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Abstract 

This study presents a general, predictive and cost-efficient reduced-order modeling (ROM) technique for 
characterization of laminar premixed flame response under acoustic modulation. The model is built upon 

the kinematic flame model–G-equation to describe the flame topology and dynamics, and the novelties of the 
ROM lie in i) a procedure to create the compatible base flow that can reproduce the correct flame geometry 
and i i ) the use of a physically-consistent acoustic modulation field for the characterization of flame response. 
This ROM addresses the significant limitations of the classical kinematic model, which is only applicable to 

simple flame configurations and relies on ad-hoc models for the modulation field. The ROM is validated by 
considering the acoustically-excited laminar premixed methane/air flames in conical and M-shape configu- 
rations, experimentally study by Durox et al. Proc. Combust. Inst. , 32 (2009). To test the model availability 
to practical burners, a confined flame configuration Cuquel et al., Proc. Combust. Inst. , 34 (2013) is also 

employed for model evaluation. The model accuracy is evaluated concerning flame geometrical features and 

flame describing function, and assessed by comparing the ROM results with both the experimental measure- 
ments and the direct-numerical-simulation results. It is found that the flame describing/transfer functions 
predicted by the ROM compare well with reference data, and are more accurate than those obtained from 

the conventional kinematic model built upon heuristically-presumed modulation fields. 
© 2022 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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1. Introduction 

Over the past decade remarkable progress has
been accomplished toward enabling predictive
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analysis of combustion instability for real-world 

applications [1,2] . Full-scale high-fidelity simula- 
tion has been applied to characterize the unsteady 
combustion behaviors in realistic engine geome- 
tries. However, due to the high computational cost, 
the applicability of this technique, in particular to a 
broad range of operability map, remains very lim- 
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ted. As an efficient and versatile alternative, the
heoretical framework based on the flame describ-
ng function (FDF) [3,4] has recently gained in-
reasing attentions. In this theory, the FDF plays
 vital role, which represents the flame response to
ocal flow disturbance in a mathematical form of : 

 

(
ˆ u 

U 0 
, f 

)
= 

ˆ ˙ Q ( ̂  u /U 0 , f ) / 
¯̇
 Q 

ˆ u ( f ) /U 0 

= G 

(
ˆ u 

U 0 
, f 

)
e iϕ 

(
ˆ u 

U 0 
, f 

)
, (1)

here ˆ u is the velocity perturbation amplitude at

he flame holder and 

ˆ ˙ Q is the Fourier transform of 
he induced heat-release-rate fluctuation; accord-
ngly, G and ϕ are the gain and phase delay, and
oth are bivariate functions of frequency f and
erturbation level ˆ u ( f ) /U 0 . FDF can be coupled
ith analytical acoustic models [5,6] or thermoa-

oustic solvers [7] to effectively predict the combus-
ion modalities and characterize the nonlinear ther-
oacoustic behaviors of combustion devices [2] .
owever, the successful analysis is essentially de-

endent on the accurate evaluation of FDF. In
ractice, FDF is either measured via experiment or
valuated using numerical simulation. 

With regard to the computational determina-
ion of FDF, it is either by means of high-fidelity
ut very time-consuming techniques, such as large-
ddy simulation [8–10] , or based on efficient but
ow-order models (ROM), such as the kinematic

odels with G-equation [3,11–15] and the lin-
arized Navier-Stokes (LNS) equations [13,16] .
he main issue associated with the ROM technique

s that it is only limited to simple flame configura-
ions, e.g., conical or slot flame, where the base-flow
nowledge is well understood, and the presumed
erturbation flow field reasonably reflects the true
hysics. 

To improve the fidelity of ROM technique and
emove the ad-hoc assumptions, there are recent ef-
orts [13,17,18] devoted to developing physically-
nformed velocity perturbation fields. These mod-
ling efforts focus on the accurate description of 
he feedback between the flame and flow responses.
s exhibited in the experimental studies of Bail-

ot et al. [19] and Birbaud et al. [20] , this feedback
echanism plays an active role in producing con-

ective perturbation mode. Blanchard et al. [13] ap-
lied LNS analysis to a M-shape flame and iden-
ified the vorticity generated at the flame front as
 driving mechanism for convective perturbation
ode. To account for the vortical mode, in their
OM the wrinkled flame sheet is modeled as a vor-

icity sheet driven by the effects of localized curva-
ure and local strain. Steinbacher et al. [18] identi-
ed for a 2D slit flame that the vorticity generated
y baroclinic torque at the flame front is the source
f convective perturbation mode in the flame cone.
hey proposed another ROM by modeling the con-
vective perturbation subject to this particular vor-
ticity generation mechanism. Despite the progress
made in modeling the velocity perturbation field
in physics-based methods, several issues remain to
be addressed. For instance, although the flame-flow
feedback interaction is accounted for, but the accu-
rate model for hydrodynamic and thermo-diffusive
modes (linear) has not been incorporated into these
ROMs. Moreover, the ROMs in [13,18] are both
built upon the linearized G-equation, and there-
fore cannot capture the nonlinear response result-
ing from the flame disturbance itself. In this regard,
the above-mentioned ROMs may be used to predict
FTF (flame transfer function-the FDF with small
amplitude perturbations). The efficient ROM that
can provide predictive FDF has yet to be devel-
oped. The present effort is taken toward addressing
this need. 

In the study, a reduced-order model will be pro-
posed upon the basis of the kinematic model that
solely solves the nonlinear G-equation to track
laminar flame front and delineate heat release be-
havior (as the integral of flame surface [4] ). In or-
der to fundamentally address the existing model
limitation and improve the model fidelity, we will
present a novel procedure to construct the mod-
ulating flow field that allows the laminar flame
front to evolve in the physically-consistent man-
ner. To this end, the necessary flow information
will be derived from the base-flow of the com-
bustion field through linearized flow analysis. The
base-flow will be taken from the steady flame so-
lution of detailed simulation in the present study,
but could also be obtained from experimental study
or Reynolds-Averaged Navier-Stokes simulation. It
will be shown that with the embedded critical physi-
cal knowledge the resulting ROM is capable of cap-
turing the laminar flame response to flow pertur-
bations and delivering predictive FDF results, even
though the flame-flow feedback effect is not taken
into account. 

The content of this paper is organized as fol-
lows. The ROM solution techniques are detailed
in Section 2 The validation study is carried out in
Section 3 to assess the accuracy of the proposed
ROM by considering different laminar premixed
flame configurations. The flame response predic-
tions will be compared against experimental data
and DNS solutions. Section 4 extends the applica-
tion to a confined flame setting to further evaluate
the model generality. The paper finishes with con-
clusions in Section 5 . 

2. Solution techniques 

The calculation procedure of the presented
ROM is illustrated in Fig. 1 and summarized as fol-
lows: First, perform the direct simulation for the
steady (unperturbed) flame, for which the compu-
tational details are given in Sec. 2.1 . Then, con-
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Fig. 1. Workflow and calculation procedure of the 
reduced-order modeling approach for characterization of 
flame response to acoustic modulation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

struct a pseudo base flow following the method pro-
posed in Sec. 2.2 . This step is a one-time effort for a
given configuration. Meanwhile, carry out the lin-
ear input-output analysis, as discussed in Sec. 2.3 ,
using the steady flame solution as the base flow to
obtain an accurate acoustic-modulation field at dif-
ferent frequencies. The obtained modal solution is
transformed to time domain, which is then super-
imposed onto the pseudo base flow to form the ac-
tual flow field used in G-equation based kinematic
model. For a given set of frequency and perturba-
tion levels, the G-equation is solved with the ap-
proach in Sec. 2.4 to predict the flame response. To
obtain FTF (flame transfer function the FDF with
a very small amplitude) or FDF, one only needs to
repeat the G-equation calculation until the relevant
ranges of frequency and amplitude are swept. 

2.1. Direct numerical simulation (DNS) 

The variable-density reacting flow is described
by the Navier-Stokes equations at the low-Mach
limit: 

∂ t ρ + ∇ · (ρ� ) = 0 , (2a)

∂ t (ρu ) + ∇ · (ρu u T ) = −∇p + ∇ · τ , (2b)

ρc p ∂ t T + ρc p u · ∇T =∇ · ( λ∇T ) −
N ∑ 

i 

h i ̇  ω i , (2c)
ρ∂ t Y i + ρu · ∇Y i = ∇ · ( ρD ∇Y i ) + ˙ ω i , (2d) 

ρ = f EOS (T, Y i ) , (2e) 

in which ρ, u , t , p, T , Y , h , and c p are density, 
velocity, viscous stress tensor, pressure, tempera- 
ture, species mass fraction, specific enthalpy, and 

heat capacity at constant pressure, respectively; and 

˙ ω refers to the chemical production rate of the 
species. The mass diffusivity takes the form of D = 

μ/ (ρSc ) , where the Schmidt number, Sc, is set to 0.7 
and the dynamic viscosity, μ, is described with the 
classical power law. The thermal conductivity, λ, is 
determined via λ = c p μ/ Pr with a Prandtl number 
of 0.7. In this study, the methane/air combustion 

is modeled with a one-step global reaction: CH 4 + 

2 O 2 −→ CO 2 + 2 H 2 O . The reaction rate, ˙ �, is ex- 
pressed by the Arrhenius law, 

˙ � = A 

[
ρY CH 4 

W CH 4 

]n CH 4 
[

ρY O 2 

W O 2 

]n O 2 
exp 

(
− E a 

RT 

)
(3) 

with the pre-exponential factor A = 2 . 119 ×
10 11 m 

1 . 5 / 
(

s · mol 0 . 5 
)

, the activation energy 

Ea = 2 . 027 × 10 8 J · mol −1 , n CH 4 = 0 . 2 and 

n O 2 = 1 . 3 . This set of equations are solved, 
following the procedure by Pierce [21] with a 
second-order finite-difference scheme on a stag- 
gered grid and a third-order Runge-Kutta (RK) 
time-stepping scheme, for the direct numerical 
simulations. A uniform velocity profile is imposed 

at the inlet; zero pressure gradient is prescribed 

at the outlet. The nozzle walls are treated as non- 
slip, isothermal walls while the confined walls are 
treated as non-slip, adiabatic walls. Such simula- 
tions are performed in 2D axisymmetric domains, 
and used to generate the steady-state flame profile 
for the ROM and also the reference unsteady-flame 
solutions for validation study. 

2.2. Pseudo base-flow 

In this section the discussions focus on why and 

how to construct the pseudo base flow indicated in 

Fig. 1 for our G-equation based ROM. It should be 
pointed out that evolving the G-equation requires a 
complete and model-compatible flow field. Directly 
using the steady flow field of reactive DNS is not an 

option for our purpose, because the level-set solu- 
tion cannot stabilize in the significantly accelerated 

flow in the post-flame region, which is induced by 
the thermal expansion across the flame. The same 
problem was also encountered in previous studies. 
To circumvent this issues, researchers suggested to 

use the uniform flow for conical flames [22] , and 

resorted to the potential flow model or RANS re- 
sults [15] for M-shape flames. Here we propose a 
more general and parameter-free approach for this 
purpose. The key idea is to construct the pseudo 
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Fig. 2. DNS flow field versus the constructed pseudo base 
flow illustrated in a M-shape flame setting, including the 
streamwise (a) and radial (b) velocity fields. In each panel, 
the left and right contourplots correspond to the DNS 
and the constructed pseudo fields, respectively. The black 
line represents the flame surface in ROM while the red 
dased line mark the frozen pre-flame region with shared 
velocity. (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version 
of this article.) 

b  

fl  

s  

c  

q
t  

t  

e  

o  

e  

w
 

F  

t  

t  

i  

p  

r  

t  

m  

t  

(  

o  

b
t  

i  

g  

fl  

f  

r  

c  

i  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ase flow from the DNS results by keeping its pre-
ame flow field while removing the thermal expan-
ion of its post-flame velocity field in a physically-
onsistent manner. Regarding the latter point, it re-
uires the modified post-flame flow to 1) be free of 
hermal expansion and smoothly connected with
he frozen pre-flame flow; 2) lead to a steady G-
quation solution that recovers the DNS flame ge-
metry; and 3) represent the original aerodynamic
nvironment around the flame. To enable this, we
ill rely on an auxiliary simulation. 

Specifically, the following procedure is executed.
irst, select a isotherm line to distinguish with

he pre- and post-flame region. Second, directly
ake the DNS velocity result upstream from the
sotherm as the velocity of pseudo base flow in the
re-flame region (this corresponds to the “shared
egion” in Fig. 2 ); Third, run a cold-flow simula-
ion on the post-flame domain by solving the DNS
odel of Eq. (2) without the chemical source

erms, using the velocity profile on the isotherm
essentially as a inlet boundary boundary) and the
riginal boundary conditions prescribed to other
oundaries. Finally, assign the steady solution of 
his auxiliary cold-flow simulation as the veloc-
ty field of pseudo base flow in the post-flame re-
ion. Fig. 2 illustrates the constructed pseudo base
ow in (a) along with the original DNS flow in (b)

or a M-shape flame configuration. As shown, our
esult reproduces the correct flame geometry and
aptures the aerodynamic environment surround-
ng the flame, while the thermal expansion effect
is removed in the post-flame region. Due to model
assumption in the G-equation itself, there could
be very small difference in the flame position be-
tween the steady ROM solution and the DNS re-
sult. Lastly, it is important to mention that an se-
lected isotherm contour should be sufficiently close
to the flame while at the same time the velocity on
that contour line is barely affected by thermal ex-
pansion. In practice, we found that the isotherm
contour lines, T = T u + 10 ∼50 K ( T u is the temper-
ature of unburnt mixture), lead to ideal and similar
results. We use T = T u + 30 K for the present study.

2.3. Linear input-output analysis 

The input-output analysis [23] is performed to
obtain the mode shape of the acoustic-modulated
flow field, which is then used to generate the
physically-consistent modulation to be superim-
posed onto the pseudo base flow. This technique
should be distinguished from the linear stabil-
ity analysis purposed to obtain flow eigenmodes.
Here the input-output analysis seeks the frequency-
domain solution of the linearized Navier-Stokes
(LNS) equations but with imposed acoustic per-
turbations at the inflow boundary. The LNS equa-
tions write: 

iω ̂  ρ + ∇ · ( ̂  ρu 0 + ρ0 ̂  u ) = 0 , (4a)

ρ0 ( iω ̂ u + ( ̂ u · ∇ ) u 0 + ( u 0 · ∇ ) ̂ u ) 
= −∇ ̂  p + ∇ · ˆ τ , (4b)

ρ0 c p (iωT 0 + ̂  u · ∇T 0 + u 0 · ∇ 

ˆ T ) − ∇ u 0 : ˆ τ , 

+ ˆ ρc p ( u 0 · ∇T 0 ) = ∇(k∇ 

ˆ T ) + ∇ ̂  u : τ0 , (4c)

ˆ ρ = ˆ p /RT 0 − ρ0 ˆ T /T 0 , (4d)

ˆ τ = μ
(∇ ̂  u + (∇ ̂  u ) T 

) − 2 / 3 μ(∇ · ˆ u ) I , (4e)

in which the subscript “0” indicates the base-flow
quantities and the hat symbol indicates the com-
plex amplitudes of the variables at a given fre-
quency, ω. This set of LNS equations is solved us-
ing COMSOL Multiphysics with the steady DNS
flame solution as the base flow. It is important
to aware that the exothermic effect is accommo-
dated in the base flow and assumed not to signif-
icantly impact the flame-upstream acoustic modu-
lation [24] . The LNS based techniques were used
to characterize flame responses [13,16] . Differently,
our ROM solves the LNS equations in the non-
reactive form without the linearized source terms;
moreover, rather than directly formulating or eval-
uating FTFs, the outcome of LNS analysis here
is the modulated flow field to evolve the nonlinear
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G-equation, from which FDFs/FTFs are then ob-
tained. Also note that the LNS analysis here is per-
formed around a frozen base flow, and therefore the
obtain flow reponses are linear modes. It is assumed
that flame disturbance does not introduce any feed-
back influence on the velocity perturbations. This is
a key difference from the ROMs in [13,18] , where
the flame-flow perturbations are directly coupled
under certain specific physically-informed mecha-
nisms. 

2.4. G-equation and level-set 

Once the pseudo base flow and the acoustic-
modulation field are obtained. G-equation is solved
with the synthesized flow field as illustrated in
Fig. 1 . The s L is evaluated with the consideration
of flame curvature and flow strain effects. A level-
set approach with a fifth-order WENO scheme and
a fourth-order RK scheme is used to solve the G-
equation. A narrow band technique that only up-
dates the solution in near-flame grid points is em-
ployed to reduce the computation cost. In each time
step, the scalar field G is re-initialized to a signed
distance function by solving the Eikonal equa-
tion to ensure a constant flame thickness, |∇G| . In
addition, to keep the flame anchored at the burner
lip, the G solution is fixed to zero at the flame-
anchoring point. It should be noted here that we
solve the G-equation in the nonlinear form. Hence,
the proposed ROM can be used to predict both
FTF and FDF. 

2.5. Model assumptions and limitations 

Our ROM has several notable assumptions: i)
the modulation field is obtained from LNS and
therefore, restrictively speaking, the mode shape is
only accurate for small perturbation around the
base flow; i i ) the model assumes that the flow re-
sponse remains linear and the only nonlinearity
arises from the flame response; i i i ) unlike in [13,18] ,
the coupled flame-flow feedback effect is not cap-
tured in our velocity perturbation field; and iv ) in
the G-equation based kinematic flame model, we
assume that the flame is a thin surface and an-
chored at a point. Regarding the last point, the
model error could be reduced by allowing the flame
to slide if the detailed information on the motion of 
the flame base is known from measurements. 

3. Validation study 

3.1. Flame configuration and simulation setup 

We consider the laminar premixed flames in
conical and M-shape configurations, experimen-
tally studied by Durox et al. [25] , to validate our
modeling approach. In their burner setup, the
CH4/air mixture with an equivalence ratio of φ =
1 . 08 is issued from a nozzle of 22 mm in diameter. 
A rod of 6 mm in diameter is placed at the center 
of the exit plane, serving as a flame stabilizer. For 
simplification, the rod is not considered in the cal- 
culation for the conical flame. The mean bulk veloc- 
ity U 0 is 1.96 m/s for the conical flame and 2.12 m/s 
for the M-shape flame, respectively. In the experi- 
ment, the flame is directly situated in ambient air; 
thus for the simulation we set a slow air coflow at a 
speed of 2% U 0 to ensure the well-posedness. Given 

the mixture composition and the operating condi- 
tion ( T u = 300 K and 1 atm), the laminar flame 
speed is s L | φ=1 . 08 = 0.385 m/s and the thermal flame 
thickness is about 0.5 mm. In the DNS and ROM 

calculations, the numerical resolutions around the 
flame region are 	x = 0 . 05 mm and 	r = 0 . 08 
mm along the streamwise and radial directions, 
respectively. 

3.2. Flame dynamics 

Fig. 3 shows the comparison of the instanta- 
neous profiles of modulated flames captured by the 
experimental measurements [25] , the DNS and the 
ROM. The conical flame is subjected to the per- 
turbation of 102 Hz and amplitude ˆ u /U 0 = 26% , 
while the M-shape flame is modulated with the per- 
turbation of 152 Hz and amplitude ˆ u /U 0 = 25% . 
Compared to the measurements, the key geomet- 
rical features of the flames, such as the flame tip 

height, flame wrinkle location, and surface topol- 
ogy, are well reproduced in the DNS as well as 
by the ROM. With regard to the M-shape flame 
specifically, the inner and outer surfaces show dis- 
tinct characteristics; and the outer surface situ- 
ated along the shear layer between the jetting fluid 

and ambient air exhibits more significant defor- 
mation under the modulation. The flame dynam- 
ics are further examined at different frequencies, 
together with the perturbation mode shapes cap- 
tured via the input-output analysis in Fig. 4 . As 
shown, the axial perturbation mode tends to fol- 
low the flame sheet geometry while the radial mode 
tends to depart from the flame sheet along the axial 
flow direction. One important finding here is that 
the vortical mode is substantial only at the flame 
base for conical flame when realistic gas expansion 

is considered (here T b /T u = 7 ). A similar observa- 
tion was obtained by Steinbacher et al. [17] who 

studied a 2D slit flame with a similar gas expan- 
sion ratio and decomposed the velocity field into 

potential and solenoidal parts. Schlimpert et al.’s 
study [26] also corroborates the present finding, 
and moreover they found a much stronger impact 
of vortical mode on flame in the case of negligible 
thermal expansion. Compared to the conical flame, 
the M-shape flame seems more receptible to the ra- 
dial mode due to its distinct flame shape. The radial 
mode mainly acts on the outer part of the flame and 

causes large surface distortion, which agrees well 
with the flame behavior revealed in the experimen- 
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Fig. 3. Instantaneous snapshots of acoustically-modulated conical flame (a) at 102 Hz and perturbation amplitude ̂  u /U 0 = 

26% and M-shape flame (b) at 152 Hz and ˆ u /U 0 = 25% , captured by the experiment [25] (top row), DNS (middle row), and 
the proposed ROM (bottom row). The grey regions in DNS and ROM represent the unburnt mixture. The experimental 
images are taken from [25] . 

Fig. 4. Perturbation mode shapes and instantaneous 
flame geometries obtained from ROM for conical flame 
(CF) cases (a-c) and M-shape flame (MF) cases (d-f) at 
various frequencies. In each panel, left and right half- 
planes show the streamwise and radial perturbation mode 
shapes, respectively. The solid and dashed curves denote 
perturbed and unperturbed flame fronts. 
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al images. In addition, the flame tends to be domi-
ated by uniform perturbation at lower frequencies
hich leads to ampler mode shapes, while by con-
ective perturbation at higher frequencies for which
he modal structures become smaller. This obser-
ation is also consistent with the previous find-
ngs [25,27] . It is proven that the modulation field
generated with the proposed method well captures
the flow disturbance induced along the shear layer.

3.3. Flame describing function 

The comparison of the flame describing func-
tions obtained via the experimental measure-
ments [25] , the DNS and the ROM is presented
in Fig. 5 . It can be seen that both the DNS and
ROM accurately capture the gain and phase vari-
ations with respect to perturbation frequency and
amplitude. The saturation behavior of heat release
fluctuation, as well as the rebounds along the gain
curves, is well reproduced in the conical flame
case; comparatively, the DNS yields slightly im-
proved predictions. For the M-shape flame case,
the DNS and ROM also yield similar accuracy
in reference with the experimental results. Despite
small underprediction in the gain profile over in-
termediate frequencies, the gain and phase lag be-
haviors are well captured by the proposed ROM.
It is worth noting that the phase lag prediction
through G-equation suffered from significant defi-
ciencies [11,15] . The proposed ROM, which is built
upon the physically-consistent modulation, pro-
vides significant improvement in the phase lag pre-
diction, compared to the previously used ROMs.
This aspect will be further elaborated in the next
section. 

3.4. Assessment of the modulation field 

A key aspect of our ROM is that the acous-
tic modulation field is constructed based on the
information derived from the flow physics taking
place in the given combustion configuration, and
no heuristics are introduced. Developing ROMs
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Fig. 5. FDFs of conical flame (a) and M-shape flame (b) 
obtained from the experiment [25] , DNS and the ROM. 
The curves in the gain plots are shifted by 0.5 for clarity. 

 

 

 

 

 

 

 

 

 

 

Fig. 6. FDFs of conical flame (a) and M-shape flame (b) 
obtained from ROM predictions with different modula- 
tions. The curves in the gain plots are shifted by 0.5 for 
clarity. 
based on physically-informed velocity perturba-
tions can also be found in the studies of Blanchard
et al. [13] and Steinbacher et al. [18] . To assess the
modulation field and its role in the ROM, a further
investigation is carried out to compare the FDFs
predicted with different modulation fields, includ-
ing those heuristically derived and commonly used
in literature. Three modulation models are consid-
ered for comparison: 

Model I: u ′ x = ˆ u cos (ωt) , u ′ r = 0 , 
Model II: u ′ x = ˆ u cos (kx − ωt) , u ′ r = 0 , 

Model III: u ′ x = ˆ u cos (kx − ωt) , 

u ′ r = k 

r 
2 

ˆ u sin (kx − ωt) , 

Models I and II represent uniform and convective
perturbations [27,28] ; and Model III is an improved
version of Model II, accounting for the radial per- 
turbation component [29] . In Models II and III, the 
convective velocity is set to the mean bulk velocity 
at the nozzle exit. Fig. 6 shows the FDFs predicted 

with different modulation fields for both conical 
and M-shape flames. All modulation models lead to 

reasonably good gain results for the conical flame. 
The major performance difference lies in the phase- 
lag prediction. Model I fails in this regard, and 

Models II and III cannot yield satisfactory phase- 
lag predictions at high frequencies. Our modula- 
tion field offers considerably superior results. As for 
the M-shape flame, Models I and II fail to capture 
the amplification effect in the gain profile, and the 
model performance in phase-lag predictions is simi- 
lar to that for the conical flame case. This study sub- 
stantiates that the modulation field constructed via 
the input-output analysis indeed outperforms the 
heuristically-presumed modulation fields, and ele- 
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Table 1 
Unperturbed flame heights of confined conical flames ob- 
tained in the experiment [31] and by our ROM. 

C r = 0 . 44 C r = 0 . 66 C r = 0 . 81 

EXP 42.5 mm 45.6 mm 54.5 mm 

ROM 42.9 mm 46.5 mm 57.2 mm 
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Fig. 7. Perturbation mode shapes and instantaneous 
flame geometries obtained from ROM for the confined 
conical flames at 65 Hz (a) and 115 Hz (b). In each 
subplot, panels from left and right correspond to Cr = 

0 . 44 , 0 . 60 , 0 . 81 , respectively. The left and right half- 
planes show the streamwise and radial perturbation mode 
shapes. The plume of burnt gas is indicated by the white 
dashed line. The solid and dotted curves denote the per- 
turbed and unperturbed flame fronts, respectively. 

Fig. 8. FTFs of the confined conical flames with dif- 
ferent confinement ratios. ROM (line) and experimental 
(dot) results are both obtained with a modulation level 
ˆ u /U 0 = 10% . The experimental data are taken from [30] . 
The curves in the gain plot are shifted by 0.5 for clarity. 
ates the overall fidelity of ROM by serving a key
lgorithmic ingredient. 

. Application to confined laminar flame 

In the previous analysis, the ROM is applied to
nconfined laminar flame configurations. In prac-
ical scenarios, flames are typically contained in
ombustors and the confinement effect must be ad-
ressed. Hence, further model evaluation is carried
ut to examine the accuracy of ROM in predict-

ng flame transfer functions for confined laminar
remixed flames. For this, we consider the flame
onfiguration of Cuquel et al. [30] , in which con-
cal flames are placed in tubes of various radii
nd flame transfer functions are measured at var-
ous confinement ratios ( C r , defined as the ratio of 
urner-exit radius to the tube radius). For more
etup details, the reader is referred to the original
aper [30] . We apply the ROM to the flame case
ith an inflow mass rate of ˙ m = 0 . 566 g/s which

orresponds to U 0 = 1 . 32 m/s. The unperturbed
ame heights obtained by our ROM compare well
ith the experimental measurements, as exhibited

n Table 1 . The flame shapes, including the per-
urbed and unperturbed, are illustrated along with
he predicted acoustic modulation fields in Fig. 7 .
here are several key findings. First of all, the

tronger confinement leads to longer flame geom-
try because of the streamwise flow acceleration
aused by the enlarged radial flow strain. Our ROM
s able to capture this flame behavior; furthermore,
he predicted flame (unperturbed) height at each
 r agrees well with the corresponding measure-
ent [30] . Secondly, the flow perturbation modes

re significantly altered by confinement. With an
ncreasing C r , the streamwise mode becomes more
longated and meanwhile the radial mode number
educes. Since the perturbations are convected by
he mean flow, these changes in mode shape are a
irect result of the growing streamwise mean-flow
elocity due to confinement. These mode behav-
ors are all represented by our ROM. Frequency
lso plays a role in the mode shape and subse-
uently the flame behavior. Higher frequency leads
o a more rapid decay in mode amplitude along
he streamwise direction, as revealed in Fig. 7 . The
redicted FTFs of the confined flames are com-
ared against the experimental data in Fig. 8 . The
ain and phase lag predicted by the ROM agree
ell with those from the measurements [30] , espe-
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cially in the lower frequency range ( f < 60 Hz).
The overall accuracy is similar to that observed in
the unconfined laminar premixed flame configura-
tion, although some discrepancies appear over the
rebounds at a higher frequency range. These dis-
crepancies are likely attributed to the feedback ef-
fect between flame and flow responses, which is not
considered in our ROM. According to the analysis
of Steinbacher et al. [18] , the gain can be consid-
erably underestimated without accounting for the
flame-flow feedback interaction at the higher fre-
quency range. It is noteworthy that the consistent
growth of phase lag with respect to frequency is
a key feature in the high confinement case ( C r =
0 . 81 ), different from the saturation behavior in the
 r = 0 . 44 and C r = 0 . 66 cases. This feature is likely

attributed to the peculiar mode shapes created un-
der the strong confinement, and was not addressed
by previous modeling effort [30] . It is remarkable
that our ROM which is based on the physically-
consistent modulation is able to capture the phase-
lag behavior in the highly confined flame configu-
ration. 

5. Conclusions 

We presented a predictive and efficient reduced-
order modeling technique for the evaluation of 
flame describing/transfer functions of laminar pre-
mixed flames, in order to facilitate combustion in-
stability analysis. This model is built on the G-
equation kinematic model to track flame front
and capture flame response to flow modulation.
The major innovation is on the construction of a
high-fidelity flow field to allow flame evolving in
a physically-consistent manner. For this, a pseudo
base-flow is first established through a novel ap-
proach to replicate the steady-state flame geometry
and the corresponding aerodynamic environment;
then, a linearized Navier-Stokes input-output anal-
ysis is conducted to capture the mode shape of the
acoustic-modulation field. 

Limitations exist in our ROM. The proposed
ROM neglects the flame-flow feedback. Moreover,
the ROM implicitly assumes that flow response is
triggered around the frozen base flow and remains
linear in the perturbed flame field. Hence, model
errors appear when the ROM is applied to pre-
dict flame response under finite-amplitude acous-
tic perturbations. The nonlinearity associated with
the flame response is captured by the nonlinear G-
equation by assuming ideal flame anchoring. 

The accuracy of the proposed ROM was as-
sessed in validation studies with the considera-
tion of laminar premixed CH 4 /air flames in coni-
cal and M-shape geometries. The study shows that
the ROM predictions of the flame dynamics and
flame describing functions agree well with the ex-
perimental measurements and achieve similar ac-
curacy with those obtained from direct numeri-
cal simulations. Further investigations highlighted 

the superiority of the physics-informed perturba- 
tion model over the commonly used presumed ones. 
Lastly, the ROM was applied to flame response pre- 
dictions for the confined laminar premixed flame 
to illustrate the generality of the modeling tech- 
nique and the potential to be used in thermoacous- 
tic analysis of combustors/burners of practical rel- 
evance. 
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