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A B S T R A C T   

Discrete fracture and matrix modeling of coupled flow and geomechanics is instrumental for understanding flow 
in fractured media for various geoengineering applications such as enhanced geothermal energy systems and 
groundwater remediation. We employ the governing equations for two-phase flow in deformable fractured 
porous media with a stress-dependent porosity and permeability model of matrix, and variable fracture aperture 
and the corresponding permeability. A finite element framework is presented, in which fractures are regarded as 
low-dimensional objects, to discretize the coupled two-phase flow and geomechanics in fractured porous media. 
A hybrid method, combining discontinuous Galerkin (DG) and continuous Galerkin (CG) finite element methods 
(FEM), is utilized to solve for the two-phase flow, while the solid deformation is approximated using a discon-
tinuous Galerkin FEM approach. Several benchmark cases are utilized to examine the accuracy of the proposed 
hybrid DG-CG FEM method. Further validation is performed using more complex, realistic fracture configura-
tions. As the mechanical characteristics of the fracture and the surrounding matrix differ, the simulation results 
demonstrate that displacement and stress are discontinuous on both sides of the fracture. While the case with low 
permeability fractures exhibits pressure jump across the fractures, the pressure changes are reasonably smooth 
for the conduit fractures.   

1. Introduction 

Coupled hydromechanical processes of fractured porous media are 
pertinent to a variety of geological applications, including CO2 storage 
and sequestration (Wang et al., 2022), enhanced geothermal systems 
(Salimzadeh et al., 2018; Zheng et al., 2021), and oil or gas production 
(Jiang and Yang, 2018; Liu et al., 2021; Tian et al., 2023). Fractures 
occurring at multiple scales with very complex geometries (Salimzadeh 
et al., 2019b) elevate the difficulty of coupled multi-physics modeling. 
Discrete fracture models have been proposed for accurate simulations of 
fluid flow, solid deformation, and their interactions in fractured porous 
media with variable hydromechanical properties (Latham et al., 2013; 
Salimzadeh et al., 2019a; Liu, 2022). 

In the discrete fracture models, fractures can be represented with 
lower dimensional entities. Various numerical methods, such as finite 
element (Ma et al., 2020), finite volume (Reichenberger et al., 2006), 
extended finite-element (Fumagalli and Scotti, 2013), and finite- 
volume-finite-element (Matthäi et al., 2010), have been proposed and 
implemented for both conforming and nonconforming grids. Several 
new numerical schemes have evolved within the finite volume frame-
work, including the control-volume method (Monteagudo and Fir-
oozabadi, 2004), cell-centered finite volume (CCFV) with two-point flux 
approximation (TPFA) or multi-point flux approximation (MPFA) 
(Monteagudo and Firoozabadi, 2004; Gläser et al., 2017; Gläser et al., 
2019), vertex-centered finite-volume (VCFV) (Gläser et al., 2022), and 
projection-based embedded discrete fracture method (pEDFM) (Jiang 
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and Younis, 2017; HosseiniMehr et al., 2022). Later, the enriched 
Galerkin (Kadeethum et al., 2020a) and discontinuous Galerkin finite 
element (Ma et al., 2021b) have been developed to simulate fluid flow in 
fractured rocks. 

From a mechanical aspect, a fracture is regarded as a mechanical 
discontinuity that results in the discontinuity of displacement between 
two sides of the fracture. Zero-thickness interface elements (Nguyen, 
2014b; Cerfontaine et al., 2015) and lower-dimensional interface ele-
ments with local enrichment approximation (Jafari et al., 2022) are two 
significant approaches. The interface elements approach was initially 
presented by Goodman et al. (1968) and has earned a great deal of 
attention and application in the traditional FEM analyses due to its ease 
of implementation. The extended finite element method’s (XFEM) 
enrichment approximation employs local enrichment functions, specif-
ically jump functions, within an approximation space. This strategy 
effectively handles mechanical discontinuities and reduces the costs 
related to re-meshing associated with fracture growth. Nonetheless, it 
also expands the degrees of freedom. 

In general, the governing equations of coupled flow and geo-
mechanics are solved by combining the previously introduced dis-
cretization method (Deb and Jenny, 2017; Wu et al., 2020; Khoei and 
Saeedmonir, 2021; Ren and Younis, 2021; Shen and Riviere, 2022). 
Jiang and Yang (2018) used a combination of mimetic finite different 
(MFD) with finite element method (FEM) to single-phase flow subjected 
to stress conditions. Obeysekara et al. (2018) presented a coupled 
scheme by linking control-volume method with finite discrete element 
method with local mesh refinement technology. Ren et al. (2018) 
developed the XFEM and pEDFM scheme for handling the two-phase 
flow in deformable fractures and barriers. Cusini et al. (2021) intro-
duced the FV technique for discretizing fluid field and FE discretization 
of the solid deformation equation associated with the embedded discrete 
fracture model (EDFM) and the embedded finite element method 
(EFEM) enrichment approach, respectively. Besides, Khoei et al. (2016) 
and Jin and Zoback (2017) applied the XFEM and mixed FEM dis-
cretization strategies, respectively, for both fluid and solid physics. 

In this paper, we advance our prior research (Ma et al., 2021a; Ma 
et al., 2021b) to investigate the influence of fractures on fluid flow 
patterns and solid deformation, utilizing the discontinuous Galerkin 
(DG) and continuous Galerkin (CG) Finite Element Method (FEM). A 
finite element discretization for multiphase flow in matrix and fracture, 
and linear momentum balance equation is introduced. The hydro- 
mechanical significance of the fracture in flow and deformation is 
captured by a discrete fracture model with unstructured mesh. We adopt 
discontinuous Galerkin finite element method (DG-FEM) for dis-
cretization of fluid flow in the matrix and solid deformation and 
continuous Galerkin finite element method (CG-FEM) for fluid flow in 
both permeable and sealed fractures. 

This paper is structured as follows: Section 2 presents the strong and 
weak forms of coupled two-phase flow and solid deformation of frac-
tured porous media. In Section 3, model implementation in a FE soft-
ware is briefly introduced. In Section 4, several benchmark cases to 
examine the accuracy of the proposed method are studied. A case with a 
more complex fracture configuration is also conducted to demonstrate 
the applicability of the technique to a more realistic fractured medium. 
Finally, the conclusions are presented in Section 5. 

2. Coupled hydro-mechanical governing equations for two- 
phase flow in deformable fractured porous media 

2.1. Strong form of the coupled HM model 

The governing equations of coupled hydro-mechanical model 
comprise of solid deformation and two-phase flow equations. Under the 
assumption of quasi-static and linear elasticity, the mechanical equi-
librium of solid skeleton is stated as 

∇⋅σ +F = 0 (1) 

where F is the body force, and σ is total stress, which includes two 
parts of contributions from solid skeleton and internal fluids. We assume 
that a positive stress acts in tension. The total stress σ is defined as the 
function of effective stress σ′ and means pore pressure pm, which is 
defined as: 

σ = σ′ − αIp = C : ε − αIpm (2)  

where C is four-order elasticity tensor, α is the Biot’s coefficient of 
porous media, and I is the identity tensor. The gradient of the 
displacement u is related to the symmetric elastic strain ε 

ε =
1
2
(
∇u+∇uT) (3) 

The fractures might be either open or closed. Typically, as the frac-
ture closes, the Coulomb model is employed to describe frictional sliding 
(Nguyen, 2014a; Cusini et al., 2021). In this work, we focus exclusively 
on the condition that fracture aperture size remains larger than zero. 
Without considering the contact conditions on the fracture the traction 
balance on the fracture surface is described by effective contact tractions 
σf′ and fracture pressure pf , 

Eσf F = Eσf′
− αIpf F = 0 (4)  

where Eσf F represents the stress jump across the fracture. Eq. (4) en-
forces the continuity of the stresses across the fracture. The effective 
stress σf′ is determined by 

σf′
= SEuF (5)  

where EuF is the relative displacement or displacement jump across the 
fracture, the stiffness tensor S is given as 

S =

[
Stt 0
0 Snn

]

(6)  

where Stt and Snn represent the shear and normal stiffness of fractures, 
respectively. When there is no contact between the two sides of a frac-
ture, the sole pressure extended by fluids causes fracture to split and 
impacts the stress (Cusini et al., 2021). In this situation, the mechanical 
characteristics are disregarded, such that Stt and Snn are considered to be 
zero. 

The mass continuity equations for two-phase flow in deformable 
fractured porous media include three portions: fluid flows in the matrix, 
fluid flows in fractures, and mass transmission between the matrix and 
fractures. The governing equations for two-phase flow in the matrix are 
given by (Ma et al., 2021b) 

ϕmSm
wρm

wcw
∂pm

nw

∂t
+
(
ϕmρm

w − ϕmSm
wρm

wcw
⃒
⃒pm

c

⃒
⃒
) ∂Sm

w

∂t
− Sm

wρm
w

S
K

∂σ′
m

∂t

+∇⋅
(

− ρm
w

kmkm
rw

μw
∇pm

nw

)

− ∇⋅
(

− ρm
w

kmkm
rw

μw

⃒
⃒pm

c

⃒
⃒∇Sm

w

)

= 0

(7)  

ϕmSm
nwρm

nwcnw
∂pm

nw

∂t
− ϕmρm

nw
∂Sm

w

∂t
− Sm

nwρm
nw

S
K

∂σ′
m

∂t
+∇⋅

(

− ρm
nw

kmkm
rnw

μnw
∇pm

nw

)

= 0

(8) 

and fluid flow in fractures are characterized as 
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df ϕf Sf
wρf

wcw
∂pf

nw

∂t
+ df ( ϕf ρf

w − ϕf Sf
wρf

wcw
⃒
⃒pf

c

⃒
⃒
) ∂Sf

w

∂t
+ df αρf

wSf
w
∂εn

∂t

+∇⋅
(

− df ρf
w
kf

τkf
rw
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∇pf
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)

− ∇τ⋅
(

− df ρf
w
kf

τkf
rw

μw

⃒
⃒pf

c

⃒
⃒∇Sf

w

)

= Eρm
wvm

w F

(9)  

df ϕf Sf
nwρf

nwcnw
∂pf

nw

∂t
− df ϕf ρf

nw
∂Sf

nw

∂t
+df αρf

nwSf
nw

∂εn

∂t
+∇τ⋅

(

− df ρf
nw

kf
τkf

rnw

μnw
∇pf

nw

)

= Eρm
nwvm

nwF

(10)  

where the superscripts θ = f and m signify matrix and fracture variables, 
respectively. Subscripts β = nw and w denote the nonwetting and wet-
ting phase variables, respectively. Sθ

β is the saturation, ρθ
β is the fluid 

density, cβ is the compressibility of fluid, pθ
β is fluid pressure of each 

phase, kθ is the intrinsic permeability tensor, μβ is the fluid viscosity, εn is 
normal strain on the fracture, kf

τ is fracture permeability in tangential 
direction, pθ

c is capillary pressure, which is calculated by pθ
nw − pθ

w =

peθ ( seθ)− 1/0.457. seθ is effective saturation. The relative permeability 
functions is presented as follows (Pruess et al., 1999): 

kθ
rw =

⎧
⎪⎨

⎪⎩

̅̅̅̅̅̅
seθ

√ [

1 −
(

1 − seθ1/0.8
)0.8

]2

, if Sθ
w < 1

1, if Sθ
w > 1

(11)  

kθ
rnw =

⎧
⎨

⎩

1 − kθ
rw, if Sθ

nw = 0
(
1 − seθ)2

(
1 − seθ2

)
, if Sθ

nw > 0
(12)  

where kθ
rw and kθ

rnw are the relative permeability of wetting phase and 
non-wetting phase, respectively. The source or sink terms Eρθ

βvθ
βF in Eqs. 

(9) and (10) is the normal flux transmission between matrix and 

fractures, which is given by (Aghili et al., 2019; Gläser et al., 2019) 

Eρm
β vm

β F = −
kf

nkf
rβ

μβ

(
pm+

β + pm−
β − 2pf

β

df /2

)

(13)  

where vm
β is the fluid velocity, kf

n is the normal fracture permeability, pm+
β 

and pm−
β are the fluid pressure of each phase β on each side of fracture, 

respectively. The porosity ϕm and permeability km of the matrix are 
affected with the effective stress, as shown by the following equations 
(Ma et al., 2017): 

ϕm = α+ S (14)  

km = km0
(

ϕm

ϕm0

)3

= km0
(

α + S
ϕm0

)3

(15)  

where S is calculated by 
(
ϕm0 − α

)
exp
(
−

Δσ′
m

K
)
, ϕm0 and km0 are the 

porosity and permeability of the matrix at the initial stress state, Δσ′
m is 

the mean effective stress change between current and initial stress state, 
K is the bulk modulus of the solid skeleton. 

The variation of fracture permeability kf is described using the cubic 
law (Yan et al., 2019) 

kf = kf 0
(

df

df 0

)2

(16)  

where df0 and df represent fracture aperture at the initial state and the 
current time step, respectively. We assume that the shear-induced 
dilation has a negligible impact on the aperture (Segura and Carol, 
2008) and focus primarily on the effect of shear deformation on the 
fracture aperture. Under the above-mentioned assumption, fracture 
aperture df is given as: 

df = df 0 + EunF⋅nn (17)  

where EunF⋅nn denotes the displacement jump between two sides of the 

Fig. 1. Diagram of fractured porous media and the boundary conditions. A fracture Ωf embedded in a region of porous media Ωm with an external boundary Γ. The 
fracture Ωf is considered as a lower-dimensional individual Γf with tangential vector τf and unit normal vectors n−

f and n+
f on the fracture surface. The Γu and Γt are 

the displacement and stress boundaries for the solid component; Boundary conditions of flow problems include flow rate boundary Γq, pressure boundary Γp, and 
saturation boundary Γs. 
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fracture in the normal direction. In this model, the fracture porosity ϕf is 
considered to have a constant value of 1 attributed to be the fact that the 
fracture is addressed as a separate entity. 

2.2. Weak form of the coupled HM model 

Fig. 1 displays an arbitrary two-dimensional region Ωm⊂R2 bounded 
with an exterior boundary Γ and with a fracture Ωf . The fracture Ωf is 
represented by a low dimensional object Γf⊂R1 due to the disparity in 
scale between the aperture of fracture and the size of matrix. On the 
geomechanial boundaries Γu and Γt, the displacement u and stress t are 
applied as: 

u = uonΓu (18)  

σ⋅n = tonΓt (19) 

For the flow equation, fluid flows into or out of the matrix from the 
boundary Γq at a constant rate of qβ, while pressure pnw and saturation Sw 

are fixed on the boundaries Γp and Γs, respectively. 

qβ⋅n = qβonΓq (20)  

pnw = pnwonΓp (21)  

Sw = SwonΓs (22) 

We subdivide polygonal domain Ωm⊂R2 into triangular elements E. 
Let T = U{E} denote a subset of the matrix domain. The fracture Γf⊂R1 

is discretized into segment element L. Let χ = U{L} denote a subdivision 
inside the fracture domain. The subspaces of the discontinuous finite 
element for displacement, the non-wetting pressure and wetting satu-
ration of the matrix are specified as follows: 

QDG
u (T ) =

{
ũ ∈ L2(Ωm) : ũ|E ∈ pr1(E),∀E ∈ T

}
(23)  

QDG
s (T ) =

{
S̃m

w ∈ L2(Ωm) : S̃w|E ∈ pr2(E), ∀E ∈ T

}
(24)  

QDG
p (T ) =

{
p̃m

nw ∈ L2(Ωm) : S̃pw|E ∈ pr3(E),∀E ∈ T

}
(25) 

The spaces of the continuous finite element for the pressure and 
saturation of the fracture are defined as follows: 

QCG
s (χ) =

{
̃Sf
w ∈ C2

(
Γf
)
:
̃Sf
w|E ∈ pr4(L), ∀L ∈ χ

}
(26)  

QCG
p (χ) =

{
̃pf

nw ∈ C2
(
Γf
)
:
̃pf

nw|E ∈ pr5(L),∀L ∈ χ
}

(27)  

where pr1(E), pr2(E), pr3(E), pr4(S) and pr5(S) represent the space of 
piecewise polynomials with maximum degree of r1, r2, r3, r4 and r5, 
L2(Ωm) is the space of square integrable function, C2

(
Γf
)

is the space of 
vector-valued function. Let e = Γ ∪ Γf ∪ Γm symbolize the set of exterior 
boundaries Γ, internal fracture boundary Γf and the interior edges Γm of 
T . We have Γ = Γu ∪ Γt and Γ = Γq ∪ Γp ∪ Γs for the mechanical and 
flow problems, respectively. 

In accordance with the derivation process of our previous work (Ma 
et al., 2021a; Ma et al., 2021b), the discontinuous Galerkin formation of 
solid deformation is provided by.  

Fig. 2. The geometry, boundary, and initial conditions for test case 1. A single 
fracture is inside a square domain with an angle of θ with respect to the hori-
zontal axis. The initial pore pressure is zero. The mechanical boundary condi-
tions include free surface at the top boundary and zero displacement at the 
other boundaries. Boundary conditions of fluid flow include no flow at the left 
and right boundaries, constant pore pressure, and constant injection rate 
applied to the top and bottom boundaries, respectively. 

Fig. 3. Distribution of vertical displacement for three different configurations: (a) without fractures in porous media; (b) and (c) include a single fracture with angle 
θ = 30◦ and 60◦ , respectively. 
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The weak forms of fluid flow in the matrix are depicted as   

and 

The mass exchange between the matrix and immersed fracture tip is 
omitted for the purpose of simplicity since the size of the immersed 
fracture tip is assumed to be extremely tiny (Kadeethum et al., 2020a). 
The weak forms with continuous Galerkin approximation for the fluid 
flow in the deformable fractures are by described by 

∑

e∈Γf

∫

e

[

df ϕf Sf
wρf

wcw
∂pf

nw

∂t
+ df ( ϕf ρf

w − ϕf Sf
wρf

wcw
⃒
⃒pf

c

⃒
⃒
) ∂Sf

w

∂t
+ df αρf

wSf
w
∂εn

∂t

− Eρm
wvm

w F

]
̃Sf
wdS+

∑

e∈Γf

∫

e
df λf

w

⃒
⃒pf

c

⃒
⃒∇τSf

w⋅∇τ
̃Sf
wdS

−
∑

e∈Γf

∫

e
df λf

w∇pf
nw⋅∇τ

̃Sf
wdS = 0

(31)  

∑

e∈Γf

∫

e

[

df ϕf Sf
nwρf

nwcnw
∂pf

nw

∂t
− df ϕf ρf

nw
∂Sf

nw

∂t
+ df αρf

nwSf
nw

∂εn

∂t
− Eρm

nwvm
nwF

]
̃pf

nwdS

+
∑

e∈Γf

∫

e
df λf

nw∇T pf
nw⋅∇τ

̃pf
nwdS = 0

(32)  

where ũ, S̃θ
w and p̃θ

nw are the test functions, h is the mesh size, G is the 

shear modulus. λθ
β is defined as − ρθ

β
kθkθ

rβ
μβ

, the parameters ωs = 0, ωms = 1, 

and ωmp = 1 are chosen, resulting in the implementation of the incom-

plete interior penalty Galerkin (IIPG) method and the nonsymmetric 
interior penalty Galerkin (NIPG) method are adopted for the fluid and 
solid equations, respectively (Epshteyn and Rivière, 2007; Liu et al., 

2009), the parameters penalty δs = 10, δms = 1 and δmp = 1 are provided 
(Epshteyn and Rivière, 2007; Liu et al., 2009). E⋅F and {⋅} denote the 
jump and average operators, 

ExF = x+n+ + x− n− , ExF = x+⋅n+ + x− ⋅n− (33)  

{x} =
1
2
(x+ + x− ), {x} =

1
2
(x+ + x− ) (34)  

where x and x denote a scalar and a vector, respectively. For a common 
boundary shared by two adjacent elements E+ and E− , we specify the 
orientation of the normal unit vector n from E+ to E− such that n = n+ =

− n− . 

3. Model implementation 

In this study, we use COMSOL Multiphysics, a finite element soft-
ware, to solve the governing equations related to solid deformation and 
two-phase flow in fractured porous media. Specifically, the weak forms 
(29)–(30) and (31)–(32) of fluid flow in matrix and fracture are imple-
mented and solved by means of the built-in modulus Weak Form PDE 
and Weak Form Boundary PDE. Weak Form PDE is used to solve the 
governing equation of solid deformation. For solving the geomechanical 
equation and fluid flow in the matrix, the shape function of 

∑

E∈T

∫

E
σ′ : ε(ũ)dV −

∑

E∈T

∫

E
αIp : ε(ũ)dV −

∑

e∈Γm∪Γu
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e
{σ′(u) − αIpm }⋅nEũFdS+ωs

∑
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∫

e

Gδs
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EuF⋅EũFdS
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∫

e
λm

w

⃒
⃒pm

c

⃒
⃒∇S̃m

w ⋅nSm
wdS

+
∑

e∈Γs

∫

e

δms

h
SmS̃m

wdS+ωms

∑

e∈Γp

∫

e
λm

w∇S̃m
w ⋅npnwdS+

∑

e∈Γp

∫

e

δms

h
pnwS̃m

w dS

(29)   

∑

E∈T

∫

E

(

ϕmSm
nwρm

nwcnw
∂pm

nw

∂t
− ϕmρm

nw
∂Sm

nw

∂t
− Sm

nwρm
nw

S
K

∂σ′
m

∂t

)

p̃m
nwdV +

∑

E∈T

∫

E
λm

nw∇pm
nw⋅∇p̃m

nwdV −
∑

e∈Γm∪Γp

∫

e
λm

nw∇pm
nw⋅∇p̃m

nwdS+ωmp

∑

e∈Γm∪Γp

∫

e
λm

nw

{
∇p̃m

nw

}
Epm

nwFdS

+
∑

e∈Γm∪Γp

∫

e

δmp

h
Epm

nwF⋅Ep̃m
nwFdS+

∑

e∈Γf

∫

e
ρm+

nw v+nw • n+p̃m+
nw + ρm−

nw v−nw • n− p̃m−
nw dS =

∑

e∈Γq

∫

e
qnwp̃m

nwdS+ωmp

∑

e∈Γs

∫

e
λm

nw∇p̃m
nw⋅npnwdS

+
∑

e∈Γs

∫

e

δmp

h
pnwp̃m

nwdS

(30)   
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discontinuous Lagrange with second-order discretization is chosen. The 
second-order square quadrilateral Lagrange is utilized for fluid flow 
equations in fracture. We employ an implicit time-stepping method that 
utilizes a Backward Differentiation Formula (BDF) along with adaptive 
time-stepping algorithms for time discretization. Unlike pre-established 
time-stepping methods, which randomly select time steps, our approach 
begins with an initial step that is 0.1% of the designated end time. This 
allows for greater flexibility, as it eliminates the need for redundant time 
step histories when the end time is modified. It is important to note that 
altering the time step should not significantly affect the results, provided 
the tolerance is sufficiently tight to enable automatic time step control. 
The accuracy of our BDF-based discretization spans a range of one 
(equivalent to backward Euler) to five. In terms of solving the resulting 
linear system, we employ the Multifrontal Massively Parallel Sparse 
(MUMPS) direct solver. Additionally, we opt for a fully coupled solver 
suitable for nonlinear problems, which is implemented through Newton 
single-step method. Throughout each Newton iteration, we maintain 
constant settings and specify a consistent damping factor to ensure 
stable and accurate solutions. 

4. Numerical examples 

We present four test cases to assess the performance of the proposed 
discontinuous and continuous Galerkin method in simulating coupled 
multiphase flow and geomechanics in fractured porous media. Test case 
1 replicates the simulated case from the references (Réthoré et al., 2007; 
Cusini et al., 2021). In this case, a square domain contains a highly 
permeable fracture with zero stiffness. (Fig. 2). Test case 2 replicates a 
simulation case from the references (Yan et al., 2019; Damirchi et al., 
2022) with a highly permeable vertical fracture embedded in a rectan-
gular zone exposed to compression and the fracture stiffness is correctly 
considered (Fig. 4). Test case 3 reproduces a simulated case from Khoei 
et al. (2016) which considers a coupled two-phase flow and geo-
mechanics problem, with an emphasis on the fracture mechanical 
characteristics (Fig. 8). Test case 4 models the coupled two-phase flow 
and geomechanics in a 2D discrete fracture reservoir, incorporating high 
permeability fractures, low permeability fractures and fracture stiffness 
(Fig. 11). 

4.1. Test case 1: injection in a saturated porous media with an inclined 
fracture 

A saturated reservoir of 10 m by 10 m with a single inclined fracture 
of 2 m-long located in the middle of the matrix domain is modeled 
(Fig. 2). The initial reservoir pressure is 0MPa. The fluid is injected from 
the bottom boundary with a constant rate of 10− 4m/s and a constant 
pressure of 0MPa is supplied to the top surface. Other boundaries are set 
as no-flow conditions. The top boundary is imposed with free 
displacement, while the remaining boundaries have zero normal dis-
placements. The overall simulation time is 10 s. 

We reproduce the case described in the references (Réthoré et al., 
2007; Cusini et al., 2021), which requires mechanical equilibrium and 
continuous pressure on the fracture surface. We assume that the surfaces 
of the opening fracture are traction free, meaning that mobilized trac-
tion is exclusively associated with the fluid pressure inside the fracture. 
The coupled single-phase flow and geomechanics modeling are calcu-
lated using the DG-CG scheme. Fig. 3 depicts the spatial distribution of 
vertical displacement for three different scenes at t = 10 s. In the absence 
of a fracture in porous media, a uniform vertical displacement distri-
bution is obtained. With fluid injection from the bottom boundary, the 
fluid propagates into the porous matrix and fracture, increasing the pore 
pressure throughout the porous media and inside the fracture rupture. 
The increase in fracture pressure enlarges the aperture of fracture and 
vertical displacement. The reduction in angle θ leads to a significant 
increase in vertical displacement. This phenomenon can be attributed to 

Fig. 4. The geometry and boundary conditions for test case 2. A single vertical 
fracture is embedded in a rectangle domain. Boundary conditions for solid 
deformation include loading at the top boundary and fixed displacement in the 
normal directions at other boundaries. The flow boundaries include zero 
pressure at the top edges, and no flow conditions at the remaining boundaries. 

Fig. 5. The pore pressure distribution at three different times t = 10 h, 40 h, 
and 120 h. 

Fig. 6. The horizontal displacement distribution at three different times t = 10 
h, 40 h, and 120 h. 
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a portion of the fluid accumulating within the fracture, which subse-
quently leads to a decrease in fluid flow at lower fracture angles. The 
finding is in accordance with the result from Réthoré et al. (2007) and 

Cusini et al. (2021) utilizing embedded finite element method (EFEM) 
and an XFEM-based scheme, respectively. 

4.2. Test case 2: coupled hydro-mechanical problem with a single vertical 
fracture 

Fig. 4 depicts a 10 m × 20 m rectangular porous medium with a 12 m 
long vertical fracture in the center of the domain. The top boundary is 
subjected to a load of 20 MPa, whereas other boundaries have a fixed 
displacement in the normal directions. The initial reservoir pressure and 
fluid pressure at the top boundary are both set to zero. There are no flow 
conditions applied to the other boundaries. 

Following is a summary of the hydro-mechanical properties: Young’s 
modulus and Poisson’s ratio of the domain are 10 GPa and 0.2, 
respectively. The porous media has a porosity of 0.2 and a permeability 
of 10− 10 m2. The initial aperture of fracture is 5 mm that provides an 
initial fracture-matrix permeability ratio (Matthäi and Nick, 2009) in 
the order of 104. The Biot’s coefficient α is 0.75. Consideration is given 
to the mechanical parameters of the vertical fracture. Stiffness in both 
normal and shear directions is 4 MPa/mm. The total simulation time is 
120 h. 

Figs. 5 and 6 depict the spatial distributions of pore pressure and 
horizontal displacement, respectively. The instantaneous loading on the 
top boundary causes the water to drain from the domain, reducing the 
pore pressure. The subsequent reduction in pore pressure cause 
compaction and corresponding horizontal displacements in the region. 
Fig. 7 compares the simulated and reference results of the evolution of 
pore pressure at Point A, as well as the fracture aperture, vertical 
displacement and pore pressure along the line A (displayed in Fig. 4) at 
the end of the simulation. A displacement discontinuity is captured 
between the two sides of the fracture. Throughout the duration of the 
simulation, the pressure at point A decreases from about 1250 KPa to 23 
KPa. The fracture aperture reduces from 5 mm at the fracture tips to 

Fig. 7. Comparison of calculated and reference results (Damirchi et al., 2022) (at t = 120 h): (a) evolution of pore pressure at point A, (b) aperture along the fracture, 
(c) vertical displacement and (d) pore pressure along the line A (shown in Fig. 4) at the end of the simulation. The red line refers to the current calculated results, 
while the blue dots represent the reference results. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of 
this article.) 

Fig. 8. The geometry and boundary conditions for the test case 3. A 45-degree 
angle fracture is embedded in a square domain. The left and bottom boundaries 
are fixed, whereas the right and top boundaries are free surfaces. At the sur-
rounding boundary, no flow boundary condition is applied. The production and 
injection boundaries are situated in the upper-right and lower-left corners, 
respectively. 
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about 4 mm in the central area resulting in almost halving the fracture 
permeability. This still results in high permeable fracture which cause 
the pressure decreases gradually from the lateral boundaries to the 
center of the monitoring line. Obviously, the fracture-matrix perme-
ability contrasts and the distance of the top fracture tip from the open 
flow boundary control the rate at which the porous media is pressure 
depleted. While, the existence of a fracture causes a jump in displace-
ment, indicating compression-induced narrowing of the fracture aper-
ture. The comparisons between the results of the reference method (Yan 
et al., 2019; Damirchi et al., 2022) and the current model are 
satisfactory. 

Fig. 9. The spatial distribution of (a)-(c) water saturation and (d)-(f) vertical displacement for three different cases at t = 50 days. The stiffness in the three cases are 
set to 0, 1, and 10 GPa/m. 

Fig. 10. Profiles of the fracture aperture size along the fracture for three 
different cases at time = 10 and 50 days. The stiffness in the three cases is set to 
0, 1, and 10 GPa/m. 

Fig. 11. The geometry, mesh, initial, and boundary conditions for the test case 
4. A discrete fracture network is considered inside the reservoir. The left and 
bottom boundaries are placed with zero displacements, while the right and top 
boundaries are free surfaces. No flow boundary condition is applied at the 
surrounding boundary. The injection and production wells positioned in the 
bottom-left and top-right and corners, respectively, are subjected to constant 
pressure and saturation. The domain is initially saturated with water (Sw = 0.8) 
and CO2 (Snw = 0.2). 
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4.3. Test case 3: water injection into a fractured porous medium 

As seen in Fig. 8, a 0.9 m long fracture is inserted in a square porous 
medium of 1m × 1m initially fully saturated with oil. The fracture is 
oriented at 45-dgree angle. The mechanical boundaries consist of free 
surface on the top and right and zero-displacement on the bottom and 
left. All the boundaries are configured as no-flow boundaries. The water 
pressure of initial reservoir and production boundary is 0.1 MPa, while 
the oil saturation of initial reservoir and production boundary is 0.95. 
The water is injected from the inlet boundaries at a rate of 0.01 PV/day 
for 50 days. 

The hydromechanical characteristics are listed below: the density 
and viscosity of water are 1000 kg/m3 and 1× 10− 3Pa • S, the density 
and viscosity of oil are 600 kg/m3 and 0.45× 10− 3Pa • S. For the matrix, 
the porosity and permeability are 0.2 and 9.87× 10− 16m2(1 mD), and 
the Young’s modulus and Poisson’s ratio are 10 GPa and 0.2. Assuming 
the fracture has a porosity of 1, the initial aperture of 1.00 × 10− 6m 
corresponds to an initial fracture permeability of 8.33× 10− 14m2. The 

initial fracture-matrix permeability ratio is equal to 84.4 which is lower 
than that of the previous case. Other parameters are sourced from the 
reference (Khoei et al., 2016). As highlighted in the previous publica-
tions, the sharp contrast between the fracture and matrix flow properties 
demands special care for the fracture and matrix interfaces (Nick and 
Matthäi, 2011). 

To examine the influence of fracture stiffness on flow behavior and 
solid deformation, three cases, referred to as cases 3a, 3b, and 3c, are 
performed. In each case, the normal and shear stiffness have the same 
value. For cases 3a, 3b and 3c, the stiffnesses are set to 0, 1, and 10 GPa/ 
m, respectively. Fig. 9 illustrates the distribution of saturation and 
vertical displacement at the end of water injection for the three cases. 
Fig. 10 shows the aperture along the fracture for three different cases at 
time = 10 and 50 days. In all three cases, discontinuous displacement is 
captured between two sides of the fracture. When the stiffness reduces, 
the fracture opening widens, which causes an augmentation of the 
corresponding permeability of fracture and hence accelerates the fluid 
migration through the fracture. As predicted, case 3a exhibits the largest 

Fig. 12. The spatial distribution of non-wetting phase pressure at four-time steps t = 0.01, 0.10, 0.30, and 1.00 h for two cases. (a)-(d) depict the results of case 4a, 
and (e)-(h) depict the results of case 4b. All figures are rendered with the same color scale. 

Fig. 13. The spatial distribution of the mean effective stress changes at four-time steps t = 0.01, 0.10, 0.30 and 1.00 h for two cases. (a)-(d) are the results of case 4a, 
and (e)-(h) are the results of case 4b. Each figure is assigned a specific color scale. 

T. Ma et al.                                                                                                                                                                                                                                      



Computers and Geotechnics 164 (2023) 105823

10

fracture aperture when fracture stiffness is ignored. After 50 days of 
injection, the maximum fracture aperture in cases 3a and 3c increase to 
approximately 14 times and 6.35 times the initial fracture aperture of 
1× 10− 6m, repectively. Overall, the simulation demonstrates conclu-
sively the significance of geomechanical impact on the two-phase flow. 

4.4. Test case 4: CO2 injection into a reservoir with a complex fracture 
network 

A complex configuration with a discrete fracture network is consid-
ered for the last case. Two situations with distinct fracture types are 
considered, namely conducting fractures, and blocking fractures (bar-
riers). In case 4a, the conducting fracture has a greater permeability than 
the surrounding porous medium while in case 4b, the fractures have a 
lower permeability. 

Fig. 11 illustrates the geometry, mesh, initial conditions, and 
boundary conditions for case 4. The discrete fracture network is 
generated by ADFNE software (Fadakar Alghalandis, 2017). The frac-
ture information is imported into the COMSOL Multiphase though a live 

connection with MATLAB. Initial nonwetting pressure pnw0 is 4.0 MPa, 
and wetting saturation is 0.8. Dirichlet conditions are applied to the 
injection and production wells. The injection pressure and saturation are 
5.0 MPa and 0.2, and the production well maintains the same pressure 
and saturation as the initial conditions. 

The hydromechanical characteristics are summarized as follows: the 
density and viscosity of water are 1000 kg/m3 and 1× 10− 3Pa • S, the 
density and viscosity of CO2 are 3.18 kg/m3 and 9.02× 10− 6Pa • S. The 
compressibility of water and CO2 are 3.84 × 10− 101/Pa and 7.71×

10− 61/Pa. For the matrix, the porosity and permeability are 0.10 and 1.
.00× 10− 14m2, and Young’s modulus and Poisson’s ratio are 10.00 GPa 
and 0.25. As described before, the fracture has a porosity of 1, an initial 
aperture of 1.00× 10− 3m. Initial permeability for conducting and 
blocking fractures are 1.00 × 10− 11m2 and 1.00× 10− 17m2, resulting in 
initial fracture-matrix permeability ratios of 103 and 10− 3. Normal and 
shear fracture stiffness is equal to 10.00 GPa/m for both cases. 

Figs. 12-14 depict the spatial distribution of the variations in non- 
wetting phase pressure, mean effective stress and the horizontal 
displacement at t = 0.01, 0.10, 0.30, and 1.00 h for highly permeable 

Fig. 14. The spatial distribution of the horizontal displacement changes at four-time steps t = 0.01, 0.10, 0.30, and 1.00 h for two case2. (a)-(d) are the results of case 
4a, and (e)-(h) are the results of case 4b. Each figure is assigned a specific color scale. 

Fig. 15. The changes of non-wetting phase pressure and mean effective stress along the monitoring line at t = 0.01, 0.10, 0.30, and 1.00 h. The simulation results for 
conducting fracture and blocking barrier are plotted with dash and solid lines. 
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fractures and less permeable barriers. As illustrated in Figs. 15 and 16, 
we assess the variations in pressure, effective stress, and horizontal 
displacement along the monitoring line. The tip coordinates of the 
monitoring line segment are (1,0) and (8,10). The simulation result in-
dicates that the internal pressure of reservoir rises when CO2 is contin-
uously injected. As a result of the varying fracture permeabilities, the 
prorogation velocity of CO2 differs between the two cases. The fluid 

spreads more rapidly in case 4a into the reservoir in cases with higher 
permeability, leading to a larger pressure gradient. Since a constant 
injection pressure is supplied to the bottom-left corner, the pressure is 
reduced at the same position with high-permeability fractures within the 
zone extending from the injection well to the fracture. This fluid 
movement is hindered upon encountering a barrier, resulting in 
diminished pressure behind the barrier. Poroelastic effect is responsible 
for the change in displacement ahead of the pressure (Lei et al., 2021). 
The displacement inside the reservoir is caused by the fluctuation in 
pore pressure created by the simultaneous injection and production 
process. In Fig. 15(b) and 16, the changes in mean effective stress and 
horizontal displacement correspond to the evolution of the over-
pressure. The increase in pressure corresponds to a decrease in effective 
stress and, consequently, leads to an enhancement in changes of defor-
mation. As a consequence of highly permeable fractures favoring the 
fluid flow through the fracture, the pressure in case 4a drops smoothly 
from the injection area to a distant location. In contrast, the fluid is 
impeded by the low permeability barrier, which results in discontinuous 
pressure on each side of the barriers. The presence of discrete fractures 
results in substantial variation in the domains of stress and displace-
ment. With the continued injection, the displacement jumps and stress 
change around fracture are caused by the dissimilar mechanical char-
acteristics of the facture and matrix. 

Fig. 17 shows that spatial distribution of fracture aperture for the two 
cases and the aperture difference between the two cases at t = 0.01, 
0.10, 0.30, and 1.00 h. In the early stage, the fractures oriented at 30◦

near the injection well undergo substantial opening under the growing 
pore pressure, which further promotes the aperture widening and the 
associated permeability enhancement. This is in accordance with the 
findings of Kadeethum et al (Kadeethum et al., 2019; Kadeethum et al., 
2020b). When the pressure spreads inside the reservoir, both the 30◦ and 
120◦ fractures undergo experience significant opening. More fluid 

Fig. 16. Horizontal displacement changes along the monitoring line at t =
0.01, 0.10, 0.30, and 1.00 h. The simulation results for conducting fracture and 
blocking barrier are plotted with dash and solid lines. 

Fig. 17. The spatial distribution of fracture aperture at four selected time steps t = 0.01, 0.10, 0.30, and 1.00 h for two cases. (a)-(d) show the results of case 4a, and 
(e)-(h) show the results of case 4b, and (i)-(l) show the aperture difference between the two cases. Different color scales are set for all the figures. 
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migrates into the domain due to the increase in fracture permeability 
and the connectivity of the fracture network. Throughout the entire 
simulation, the procedure will recur. Meanwhile, as the pressure dif-
ference inside the fractures between case 4a and 4b increases, so does 
the aperture difference between two of them. 

5. Conclusion and summary 

In this work, a fully coupled two-phase flow and poromechanics 
modeling of fractured porous media is presented. Mixed discontinuous 
Galerkin (DG) and continuous Galerkin (CG) finite element method is 
utilized to discretize the fluid and solid equations with fractures dis-
cretized with lower dimensional entity embedded in the matrix domain. 
The hydro-mechanical contributions of fractures are captured by 
employing the discrete fracture models. Multiple benchmark tests are 
performed to evaluate the accuracy of the proposed numerical approach. 
The simulated results correspond well with the reference results, 
demonstrating the accuracy of the proposed method. The governing 
equations of the proposed coupled model and the associated DG-CG 
finite element method enable simulations of the coupled problem with 
and without the mechanical characteristic, as well as conduit and sealed 
(baffle) fractures. In the case of conducting fractures and blocking bar-
riers, the modeling results indicate a discontinuous and continuous 
pressure distribution, respectively. Due to the difference in mechanical 
characteristics between the fracture and the surrounding matrix, 
displacement jumps are captured between the two sides of fractures. The 
increase in fracture stiffness enlarges the deformation of the fracture. 

Ongoing research focuses on the discontinuous capillary pressure 
between the matrix and fracture, fracture slip, fault reactivation, and 
seismicity induced by gas injection or production, with a particular 
emphasis on the faults constitutive models of slip-weakening friction, 
rate-and-state friction, and the adoption or development of novel solver 
strategies. 
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