associated to the third- and even higher-order anhar-
monic coefficients in the Taylor expansion of the interatomic
potential energy with respect to atom displacement. First, the
mode Grüeisen parameter, γi, is calculated by the derivative
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of the phonon frequency with respect to volume variation,

γi = − V

ωi

〈
∂ωi

∂V

〉
, (2)

where V is the volume of the simulation box. The partial dif-
ferential can be approximated by the numerical differentiation
method [48] via

γi = − V

ωi

〈
�ωi(V )

�V

〉
. (3)

The Hessian matrix is evaluated by variation of phonon
frequency at different volumes 0.995V0, 1.000V0, 1.001V0,
respectively. V0 is the equilibrium volume of the simulation
box at 0 K. To measure the degree of anharmonicity of the
MPEA system, we take the ensemble average of the mode
Grüeisen parameters by γ = 〈γi〉. This is a global parameter
to reflect the level of anharmonicity in any solid material.

E. Participation ratio of vibrational mode

To demonstrate the spatial nature of the vibrational modes
in MPEA, the participation ratio is defined after the polariza-
tion vectors of all normal modes by

P(ωi ) = 1

N

(∑
j |ei, j |2

)2

∑
j |ei, j |4 , (4)

which has been frequently employed to inform the localized
or extended nature of vibration in amorphous solids [49,50].
N is the total number of atoms. ei, j corresponds to the ith
eigenvector of the normal mode for the jth atom. This for-
mula represents the distribution of the projection length of
the eigenvector values on different atoms. On the one hand,
if the ith eigenvector indicates a projection on only one
atom, the vibrational mode is extremely localized on a single
atom and the participation ratio is equal to 1/N ≈ 0 with a
huge number of atoms N in a material. If an eigenvector
projects evenly on all the atoms, the participation ratio is 1
and the vibrational mode is of extended nature.

III. RESULTS AND DISCUSSION

A. CSRO and anharmonicity

Figure 1 demonstrates the strategy to fabricate atomistic
CoCrNi MPEA samples with variable degrees of CSRO via
MD/MC simulations at 400 K, which is an efficient tempera-
ture to perform simulated annealing of this alloy. Figure 1(a)
shows the evolution of the CSRO parameter as a function
of MC steps. It is notable that local chemical order is being
established gradually with proceeding atom swaps by MC
algorithm. There is an obvious inflection point at about the 104

MC step at which phase separation happens with the existence
of preferred Ni-Ni and Co-Cr pairs, which has been shown in
the literature [22,51,52]. The inset shows the potential energy
as a function of MC steps, which indicates decreased potential
energy and, consequently, more stable MPEA configuration at
longer MC annealing time.

From the fragment of the annealing process, one can select
a list of MPEA samples with different degrees of CSRO as
demonstrated in Fig. 1(b). The ten MPEA configurations are
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FIG. 1. Development of CSRO in CoCrNi MPEA. (a) CSRO
parameter evolves with MC steps at annealing temperature 400 K.
Inset: Potential energy versus MC steps. (b) Ten MPEA samples with
equal intervals of CSRO. Inset: Projected plane view of the atom
arrangement in the random solid solution (left upper) and the CSRO
samples (right lower).

of equal intervals in linearly increasing degree of CSRO, as
leveled by the magnitude of ϕ from 0.3643 to 0.4233. The
inter-relationship between phonon and CSRO is probed on
these samples. The two insets of Fig. 1(b) are illustrations of
the MPEA samples with either random occupation or the most
ordered arrangement of elements after sufficiently long-time
MC annealing.

With the existence of lattice defects in crystals, or the topo-
logical disordered metals such as glasses, there are obvious
anharmonic features in vibration [42,53,54]. Compared with
the structural disorder materials, the chemically disordered
MPEAs are still crystalline phase. However, one may antic-
ipate some profound deviation from harmonic approximation
in MPEAs since the elastic property is not uniform from
region to region [55,56]. To quantitatively explore the intrinsic
anharmonic feature, we plot the potential energy as a func-
tion of volumetric strain for the samples at 0 K in Fig. 2(a).
Obvious asymmetry is seen in these curves regardless of the
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FIG. 2. Anharmonicity of the CoCrNi MPEA. (a) Potential en-
ergy versus volumetric strain of samples with different degrees of
CSRO. (b) Degree of anharmonicity Qanh decreases with increasing
level of CSRO.

degree of CSRO in MPEAs. It means anharmonicity is an
intrinsic nature of the multi-component random alloys.

To further examine how the anharmonicity is influenced by
the degree of CSRO, we also expend the potential energies of
MPEAs by Taylor expansion with respect to the volumetric
strain. The validity of harmonic approximation is reflected
by the higher order elastic constants other than the quadratic
term. By this, we might define a factor to measure the Qanh by
simply the ratio of cubic and quadratic bulk moduli without
losing too much accuracy since a cubic polynomial already
produces satisfactory fits of the simulated data. In Fig. 2(b),
the degree of anharmonicity Qanh is plotted against the level of
the chemical order ϕ. The results strongly suggest that chem-
ical disorder brings about anharmonicity in MPEAs while
chemical order drives them towards lower levels of anhar-
monicity. This trend could be rationalized by the feature of
different atom pairs in CoCrNi MPEA. As seen in Fig. 9
in the Appendix, the Warren-Cowley parameters of Ni-Ni
and Co-Cr become more negative with increasing chemical
order. Therefore, the number of such like atom pairs becomes
abundant in the well-annealed samples with more chemical

TABLE I. The degree of anharmonicity Qanh of atomic pairs.

Pairs Ni-Ni Ni-Co Ni-Cr Co-Co Co-Cr Cr-Cr

Qanh 0.0773 0.0799 0.0763 0.0798 0.0781 0.0804

order. Since the Ni-Ni and Co-Cr pairs are more harmonic
than that of other pairs, as indicated in Table I by the degree
of anharmonicity of atom pairs extracted from the empirical
potentials [22], the appearance of CSRO reduces the level of
anharmonicity in the studied CoCrNi MPEAs. The random
solid solution with ϕ = 0.3643 presents the strongest level of
anharmonicity in these samples. One might postulate that the
most ordered phase with ϕ = 1, i.e., the long-range ordered
intermetallics, may be of the most harmonic multi-component
alloy.

The phonon anharmonicity can be further examined by the
phonon DOS, which are calculated by direct diagonalization
of the Hessian matrix of the ten annealed MPEA samples to-
gether with an absolute random solid solution. The calculated
phonon DOS are displayed in Fig. 3. There are two obvious
peaks in the DOS in analogy to those of the elemental FCC
metals like copper and aluminum, except that the variation
in DOS of MPEA is smoother, which reflects the chemical
disorder characteristic. With the introduction of CSRO, the
medium-frequency DOS at around 30 THz decreases, while
the high-frequency modes are enhanced in the vicinity of
48 THz. The latter case is corresponding to the formation
of local CSRO, which is of higher elastic modulus (rendered
by stronger enthalpic interaction) that gives rise to vibra-
tions of higher frequency. This picture points to a direction
that addition of CSRO helps increase the elastic stability of
the MPEA system, which should also present stronger resis-
tance to external loadings [57]. This trend explains the recent
experimentally observed strengthening of the same CoCrNi
MPEA facilitated by aging sufficiently at 1000 ◦C [15].
Note that the position of the second peak in DOS at around
48 THz moves toward lower frequency with increasing levels
of CSRO, which indicates less disorder in phonons. This is in-
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FIG. 3. Phonon density of states of MPEA samples with dif-
ferent levels of CSRO. The arrows indicate enhancement of the
high-frequency vibrations and reduction of the medium-frequency
vibrations with increasing levels of CSRO, respectively.
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formed by vibrational entropy, which is calculated according
to svib = 3kB

∫ ∞
0 g(ω)[(1 + n) ln(1 + n)] − n ln(n)]dω. Here

the Planck distribution n(εi, T ) = 1
eβεi −1 , and εi = h̄ωi is

phonon energy. Take 400 K, for example, the vibrational
entropy of the random solid solution is svib = 3.9665kB,
whereas it reduces to a value of svib = 3.9449kB for the most
chemically ordered sample with ϕ = 0.4306. Therefore, the
configurational and vibrational space is correlated in MPEAs.

B. Anharmonicity informed by Grüneisen parameter

As informed by Eq. (3), the Grüneisen parameter is a
dimensionless quantity measuring the variation gradient of a
phonon frequency with respect to volume change. If a solid
is absolutely harmonic, the shape of the curves shown in
Fig. 2(a) is symmetric. In this case, the elastic constants (from
curvature of energy-strain curve) remain unchanged once ther-
mal expansion happens. Therefore, the vibrational frequency
is not a function of the volume and, thus, the Grüneisen
parameter γ = 0. In most of the crystals, the Grüneisen pa-
rameter is positive and lies in the range 1.5 ± 1.0 [58–60].
This means that the conventional materials are slightly an-
harmonic in most cases. For comparison, we calculate the
Grüneisen parameters of the MPEA samples with a versatile
degree of CSRO, which enables us to build a further quan-
titative connection between anharmonicity and the chemical
order.

Both the mode Grüneisen parameters and the system-
averaged counterparts are provided in Figs. 4(a) and 4(b),
respectively. In Fig. 4(a), the mode Grüneisen parameters
of 11 MPEA configurations are plotted as a function of the
vibrational frequency. There are several features noticed from
the curves. A general trend is that the mode Grüneisen pa-
rameters are positive, indicative of an anharmonic feature.
Moreover, lower CSRO gives rise to a higher magnitude of
mode Grüneisen parameter. This means the chemical disorder
indeed induces anharmonicity in MPEAs, which is consistent
with the conclusion drawn from the degree of anharmonicity
in Fig. 2(b). Another striking feature is that γi decreases with
increasing frequency. As aforementioned, the chemical disor-
der is a long-range feature in MPEAs, which is corresponding
to the long wave-length vibrations that are more anharmonic
with large Grüneisen parameters up to 5.5 in the soft modes.
The critical frequency is about 15 THz, beyond which the
mode Grüneisen parameter significantly levels off to a plateau
below 2. This is easy to understand in terms of formation of
CSRO in MPEAs. The local chemically ordered region is of
higher elasticity and higher frequency, which is associated
with a low degree of anharmonicity as also evidenced by
decreasing Qanh with ϕ in Fig. 2(b).

The system-level Grüneisen parameters are further shown
in Fig. 4(b) as a function of the chemical order parameter
ϕ. This system value is derived after averaging the mode
Grüneisen parameters over the whole frequency domain such
that it reflects globally the anharmonicity of the studied
MPEAs. As expected, the higher the degree of CSRO, the
smaller the system Grüneisen parameter. Introduction of the
CSRO remarkably reduces the anharmonicity of the CoCrNi
MPEA. Here the lowest level of anharmonicity is predicted
as γ = 1.45 for the most ordered system with ϕ = 0.4306.

FIG. 4. Anharmonicity with Grüneisen parameter as a metric.
(a) Mode Grüneisen parameter as a function of the angular frequency
ω for MPEA samples with various levels of CSRO. (b) Ensemble
average Grüneisen parameter as a function of CSRO. The line is a
guide to the eye.

One may reasonably conjecture a scenario of an almost
harmonic crystal of the same chemical compositions in the
long-range ordered phases after a sufficient long time of ag-
ing at proper thermomechanical conditions. This provides an
alternative solution to modulate the thermal expansion char-
acter and thermal conductivity behaviors of MPEAs through
material processing without involving significant change in
morphology.

C. Localized and extended modes

Checking the spatial nature of vibration is informative for
the rationale of anharmonic effect and incipient plasticity in
the MPEAs. Here we calculate the participation ratio P(ωi ) of
each vibrational normal mode in light of Eq. (4). The mode
participation ratio highly correlates with magnitude of fre-
quency as shown in Fig. 5(a). There are three distinct regimes
in the whole frequency domain. In the low-frequency regime

184116-5



XIAO-SHI WANG AND YUN-JIANG WANG PHYSICAL REVIEW B 107, 184116 (2023)

FIG. 5. Participation ratio of the vibrational modes. (a) Participation ratio as a function of mode frequency ω for samples with different
level of CSRO. (b), (c) A prototypical extended mode at low frequency (ω = 4 THz, P = 0.638) and a localized mode at high frequency
(ω = 57 THz, P = 0.002), respectively. The red arrows denote polarization vector of the vibrational mode.

below 20 THz, while the participation ratios of most normal
modes are larger than 0.5, there are a few low-participation-
ratio vibrations. This is not intuitive due to the fact that the
low-frequency phonon of small wave number and long wave-
length should involve more collective motion of a significant
fraction of atoms. The soft modes with extremely high partici-
pation ratio are this kind and they are in agreement with usual
knowledge. An example of an extended mode with P = 0.638
is demonstrated in Fig. 5(b), almost all the atoms participate
in this vibration at ω = 4 THz. However, the appearance of a
localized vibrational mode at low frequency is a unique char-
acteristic of the MPEA. Note that the localized low-frequency
modes only exist in the disordered sample with low value of
ϕ � 0.3727. One can judge that it is the chemical disorder that
induces extra localized modes. This observation is in accord
with broadening of the phonon dispersion line and should
somehow damp the propagation of low-frequency vibration.

In the medium-frequency domain between 20 and 50 THz,
there is a plateau of the participation ratio with approximately
P ∼ 0.5. This is the most frequent case that vibration involves
a collective motion of a group of atoms instead of all of
them, which is still an extended mode. This plateau starts
to strikingly drop at a characteristic frequency ω = 50 THz,
which constitutes the third regime—the high-frequency lo-
calized modes. The strong vibrational mode becomes more
localized at higher frequency. The participation ratio could
become as small as 10−3, which indicates the vibration is
only contributed by a few atoms. Such a localized vibra-
tion is exemplified in Fig. 5(c) with ω = 57 THz, and P =
0.002. Noteworthy polarization vectors are only seen in a
quite limited region in the middle section of this figure. Such
a localized mode at high frequency is accompanied by the
formation of CSRO, which is stiffer than the rest that give
birth to higher frequency vibrations. For a first approxima-
tion, the transverse sound velocity of CoCrNi cT ≈ 2.5×
103 m/s, which is measured experimentally by the advanced
ultrasonic materials characterization system. According to
ω = cTq with q = 2π/L being the wave number, the length
scale of the high-frequency vibration with ω = 57 THz is
about L = 2π/q = 0.28 nm. This dimension is almost iden-
tical to the observed size of short- or medium-range chemical

order in MPEA [15,20,21]. This agreement between simula-
tion and experiment can serve as quantitative evidence for the
correspondence between the high-frequency localized mode
and the sort of CSRO existing in CoCrNi MPEA.

D. Phonon instability

With the unique feature of phonons in MPEAs, one now
is able to explore the onset of plastic deformation in terms
of phonon instability. For this purpose, we apply tensile de-
formation on CoCrNi at 300 K with strain rate 109 s−1 until
the incipient plasticity happens at a critical strain of about
ε = 0.15. The stress-strain curve is shown in Fig. 6(a). Then
we choose a list of deformed configurations in the vicinity
of yielding based on which the Hessian matrix is estimated
after energy minimization. In this way, we are allowed to
trace the evolution of vibrational modes during the whole
process of phonon instability. In particular, the soft modes are
emphasized, which are closely associated with the onset of
displacive plasticity in this MPEA.

The squared vibrational frequency is proportional to the
second derivative of the potential energy with respect to the
coordinates at energy basin, i.e., ω2 ∝ ∂2E

∂R2 . Upon approach-
ing the yield point, the potential surface has been flatened,
which gives rise a scenario ω2 = 0. Once the energy barrier
of a plastic event has been overcome, the frequency ω2 <

0. As a result, one may postulate that the yielding of this
MPEA is also accommodated by the transition from positive
to imaginary frequency of the soft modes. Then we choose
a list of deformed configurations in the vicinity of yielding
based on which the Hessian matrix is estimated after energy
minimization. The characteristic frequencies obtained by Hes-
sian matrix are ranked from smallest to largest value, that is,
from soft modes to hard modes. In this way, we are allowed
to trace the evolution of the vibrational modes during the
whole process of phonon instability. To check the validity
of the postulation, the frequencies of the first ten soft modes
are shown together in light of the strain in Fig. 6(b). Before
yielding, most the frequencies remain unchanged except the
first four soft modes, among which the softest one fluctuates
considerably in frequency up to the critical strain. Note that
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FIG. 6. Phonon instability against mechanical strain. (a) A
fragment of the stress-strain curve in the vicinity of yielding. (b) Evo-
lution of the ten softest vibrational modes versus strain. The red
squared curve denotes the softest mode which loses elastic stability
at strain magnitude of ε = 0.1511.

the elastic constant is proportional to the curvature of the local
basins in the potential energy landscape. It means that both
strain stiffening and strain softening occur alternatively, which
are provided by the rugged potential energy landscape of two
adjacent sliding planes in the complex concentrated alloy. The
frequency of the softest mode becomes imaginary once ε =
0.153 and, therefore, this phonon loses stability. The sharp
drop in frequency is in accord with the sudden strain relax-
ation phenomenon shown in Fig. 6(a), indicating the onset of a
plastic event after releasing elastic energy. A surprising result
is the simultaneous softening of all the observed soft modes
once the first one collapses. This feature is different from the
phonon instability of pure metals in which only collapse of the
softest mode occurs [34]. This observation suggests coupling
of the soft modes in MPEAs which definitely complicates the
pathway of plasticity nucleation in the language of phonon
instability.

To break down the complexity of the plasticity onset path,
we see the failure of MPEA from different angles which
include chemical order, anharmonicity as well as participa-
tion ratio, respectively, as fully illustrated by Fig. 7. First,

FIG. 7. Anharmonicity and participation ratio of the soft modes
upon yielding. (a) Degree of CSRO as a function of strain.
(b) Ensemble-average Grüneisen parameter (solid red) and those
of the first ten soft vibrational modes versus strain. The Grüneisen
parameter of the softest vibrational mode is signified by solid squares
in purple violet. (c) Participation ratio as a function of strain for the
first ten soft vibrational modes. The softest mode is emphasized by
solid squares.

the plastic onset results in strong variation of the CSRO,
as informed by abrupt increase of ϕ(ε) upon yielding in
Fig. 7(a). It is not surprising at all that structural order is bro-
ken by the nucleation of a (partial) dislocation. However, the
chemical order has the opportunity to be recovered by some
appropriate slip plastic mechanisms, as indicated here by the
increase in ϕ.

In light of the anharmonic effect, the phonon instability is
facilitated by huge fluctuation of the mode Grüneisen param-
eter of the softest vibration, as denoted by the solid squares in
purple violet in Fig. 7(b). Note that there is also slight fluc-
tuation in the system-level Grüneisen parameter (red solid),
as well as those of the other nine soft modes (open symbols)
except the softest one. It means that anharmonicity and its
fluctuation play an important role in the phonon instability
process in MPEA, especially variation in the softest mode
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FIG. 8. Incipient plasticity informed by the spatial nature of the vibrational modes. From left to right: Atomic configurations visualized by
the common neighbor analysis (CNA), the nonaffine displacement vector, and the polarization vector of the softest normal mode. (a)–(c) are
for the configuration at ε = 0.151216 just before yielding, while (d)–(f) are for that of ε = 0.151218 after yielding. CNA colors: Green for
FCC, blue for BCC, and red for HCP.

whose vibration polarization vector will finally transform to
plastic displacement.

The participation ratio provides extra information about
the spatial nature of phonon instability in MPEA. As shown
in Fig. 7(c), although the participation ratios of all ten soft
modes fluctuate considerably, one can still notice a clear trend
of descending Pi, especially at the yielding point. Noticed
from the softest mode, the participation ratio drops abruptly
at the phonon instability critical point after a stable plateau.
This phenomenon points to a picture of transition from an
extended to localized mode in MPEA during the formation of
the first plastic event. Note that the softest mode will recover
to another plateau of participation ratio relatively smaller than
the original value, then the mode becomes extended again,
which is in agreement with the healing of chemical order
shown in Fig. 7(a). In other words, the order parameter is
reconstructed, anharmonicity is encouraged, and vibration be-
comes localized with the occurrence of phonon instability in
CoCrNi MPEA, which are unique insights into the failure of
chemically disordered solids that differ significantly from the
usual understanding in conventional chemically homogeneous
crystalline solids.

Finally, the correlation between instability of the soft mode
and the emergence of the plastic event is discussed in Fig. 8.
For this purpose, we show the atomic configurations and the
plastic atom displacements, as well as the softest phonon
polarization vector at the same moment—just before and after
phonon instability, respectively. With the formation of a local
stacking fault after yielding, the atoms in the middle region

undergo essential displacements that produce a partial dis-
location in the sample; see the difference between nonaffine
displacements shown in Figs. 8(b) and 8(e). This plastic event
is actually provided by the collapse of the softest mode, as
demonstrated in Figs. 8(c) and 8(f). Once the plastic event
occurs, the vibrational vector rearranges to the pattern of
Fig. 8(f) to accommodate the atom displacements shown in
Fig. 8(e). Although the displacement field and polarization
vector are not in 100% overlap, the atoms’ movement direc-
tions are in basic agreement with the vibrational mode. While
the displacement pattern of a dislocation is fixed in the FCC
lattice, the diversity of local chemical environment renders
the related soft mode frustrated in the vicinity of phonon
instability.

IV. CONCLUSION

In sum, extensive atomistic simulations on a list of equilib-
rium CoCrNi MPEA samples provide physical insight into the
phonon instability pathway in the general high-entropy alloys,
with a focus on the interplay of CSRO and anharmonicity dur-
ing emergence of the plastic event. The analysis of the lattice
dynamics reveals a significant level of anharmonic effect in
MPEA as suggested by both the equation of state and the
finite value of mode- and system-level Grüneisen parameters.
The anharmonicity is mostly driven by the chemical disorder,
which can be reduced by the formation of CSRO in CoCrNi.
There exist both extended and localized modes at low-
frequency vibrations, which differs from that of conventional
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pure metals in which soft modes are extended. While the ex-
istence of extra localized soft modes is accommodated by the
nominally elastic heterogeneity, the high-frequency localized
mode is closely related to the formation of CSRO. CSRO
obviously increases the abundance of high-frequency vibra-
tions and mildly reduces the number of the medium-frequency
normal modes.

With these features in vibration of MPEA, the phonon
instability mechanism is different from conventional knowl-
edge obtained in the failure of pure metals. While phonon
instability is still driven by the collapse of the softest mode,
the frequency of which experiences strong fluctuations with
strain. The alternative strain stiffening and softening of
phonons reflect the rugged potential energy landscape of such
alloys from a lattice dynamics perspective. Upon yielding, a
simultaneous abrupt drop in the frequencies occurs in all ten
surveyed soft modes, whereas only the first one transitions
from positive to imaginary frequency. In contrast with usual
knowledge, the chemical disorder brings about extra features
to phonon instability in MPEAs. The chemical order can
even be healed by onset of plasticity. Significant fluctuations
of Grüneisen parameter (or anharmonicity) and participation
ratio are clearly seen, which demonstrates the rough phonon
instability pathway compared with the usual knowledge of
continuous softening with strain in phonons. It is the unique
order-vibration-plasticity connection in MPEAs that shifts the
conventional paradigm of signifying plasticity from phonon
instability.
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APPENDIX: WARREN-COWLEY PARAMETER
VERSUS CHEMICAL ORDER

While the physical origin of the anharmonic effect in
MPEAs is still an open issue, it must be associated with the
variation of in chemical environment which can be leveled by
the Warren-Cowley parameters αi j = 1 − pi j

c j
of atom pairs,

where pi j is the probability of finding a j-type atom around
an i-type atom in the nearest neighbors. c j is the nominal

FIG. 9. Warren-Cowley parameter versus order parameter ϕ.

concentration of the j-type element in the multicomponent
system. A negative value of αi j indicates like pairs and a
positive value implies dislike ones. The Warren-Cowley pa-
rameters are calculated and shown in Fig. 9 as a function
of order parameter ϕ. The Warren-Cowley parameters of Ni-
Ni and Co-Cr pairs are always negative, which means they
are like atom pairs in CoCrNi alloys. The concentrations
of them increase with the degree of chemical order ϕ. The
Warren-Cowley parameters of Ni-Co, Ni-Cr, Co-Co, and Cr-
Cr pairs are positive except the case of random solid solutions
(ϕ = 0.3643). Therefore, the four pairs are dislike pairs in the
ordered configurations of CoCrNi. While the order parameter
ϕ increases, αNi-Ni and αCo-Cr become more negative, which
indicates that the number of these two atomic pairs increases
with increasing ϕ. Then the question becomes which pairs are
more harmonic/anharmonic.

To answer the question, we turn the EAM potential as used
here [22]. We break down the pair interactions of the empirical
potential into six groups, as shown in Fig. 9. Then we expend
the potential energies with Taylor expansions with respect
to volume and calculate the degrees of anharmonicity Qanh

for different atom pairs. As shown in Table I, the degrees of
anharmonicity Qanh of the Ni-Ni, Ni-Cr, and Co-Cr atomic
pairs are less than those of the Ni-Co, Co-Co, and Cr-Cr
atomic pairs. This indicates that the anharmonic effect of the
Ni-Ni and Co-Cr atomic pairs are less in CoCrNi MPEAs.
As the order parameter ϕ increases, the number of Ni-Ni and
Co-Cr atomic pairs increases, such that the CoCrNi MPEA
becomes less anharmonic.
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