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ABSTRACT

The hydrodynamic responses and layout optimization of a group of cylindrical wave energy conversion devices (WEC) in front of a fully
reflecting vertical wall are investigated. Each truncated floating cylinder can oscillate with five degrees of freedom, i.e., surge, sway, heave, roll,
and pitch. Based on the linear water wave theory, an analytical solution is developed for the hydrodynamic problem. The results of specific
parameter studies suggest that the wall reflection effect significantly improves the energy extraction performance of the WEC array with the
appropriate parameter conditions. A multi-level optimization method based on a genetic algorithm is developed. This paper investigates the
optimal layout of the six WEC arrays, composed of 2–7 buoys, respectively. Additionally, the impact of other degrees of freedom (DOFs),
besides the heave mode, on the hydrodynamic performance of the array is investigated. For b � p/12, there is no need to consider the impact
of other DOFs on the energy extraction in heave mode. The dimensionless amplitudes of other DOFs gradually decrease as the equivalent
constraint stiffness increases. For k0a> 1.0, the heave amplitude and energy capture performance of the WEC array are significantly smaller.
However, the amplitudes of other DOFs still have considerable magnitudes for k0a> 1.0. Therefore, for the sea area with high-frequency inci-
dent waves (k0a> 1.0), setting up a power takeoff system on other DOFs of each buoy to extract energy is a feasible solution to improve the
performance of the WEC array.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0184849

I. INTRODUCTION

Currently, in order to alleviate the global energy shortage and
reduce greenhouse gas emissions, many renewable energy sources are
being developed and utilized, such as wind energy, solar energy, tidal
energy, and wave energy (Wang, 2017). In the past few decades, the
research and development on wave energy has attracted the attention
of many scholars (McIver and Evans, 1988; Mavrakos and McIver,
1997; Child and Venugopal, 2010; Parrinello et al., 2020; Wang et al.,
2022; Zeng et al., 2022c; and Zhang et al., 2023). The oscillating-type
wave energy converter (WEC) has attracted widespread attention due
to its wide adaptability and high efficiency. At the moment, the WEC
system still suffers from high costs compared to conventional electric-
ity generation such as from coal power plants (He et al., 2013). The
economics of the WEC system can be enhanced by improving its

efficiency. In order to improve the energy capture efficiency of the
WEC array, many scholars (Child and Venugopal, 2010; Giassi and
G€oteman, 2018) have developed different optimization methods to
optimize the geometric dimensions, physical parameters, and spatial
layout of the buoys. Zeng et al. (2022c) developed a better-performing
WEC system that can extract energy in multi-degrees of freedom
(DOF). Another way to increase the attractiveness of the WEC is to
integrate the WEC into other maritime structures such as breakwater.
Many countries have several examples of implemented projects on
wave energy devices and breakwater integration, which proved the
effectiveness of the idea, by supplying electricity to the island commu-
nity and providing shelter to the near-shore area (Mustapa, 2017).
Many previous studies (Loukogeorgaki et al., 2021; Kara, 2022; and Li
and Liu, 2022) have shown that the WEC system can be integrated
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with breakwaters/coasts/walls to share the construction cost and
improve energy extraction performance. Such integrated WEC systems
can be modeled as cylinder arrays in front of a vertical wall. How to
arrange the positions of each cylinder in the array to improve the effi-
ciency of wave energy extraction is an important issue, which is the
main motivation of this study.

In order to more effectively exploit wave energy resources and
achieve megawatt-level power generation capacity, WEC must be
arranged in an array (Giassi and G€oteman, 2018). Hydrodynamic
interactions among buoys by diffraction and radiation of water waves
may have constructive or destructive effects on the overall energy
extraction performance of the WEC array. To date, extensive research
efforts have been conducted to accurately calculate the hydrodynamic
interactions among each buoy in the array. For hydrodynamic prob-
lems of general geometric structures, numerical methods such as the
boundary element method, the finite element method, and the finite
difference method are usually used to solve (Chen et al., 2011).
However, for geometric structures with regular cross sections such as
vertical barriers, spheres, and vertical cylinders, analytical methods are
appropriate (Chanda and Bora, 2020; 2022; Zeng et al., 2019; and Li
and Liu, 2022). It can not only effectively reduce computational costs
but also provide a clear understanding of the physical meaning of the
hydrodynamic problem. In the context of linear water waves,
Kagemoto and Yue (1986) combined the multiple scattering method
(Okhusu, 1974) and the direct matrix method (Spring and
Monkmeyer, 1974) to derive an analytical method called the exact
algebraic method. This method was widely adopted in subsequent
studies (Flavia and Meylan, 2019; Wang et al., 2022). Linton and
Evans (1990) proposed an analytical method that can accurately solve
the water wave diffraction problem of the bottom-mounted cylinder
array. Zheng et al. (2020) investigated the hydroelastic interaction
between water waves and submerged porous elastic disks of negligible
thickness. Their results demonstrate that deploying multiple disks in
an array is a more promising approach for wave power absorption/dis-
sipation compared to enlarging the area of an isolated disk. Chanda
et al. (2022) conducted the scattering problem of a bottom-mounted
surface-piercing compound porous cylinder located on a porous sea-
bed based on the linear water wave theory. Their results show that the
efficiency of the proposed compound cylinder in mitigating wave
impact can be enhanced by suitable consideration of porosity and
structure parameters. Based on the framework of linear water wave
theory, Chanda and Pramanik (2023) theoretically investigated the
water wave scattering by a surface-piercing porous breakwater in the
presence of a thin vertical porous barrier. Sarkar and Chanda (2022)
further studied the scattering problem of a submerged bottom-
mounted compound porous cylinder located on a porous sea-bed
under the framework of linear water wave theory. Their results show
that the suitable positioning of the annular spacing of the system can
reduce the exciting force acting on the inner and outer cylinders. Zeng
et al. (2016; 2019; 2022a) used the analytical method to investigate the
hydrodynamic interactions of the truncated floating cylinder array and
the bottom-mounted cylinder array, respectively.

In order to improve the energy extraction performance of the
array with a large number of buoys, many scholars (Toki�c and Yue,
2019; Zhong and Yeung, 2019; Dafnakis et al., 2020; Liu et al., 2022;
and Zhu et al., 2023) conducted the hydrodynamic performance of the
WEC array in an open water domain and proposed different

optimization techniques to optimize the geometric dimensions, physi-
cal parameters, and spatial layout. McGuinness and Thomas (2016)
used sequential quadratic programing to investigate the optimal layout
of the WEC array with 5–7 spherical buoys. The geometry of the array
was restricted to straight lines or circles. In other words, the array can
be described by several parameters. Neshat et al. (2019) used artificial
neural networks to research the optimal layout of the WEC array with
16 buoys. This method demonstrates excellent adaptability and rapid
optimization speed. Child and Venugopal (2010) used a genetic algo-
rithm and parabolic intersection method to optimize an array com-
posed of five buoys and compared the optimization results. Mercad�e
Ruiz et al. (2017) proposed a new layout optimization strategy and
compared the performance and computational cost of three optimiza-
tion methods, i.e., the covariance matrix adaptation evolution strategy
(CMA), a genetic algorithm (GA), and the glowworm swarm optimi-
zation (GSO) algorithm. Fang et al. (2018) proposed an improved dif-
ferential evolution algorithm and conducted layout optimization for
the arrays consisting of 3, 5, and 8 buoys, respectively. Their calcula-
tion results demonstrated that the layout optimization effectively
improves the energy capture performance of the WEC array. Sharp
and Dupont (2018) used a binary genetic algorithm to perform array
optimization on the WEC array with five buoys and examined the
impact of the minimum separation distance on the optimization
results. Based on the genetic algorithm toolbox in MATLAB, Giassi
and G€oteman (2018) proposed two layout optimization schemes for
the point-absorbing wave energy converter array and optimized the
arrangement of the array composed of 4–14 buoys in limited sea areas.
In order to reduce construction costs, facilitate maintenance, and meet
navigation needs, Balitsky et al. (2018) aggregated the WEC array into
several sub-arrays. This layout method showed promising application
prospects and attracted the attention of many scholars. Toki�c and Yue
(2019) investigated the fluid dynamics of WEC arrays consisting of
periodically repeated single bodies or sub-arrays. Their results demon-
strated that a significant decrease in the energy extraction performance
of the array is related to Laue resonance. In order to achieve fast calcu-
lation, Zhong and Yeung (2019) used a new “Haskind” relationship to
calculate the hydrodynamic properties of the WEC array and com-
bined this method with the point absorption approximation method
to study the interacting factors of a large wave farm composed of mul-
tiple sub-arrays. To improve the optimization efficiency of the WEC
array with a large number of buoys, Zeng et al. (2022b) proposed a
hierarchical optimization algorithm based on a matrix-encoded genetic
algorithm. This method initially divided the large-scale array into sev-
eral sub-arrays that are easy to handle and subsequently utilized a
genetic algorithm to optimize sub-arrays.

The above works focus on the layout optimization of the WEC
array in an open water domain. In sea areas near a coast, the WEC sys-
tem can be combined with existing coastal structures, such as vertical
breakwaters, which can not only improve the energy capture perfor-
mance of the WEC system but also help share the construction cost
and facilitate later maintenance and operation. Therefore, the WEC
array near coasts/walls/breakwaters has received much attention. Kara
(2021) used a boundary element method to investigate the wave energy
extraction performance of the WEC array in front of a vertical wall.
The WEC array consists of three different shapes of buoys, including
truncated vertical cylinders, vertical cylinders with hemispherical bot-
toms, and floating spheres. Kara (2022) used the three-dimensional
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transient Green’s function direct time domain method to study the
energy extraction performance of the WEC array near a vertical wall.
Their calculation revealed that the reflection of a vertical wall can sig-
nificantly improve the performance of the array. Loukogeorgaki and
Chatjigeorgiou (2019) analyzed the hydrodynamic performance of a
truncated floating cylindrical array near a bottom-mounted vertical
wall in the frequency domain and compared the situations of infinite
and finite walls. Their calculation results showed that the concept of
“infinite straight wall” will lead to an underestimation or overestima-
tion of the heave excitation force within the low-frequency range, but
has less impact within the high-frequency region. Based on the linear
water wave theory, Konispoliatis et al. (2020) developed a semi-
analytical method to investigate the hydrodynamic characteristics and
energy extraction performance of a cylindrical WEC array in front of
an infinitely long vertical breakwater. Their calculation results showed
that the energy extraction performance of the array is affected by the
distance between the center of each buoy and a vertical wall, the WEC
array arrangement, and the incident angle. Li and Liu (2022) estab-
lished a hydrodynamic analysis model of a submerged spherical WEC
array near a vertical wall based on the context of linear water waves.
They investigated the influence of the number of buoys, the spacing
between the center of each buoy and a vertical wall, and the incident
angle on the energy extraction performance of the linearly arranged
WEC array near a vertical wall. Their calculation results showed that
the reflection effect of a vertical wall could improve the overall energy
extraction performance of the WEC system. Loukogeorgaki et al.
(2021) conducted the first study on the layout optimization of a cluster
of heaving point absorbs in front of a vertical wall. They developed an
optimization framework based on a genetic algorithm to determine
the optimal layout for unidirectional irregular waves. However, in their
cases, the layout of the WEC array was restricted to a linear arrange-
ment, i.e., the buoys were arranged along the direction parallel to the
vertical wall. Optimization efforts should also consider the possibility
of installing buoys more randomly. Ioannou and Loukogeorgaki
(2021) further coupled a genetic algorithm with a numerical model
based on the frequency domain. For the case of regular waves, they
also investigated the optimal layout of five ellipsoidal WECs in front of
the finite-length bottom-mounted vertical wall in a limited sea area.
However, their hydrodynamic model only tested the optimal layout of
1DOF elliptical WEC arrays.

The aforementioned extensive studies demonstrated that the
presence of straight walls/coasts/breakwaters could improve the energy
extraction performance of the WEC array. This paper investigates the
hydrodynamic interaction of the truncated floating cylindrical WEC
array near a straight coast. All buoys can move independently with five
DOFs, and the coast is regarded as a fully reflecting vertical wall. Many
scholars (Konispoliatis, 2020; Kara, 2022) investigated the hydrody-
namic performance of cylindrical WEC arrays near a vertical wall. To
our knowledge, published studies have only considered the case in
which the buoys oscillate in heave mode without other degrees of free-
dom. The previous research (Zeng et al., 2022d) demonstrated signifi-
cant differences in the amplitude response and energy extraction
performance of the 5DOF model and the 1DOF (heave) model in an
open water domain. Therefore, the hydrodynamic performance of the
WEC arrays composed of five-degree-of-freedom truncated floating
cylinders in front of a vertical wall remain gap and deserve our full
attention. Based on the linear water wave theory, a theoretical analysis

model for the hydrodynamic performance of the WEC array near a
vertical wall is developed. Based on the image principle, the current
physical problem is converted into an equivalent hydrodynamic prob-
lem in an open water domain. Many scholars (Zheng and Zhang,
2016; Loukogeorgaki and Chatjigeorgiou, 2019; Zhang et al., 2020; Li
and Liu, 2022; Li et al., 2023; and Konispoliatis, 2023) adopted and ver-
ified the image principle to solve the hydrodynamic problem near a
vertical wall. Then, the analytical solution to the equivalent hydrody-
namic problem is solved using eigenfunction expansion and Graf’s
addition theorem of Bessel functions. Based on the analytical model,
the influence of wall reflection and hydrodynamic interaction of each
buoy on the energy extraction performance of the WEC array is clari-
fied. Furthermore, to improve the energy extraction performance of
the WEC array, a multi-level optimization method based on a genetic
algorithm is proposed to optimize the spatial layout. To the authors’
knowledge, there is a gap in existing optimization research of cylindri-
cal WEC arrays in front of a vertical wall.

The rest of this paper is organized as follows: In Sec. II, an analyt-
ical solution of wave diffraction and radiation for the cylindrical WEC
array near a vertical wall is developed based on the linear water wave
theory. Each buoy in the array is modeled as truncated floating cylin-
ders that can oscillate with five degrees of freedom, i.e., surge, sway,
heave, roll, and pitch. The specific expressions of wave excitation force,
added mass, radiation damping, amplitudes of each DOF, and energy
extraction performance of the buoys in the WEC array are described.
Section III verifies the calculation results of the present study with pub-
lished results. In Sec. IV, the impact of different parameters on the
energy extraction performance of the WEC array is investigated.
Section V develops a multi-level optimization method based on a
genetic algorithm and investigates the optimal layout of a WEC array
containing different numbers of buoys for two different grid densities.
Section VI examines the effects of other DOFs, besides heave, on the
energy extraction performance of the array. Finally, the main conclu-
sions of this paper are drawn in Sec. VII.

II. MATHEMATICAL MODEL

This study is based on the context of time-harmonic linear water
waves without considering complex flow conditions such as nonlinear-
ity of the free water surface and wave breaking, i.e., the fluid is incom-
pressible, non-viscous, irrotational, and non-separated. Figure 1 shows
a schematic diagram of a cylindrical wave energy extraction device
near a vertical wall. The mathematical model uses a global three-
dimensional Cartesian coordinate system o-xyz, where the xy plane is
located on the undisturbed free surface, the x axis points outside the
fluid, the y axis extends along the vertical wall, and the z axis points
vertically upward. The water depth d is assumed to be constant. The
vertical wall is fully reflective, and its length is much larger than
the incident wavelength. The radius of cylinder j is aj (j¼ 1, 2, …, N),
the draft is hj, and the height of buoy j above the free surface is hupj. All
cylinders in the array can oscillate independently with five degrees of
freedom, namely, surge, sway, heave, roll, and pitch. The yaw motion
is not considered because it does not produce hydrodynamic force in
the ideal fluid. The center of mass of cylinder j is at (xj, yj, �zj).

Based on the image principle (Teng et al., 2004; Zheng and
Zhang, 2015; Cong et al., 2020; and Li and Liu, 2022), the current
physical model is converted into an equivalent problem involving two
groups of N cylinders in an open water domain, and the two groups
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are symmetrical concerning the original wall. The top view of the
equivalent hydrodynamic model is shown in Fig. 2.

The cylinder oscillates periodically with a small amplitude under
the action of the incident water wave. The total velocity potential U
can be expressed as

Uðx; y; z; tÞ ¼ Re uðx; y; zÞe�ix0t
� �

; (1)

where Re represents the real part, u is the spatial factor, e�ix0t is time
factor, x0 is the angular frequency of the ambient incident wave, and
i ¼ ffiffiffiffiffiffi�1

p
represents the imaginary unit.

The fluid domain around each cylinder in the array is divided
into two parts: the outer region and the core region, as shown in Fig. 3.
The total velocity potential uðjÞ in the vicinity of the j-cylinder can be
divided into the total velocity potential in the exterior region uðjÞ

E and
core region uðjÞ

C . According to the principle of linear superposition,
uðjÞ
E can be further expanded as follows:

u
jð Þ
E ¼ uI þ

X2N
i¼1

uðiÞ
D�E þ

X2N
i¼1

X5
s¼1

fðjÞs uðiÞ
Rs�E; (2)

where uI is the velocity potential of ambient incident wave, uðiÞ
D�E is

the diffraction potential in the exterior region of cylinder i, and uðiÞ
Rs�E

is the radiation potential of cylinder i oscillating in smode. To facilitate
the solution, uðiÞ

D�E is divided into two parts, uðiÞ
D0�E and uðiÞ

D1�E . The
first part of the diffraction potential uðiÞ

D0�E is independent of the oscil-
lations of each cylinder, whereas the second part of the diffraction
potential uðiÞ

D1�E is related to the oscillation of all cylinders. Therefore,
Eq. (2) becomes

u
jð Þ
E ¼ uI þ

X2N
i¼1

uðiÞ
D0�E þ

X2N
i¼1

X5
s¼1

fðjÞs uðiÞ
Rs�E þ

X2N
i¼1

uðiÞ
D1�E: (3)

Let

FIG. 1. Schematic of a cylindrical WEC near a vertical wall: (a) side view; (b) top view.

FIG. 2. Top view of the equivalent problem of wave–body interaction in an open
water domain. FIG. 3. Schematic diagram of division of core region and exterior region.
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u
jð Þ
ID�E ¼ uI þ

X2N
i¼1

uðiÞ
D0�E;

u
jð Þ
RD�E ¼

X2N
i¼1

X5
s¼1

fðjÞs uðiÞ
Rs�E þ

X2N
i¼1

uðiÞ
D1�E:

(4)

Consequently,

u
jð Þ
E ¼ u

jð Þ
ID�E þ u

jð Þ
RD�E; (5)

where uðjÞ
ID�E is the velocity potential in the exterior region of cylinder j

under the action of the ambient incident wave, and the subscript ID
represents the incident diffraction. uðjÞ

RD�E is the velocity potential in
the exterior region of cylinder j when each cylinder in the array per-
forms 5DOF oscillations with different amplitudes, and the subscript
RD indicates radiation-diffraction.

Similarly, the velocity potential uðjÞ
C in the core region of cylinder

j can be divided into two parts: uðjÞ
ID�C and uðjÞ

RD�C , that is,

u
jð Þ
C ¼ u

jð Þ
ID�C þ u

jð Þ
RD�C; (6)

where uðjÞ
ID�C is the velocity potential in the core region in the presence

of the ambient incident wave; uðjÞ
RD�C is the velocity potential in the

core region, induced by radiation (due to oscillations of cylinders) and
the diffraction of radiation waves.

The diffraction problem and radiation problem of the WEC array
in front of a vertical wall are discussed in Secs. IIA and IIB, respectively.

A. Diffraction problem

In the equivalent hydrodynamic model, two groups of N cylin-
ders are subjected to double incident waves with the same amplitude
and angular frequency. The incident wave amplitude is A, the angular
frequency is x0, and the angle between the two incident waves and the
positive direction of the x axis are b and p-b, respectively. Thus, the
velocity potential of double incident waves can be written as

uI ¼ � igA
x0

X1
m¼�1

Ið1Þj eimðp=2�bÞ þ Ið2Þj eimð�p=2þbÞ
� �

� Y0ðzÞJmðk0rjÞeimhj ; (7)

where Ið1Þj ¼ eik0ðxj cos bþyj sinbÞ and Ið2Þj ¼ eik0ðxj cos ðp�bÞþyj sin ðp�bÞÞ are
spatial phase factors (xj, yj represent the coordinates of the j-cylinder in
the global coordinate system); Y0 ¼ cosh k0ðz þ dÞ=cosh k0d is the
characteristic function of the z direction; g represents the gravity acceler-
ation; Jm is the m-order Bessel function of the first kind, and the wave-
number k0 satisfies the dispersion relationship k0 tanh k0d ¼ x2

0=g.
For the diffracted wave of cylinder i, the velocity potential in the

exterior region has the following form in the local coordinate system
of i cylinder:

uðiÞ
D0�E ¼ � igA

x0

X1
m¼�1

"
AðiÞ
m0Y0ðzÞHmðk0riÞ

þ
X1
q¼1

AðiÞ
mqYqðzÞKmðkqriÞ

#
eimhi ; (8)

where AðiÞ
mq represents the undetermined complex coefficient;

Yq ¼ cos kqðz þ dÞ is the z-direction characteristic function for q� 1;

Hm is them-order Hankel function; Km is them-order modified Bessel
function of the second kind.

In the calculation, the infinite series in Eqs. (7) and (8) is trun-
cated into the sum of finite terms with upper bounds of summation
m0 and n0. Equations (7) and (8) can be written in matrix form

uI ¼ � igA
x0

� ajTwI
j ; (9)

uðiÞ
D0�E ¼ � igA

x0
� AT

i w
D�E
i ; (10)

where the superscript T represents the transposition operator, and the
elements of each vector are defined as follows:

ajðq;mÞ ¼ Iaj e
imðp=2�bÞ þ Ibj e

imð�p=2þbÞ; q ¼ 0;

0; q � 1;

(

wI
j ðq;mÞ ¼ Y0ðzÞJmðk0rjÞeimhj ; q ¼ 0;

YqðzÞImðkqrjÞeimhj ; q � 1;

( (11)

wD�E
i ðq;mÞ ¼ Y0ðzÞHmðk0riÞeimhi ; q ¼ 0;

YqðzÞKmðkqriÞeimhi ; q � 1;

(
(12)

where Im is them-order modified Bessel function of the first kind.
Equation (12) can be expressed by the Graf addition theorem of

Bessel functions in the local coordinate system of the j-cylinder

wD�E
i ðq;mÞ ¼

X1
l¼�1

Hm�lðk0RijÞeiaijðm�lÞ � Y0ðzÞJlðk0rjÞeilhj ;

q ¼ 0;X1
l¼�1

Km�lðkqRijÞeiaijðm�lÞð�1Þl � YqðzÞIlðkqrjÞeilhj ;

q � 1;

8>>>>>>>>><
>>>>>>>>>:

(13)

where Rij represents the distance between the centers of the i-cylinder
and the j-cylinder. Taking the center of i-cylinder as the origin, aij rep-
resents the angle from the positive direction of x axis to the line con-
necting the center of i-cylinder and the center of j-cylinder in the
counterclockwise direction.

Furthermore, it is written in matrix form

wD�E
i 5Tijw

I
j ; (14)

where Tij represents the coordinate transformation matrix between
two different local coordinate systems, defined as follows:

Tij q;m; lð Þ ¼
Hm�lðk0RijÞeiaijðm�lÞ; q ¼ 0;

Km�lðkqRijÞeiaijðm�lÞð�1Þl; q � 1:

8<
: (15)

Thus, the diffraction potential in the exterior region of the i-cylin-
der represented by Eq. (10) can be written in the local coordinate sys-
tem of the j-cylinder as

uðiÞ
D0�Ejj ¼ � igA

x0
� Ai

TTijw
I
j : (16)

The total ambient incident wave of cylinder j is composed of the
ambient incident wave and the diffracted waves of other cylinders
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uðjÞ
I ¼ uI þ

X2N
i¼1;i 6¼j

uðiÞ
D0�Ejj ¼ � igA

x0
� aj

T þ
X2N

i¼1;i 6¼j

Ai
TTij

0
@

1
AwI

j :

(17)

The total ambient incident wave and the total diffracted wave in
the vicinity of cylinder j can be related by its isolated-body inherent
diffraction transfer matrix BE

j (Kagemoto and Yue, 1986):

Aj ¼ BE
j aj þ

X2N
i¼1;i 6¼j

Tij
TAi

0
@

1
A; j ¼ 1; 2;…; 2N; (18)

where BE
j is given in Appendix A; the unknown coefficient vector Ai

can be obtained by solving Eq. (18). Ai is a (n0þ 1)(2m0þ 1)-by-1
matrix. Therefore, for the diffraction problem, the total velocity poten-
tial in the exterior region of cylinder j can be obtained as follows:

uðjÞ
ID�E ¼ � igA

x0
� Aj

TwD�E
j þ aj

T þ
X2N

i¼1;i 6¼j

Ai
TTij

0
@

1
AwI

j

2
4

3
5: (19)

Similarly, the total velocity potential in the core region expressed
in the local coordinate of j-cylinder can be written as

uðjÞ
ID�C ¼ � igA

x0
� aj

T þ
X2N

i¼1;i 6¼j

Ai
TTij

0
@

1
AðBC

j ÞTwD�C
j ; (20)

where BC
j is given in Appendix A, and the component wave vectors of

the core region are defined as

wD�C
j ðp;mÞ ¼ rjmj

j eimhj ; p ¼ 0;

ImðbprjÞeimhj ; p � 1:

8<
: (21)

B. Radiation problem

In this study, each cylinder oscillates sinusoidally with different
amplitudes and the same circular frequency x0 in undisturbed water.
In the context of linear water waves, the hydrodynamic response of the
yaw can be ignored. Therefore, each cylinder in the array has five
degrees of freedom, namely, surge, sway, heave, roll, and pitch. The
instantaneous displacement of cylinder j can be expressed as

NðiÞ
s ðtÞ ¼ Re fðiÞs e�ix0t

n o
: (22)

In the local coordinate system of cylinder i, the radiation potential
in the exterior region, generated by the oscillating of cylinder i with
complex amplitude fðiÞs in the direction of the sth degree of freedom,
can be written as

uðiÞ
Rs�E ¼ �ix0f

ðiÞ
s

X1
m¼�1

"
RðiÞ
m0sY0ðzÞHmðk0riÞ

þ
X1
q¼1

RðiÞ
mqsYqðzÞKmðkqriÞ

#
eimhi : (23)

Here, RðiÞ
mqs is the radiation characteristic of an isolated cylinder

RðiÞ
mqs ¼

Ds
R0m cosh k0d

H0
mðk0aiÞN1=2

0

; q ¼ 0;

Ds
Rqm

K 0
mðkqaiÞN1=2

q

; q > 0;

8>>>><
>>>>:

(24)

where Ds
Rqm is given in Appendix A. N0 and Nq are

N0 ¼ 1
2

1þ sinh2k0d
2k0d

� �
; Nq ¼ 1

2
1þ sin 2kqd

2kqd

 !
: (25)

Equation (23) can be written in the form of a matrix and can be
further expressed in the local coordinate system of cylinder j using the
coordinate transformation matrix Tij,

uðiÞ
Rs�E ¼ �ix0f

ðiÞ
s Ris

TwD�E
i ¼ �ix0f

ðiÞ
s Ris

TTijw
I
j : (26)

When each cylinder oscillates with five degrees of freedom, the
diffraction potential in the exterior region of cylinder i generated by
the radiation waves and diffraction waves of other cylinders in the
array except cylinder i can be written as follows:

uðiÞ
D1�E ¼

X1
m¼�1

AðiÞ
Rm0Y0ðzÞHmðk0riÞþ

X1
q¼1

AðiÞ
RmqYqðzÞKmðkqriÞ

" #
eimhi :

(27)

In the calculation, the infinite series in Eq. (27) is truncated into
the sum of finite terms with upper bounds of summation m0 and n0.
Similar to Eq. (26), Eq. (27) can be rewritten in matrix form

uðiÞ
D1�E ¼ AT

Riw
D�E
i ¼ AT

RiTijw
I
j ; (28)

where the coefficient vector ARi is to be determined.
The total incident wave of cylinder j is composed of radiated and

diffracted waves of other cylinders

X2N
i¼1;i 6¼j

uðiÞ
Rs�Ejj þ

X2N
i¼1;i 6¼j

uðiÞ
D1�Ejj

¼
X2N

i¼1;i 6¼j

X5
s¼1

�ix0f
ðiÞ
s Ris

T
� �

Tijw
I
j þ

X2N
i¼1;i 6¼j

ARi
TTijw

I
j

¼
X2N

i¼1;i 6¼j

X5
s¼1

�ix0f
ðiÞ
s Ris

T
� �

þ ARi
T

" #
Tijw

I
j : (29)

Similar to Eq. (18), the total radiated waves in the vicinity of cyl-
inder j can be related by its isolated-body inherent diffraction transfer
matrix BE

j (Kagemoto and Yue, 1986),

ARj ¼ BE
j

X2N
i¼1;i 6¼j

Tij
T
X5
s¼1

�ix0f
ðiÞ
s Ris

� �
þARi

" #
; j ¼ 1; 2; … ; 2N;

(30)

where ARj is a (n0þ1)(2m0þ1)-by-1 matrix.
In the radiation problem, the total velocity potential in the exte-

rior region of cylinder j can be written as
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uðjÞ
RD�E ¼

X5
s¼1

�ix0f
ðjÞ
s Rjs

T
� �

þ ARj
T

" #
wD�E

j

þ
X2N

i¼1;i 6¼j

X5
s¼1

�ix0f
ið Þ
s Ris

T
� �

þ ARi
T

" #
Tijw

I
j : (31)

The total velocity potential in the core region of cylinder j can
also be obtained as follows:

uðjÞ
RD�C ¼

X5
s¼1

�ix0f
ðjÞ
s uj

Rs�Cðrj; hj; zÞ
h i

þ
X2N

i¼1;i 6¼j

X5
s¼1

�ix0f
ðiÞ
s Ris

T
� �

þ ARi
T

" #
Tij

8<
:

9=
;ðBC

j ÞTwD�C
j ;

(32)

uðjÞ
Rs�C is the radiation potential in the core region of cylinder j,

defined as

uðjÞ
Rs�Cðrj;hj; zÞ ¼

X1
m¼�1

Cs
R0m rj=aj
	 
jmjX0ðzÞ

þ
X1
p¼1

Cs
Rpm

Im bprj
	 


Im bpaj
	 


�cos bp zþ dð Þ
h i

þKskms

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
eimhj ; (33)

where coefficients Cs
Rpm, Ks, and kms are defined in detail in Appendix A.

C. Hydrodynamic forces and amplitudes of each buoy
in the cylindrical array

The relationship between the spatial pressure and velocity poten-
tial in the vicinity of cylinder j is as follows:

p jð Þ ¼ iqxu jð Þjwetted surface: (34)

By integrating the pressure pðjÞ on the wetted surface of the cylin-
der, the total hydrodynamic force and moment in the pth mode of cyl-
inder j are obtained as follows:

F jð Þ
Hp ¼

ð
p jð ÞndS; p ¼ 1; 2; 3;ð
p jð Þ r� nð ÞdS; p ¼ 4; 5;

8>><
>>: (35)

where r is the position vector pointing from the center of mass to the
integration point; and n is the unit normal vector of wetted surface
pointing into the body, defined as follows:

n ¼ �cos hj;�sin hj; 0
	 


; �h � z � 0; r ¼ a;

0; 0; 1ð Þ; z ¼ �h; 0 � r � a:

(
(36)

Substituting Eqs. (19), (20), (31), and (32) into Eqs. (34) and (35)
yields that

F
jð Þ

Hs ¼ F
jð Þ

IDs þ
X2N
i¼1

X5
p¼1

F
jið Þ

RDspf
i
p

¼ F
jð Þ

IDs þ
X2N
i¼1

X5
p¼1

�x2 � a jið Þ
sp fip þ

X2N
i¼1

X5
p¼1

�ix � b jið Þ
sp fip

0
@

1
A; (37)

where F ðjÞ
IDp denotes the excitation force of cylinder j caused by the dif-

fraction problem; FðjiÞ
RDsp represents the radiation force on cylinder j in

the sth mode due to the oscillating of cylinder i with unit amplitude in

the pth mode. aðjiÞsp and bðjiÞsp are added mass and damping, respectively.
The specific forms of the hydrodynamic force of cylinder j induced by
the oscillating of each cylinder are shown in Appendix B.

The steady-state motion of cylinder j in the s mode can be
described by applying Newton’s second law equation at the center of
mass

X5
p¼1

X2N
i¼1

�x2 M jð Þ
s þ a

jið Þ
sp

� �h

�ix b
jið Þ
sp þ k jð Þ

s

� �
þ d jð Þ

s þ k jð Þ
s

� �i
f ið Þ
p ¼ F

jð Þ
IDs

ðj ¼ 1; 2;…; 2N; s ¼ 1; 2;…; 5Þ; (38)

MðjÞ
s , kðjÞs , dðjÞs , and kðjÞs have non-zero values only if i¼ j and

s¼ p. kjp and djp denote the artificial damping and spring coefficient of
cylinder j in the pth mode, respectively, which are induced by the
mooring system or the power takeoff system (PTO).

MðjÞ
p is the mass (p¼ 1, 2, 3) and moment of inertia (p¼ 4, 5) of

cylinder j, defined as

M
jð Þ

p ¼
qgpa2j hj p ¼ 1; 2; 3;

qgpa2j hj �a2j =4þ ðhj þ hupjÞ2=12þ �z2j
h i

p ¼ 4; 5:

8<
:

(39)

kðjÞp denotes the hydrostatic restoring stiffness

k jð Þ
p ¼

0; p ¼ 1; 2;

qgpa2j ; p ¼ 3;

�qgpa2j
h2j
2
þ �zjhj �

a2j
4

� �
; p ¼ 4; 5:

8>>>><
>>>>:

(40)

By solving the linear equation system (38), the amplitudes of all
cylinders can be obtained, and the hydrodynamic problem is solved.
Obviously, since the equivalent hydrodynamic model is symmetrical
concerning the original wall, the oscillation amplitudes of cylinder j
and cylinder Nþ j are equal.

D. energy extraction performance

In this paper, each buoy only extracts energy in the heave mode,
as shown in Fig. 1(a). The power takeoff system (PTO) consists of
spring and damping. For simplicity, the restoring force and damping
force are linearly related to the displacement and velocity of the buoy.
Therefore, the mean power extracted by the buoy j oscillating with
amplitude fðjÞ3 in the heave mode is (Falnes, 2002)

Pj ¼ 1
2
x2

0k
j
3jfðjÞ3 j2: (41)

The total power of the WEC array should be

Pa ¼
XN
j¼1

Pj: (42)
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Capture width is widely used to evaluate the performance of the
WEC array and is defined as

w ¼
XN
i¼1

wi ¼

XN
i¼1

PðiÞ

PI
¼ Pa

PI
; (43)

where PI denotes the average energy-flux per unit width across a verti-
cal plane perpendicular to the wave direction, which is

PI ¼ 1
2
qgA2 � x0

2k0
1þ 2k0d

sinh 2k0d

� �
: (44)

The mechanical damping of the PTO system of buoy j is chosen
as the optimal damping of a corresponding isolated buoy, that is,

kj3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bjiso;3 þ x0 Mj

3 þ ajiso;3

� �
� kj3 þ dj3

� �
=x0

� �s
; (45)

where ajiso;3 and bjiso;3, respectively, represent the added mass and radi-
ation damping of the heaving mode of an isolated buoy in an open
water domain, which can be obtained by the methods introduced in
Secs. II B and IIC of this paper.

Additionally, an indicator Wwall is used to evaluate the reflection
effect of a vertical wall, which is

Wwall ¼ w
w0

; (46)

where w0 denotes the capture width of the corresponding buoys in an
open water domain.

Similarly, the effect of hydrodynamic interaction among buoys
on energy extraction is evaluated using the �q factor

�q ¼

XN
i¼1

PðiÞ

N � Piso
; (47)

where Piso denotes the optimal power of an isolated buoy near a verti-
cal wall; �q > 1 indicates that hydrodynamic interaction plays a con-
structive role in energy extraction. In contrast, �q < 1 means that a
destructive effect is induced by the hydrodynamic interaction.

TABLE I. Heave amplitudes of the five cylinders for L¼ 4a, c¼ 4a, h¼ a,
k0a¼ 0.4, and b¼ p/4.

jfðjÞ3 j=A j¼ 1 j¼ 2 j¼ 3 j¼ 4 j¼ 5

m0¼ 5, n0¼ 5 1.064 93 1.040 48 1.002 94 0.900 28 0.869 33
m0¼ 10, n0¼ 5 1.064 93 1.040 48 1.002 94 0.900 28 0.869 33
m0¼ 5, n0¼ 15 1.044 74 1.020 57 0.982 89 0.879 95 0.849 79
m0¼ 5, n0¼ 20 1.042 00 1.018 14 0.980 53 0.878 18 0.848 15
m0¼ 5, n0¼ 25 1.043 72 1.019 57 0.981 88 0.878 94 0.848 81
m0¼ 5, n0¼ 50 1.043 43 1.019 26 0.981 56 0.878 56 0.848 43

FIG. 4. Plane layout of N buoys near a vertical wall.

FIG. 5. Exciting force of the five cylinders; (a) surge; (b) sway.
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III. VERIFICATION WITH THEORETICAL RESULTS

The semi-analytical method established in Sec. II can accurately
and quickly calculate the hydrodynamic interaction of the cylindrical
WEC array near a vertical wall. In order to achieve the expected accu-
racy, two important truncation numbers should be carefully consid-
ered in Eqs. (18) and (30). The first truncation numberm0 is related to
the trigonometric function, and the other truncation term parameter
n0 is related to the vertical characteristic function. For the diffraction
and radiation problems of truncated cylinder groups in an open water
domain, a large number of calculation results have shown (Zeng et al.,
2016; 2022d) that using the truncation numbers m0¼ 5 and n0¼ 25
can make the relative error of the calculation results of exciting force,
added mass, damping, and response amplitude within 1%. For the
problem related to the amplitudes of a cylinder array in the front of a
vertical wall, there are hardly any published results on the influence of
the upper bounds of the summation on the convergence. According to
our computations on the amplitudes of independently oscillating float-
ing cylinders with five DOFs near a vertical wall, the ratio of draught
to water depth has a remarkable impact on the convergence. The
smaller the ratio of the draft to water depth is, the more terms for

FIG. 6. Hydrodynamic coefficients of the five cylinders: (a) add mass; (b) radiation damping.

FIG. 7. Heave amplitudes of the five cylinders.

FIG. 8. Heave amplitude and capture width of the two buoys for c ¼ 5a and b¼ 0: (a) heave amplitudes; (b) capture width.
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convergence are required. The convergence is evaluated by comparing
the calculated results obtained when the upper bounds of summation
are small with those when the upper bounds of summation are large
enough. To visually display the convergence, we provide some ampli-
tude results of five cylinders in Table I. The arrangement of the array is
shown in Fig. 4. The calculation results revealed that for m0 > 5, even
if we continue to increase the upper bound of summation m0, there is
no significant change (the maximum error between m0¼ 5 and
m0¼ 10 is about 0.0002%). Therefore, taking m0 as 5 is enough.
Similarly, increasing n0 does not significantly change the calculation
results when n0 > 25 (the maximum error between n0¼ 25 and
n0¼ 50 is about 0.03%). So, it is reasonable to take n0 as 25. In this
paper, m0¼ 5 and n0¼ 25 is adopted. For the cases we conducted,
computations show good convergence results for all considered
wavenumbers.

The semi-analytical method proposed in Sec. II is verified before
performing the hydrodynamic analysis. Regarding the diffraction
problem of the cylindrical WEC array near a vertical wall under the

FIG. 9. Heave amplitude and capture width of the two buoys for L¼ 6a and c¼ 5a: (a) heave amplitude; (b) capture width.

FIG. 10. Heave amplitude and capture width of the two buoys for c¼ 5a and b¼ 0: (a) heave amplitude; (b) capture width.

FIG. 11. Interaction factor �q.
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action of the ambient incident wave, Loukogeorgaki and
Chatjigeorgiou (2019) used an analytical method to calculate the exci-
tation force of an array composed of five cylinders. The arrangement
of the array is shown in Fig. 4. The total number of cylinders is N¼ 5.
Each cylinder has a radius of a and a draught of h¼ 2a. The water
depth is d¼ 10a. The spacing between the center of adjacent cylinders

is L¼ 4a. The vertical distance between a vertical wall and the center
of each buoy is c¼ 4a. The heading angle of the ambient incident wave
is b¼ 0. As shown in Fig. 5, the results of the present study are in good
agreement with those of Loukogeorgaki and Chatjigeorgiou (2019).

In addition, a comparison is provided for the added mass and
radiation damping of the five cylinders near a vertical wall.

FIG. 12. Heave amplitude (a), (c), (e), (g), and (i) and capture width (b), (d), (f), (h), and (j) of the five buoys with different incident angles for L/a¼ 6 and c/a¼ 5.
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Konispoliatis et al. (2020) used a semi-analytical method to investigate
the hydrodynamic results of five cylinders in three different layouts
near a vertical wall. The layout shown in Fig. 4 is chosen for compari-
son. Each cylinder has a radius of a and a draught of h¼ 0.5a. L¼ 8a,
c¼ 4a, d¼ 2a, and b¼ 0. As shown in Fig. 6, the results of the present
study are in good agreement with those of Konispoliatis et al. (2020).

Kara (2022) used the time-dependent boundary integral equation
method to calculate the amplitudes of five cylinders near a vertical
wall. The array layout is shown in Fig. 4. Each cylinder has a radius a
and a draught of h¼ 2a. L¼ 4a, c¼ 3.5a, d¼ 10a, and b¼ 0. Each cyl-
inder in the array only oscillates in the heave mode, and the PTO
damping is the optimal damping of an isolated cylinder at the reso-
nance frequency (x0¼ 2.0). The comparison between the results of
the present study and those of Kara (2022) is shown in Fig. 7, demon-
strating a significant agreement.

IV. HYDRODYNAMIC PERFORMANCES

In this section, an equidistant linear array consisting of N identi-
cal buoys is considered, the plane layout is shown in Fig. 4. Each cylin-
der has a radius of a and a draught of h¼ a. The water depth is 8a. For
convenience, all buoys in the array have the same PTO characters.
This study adopts the real tuning (Child and Venugopal, 2010). The
damping k of each buoy adopts the optimal damping calculated by

Eq. (45) and the elastic stiffness set to d¼ 0. Each buoy only moves and
extracts energy in the heave mode. The exciting force, heave amplitude,
and capture width according to different parameters such as c, L, the
number of buoysN, and the incident angle b are investigated.

A. Two buoys

In this subsection, the influence of c, L, and b on the hydrody-
namic performances of the two identical cylindrical buoys near a verti-
cal wall is investigated. Figure 4 shows the detailed layout of the two
buoys. It can be seen from Fig. 8 that the change of c/a has an obvious
impact on the heave amplitude and capture width. The larger the spac-
ing between each buoy and a vertical wall, the more drastic and rapid
the variation curve of energy capture width changes with wavenumber.
In other words, the energy capture performance of the WEC device is
not stable enough when the frequency variation range of the wave field
is broad. As shown in Fig. 9, the heave amplitude and capture width
are sensitive to the incident angle b. As the incident angle increases,
the maximum values of heave amplitude and capture width gradually
decrease. It can be seen from Fig. 10 that the maximum values of heave
amplitude and capture width occur with L/a¼ 6. When the spacing
between the two buoys is large enough (e.g., L/a¼ 12), the heave
amplitude and capture width are very close to that of an isolated buoy,

FIG. 12. (Continued.)
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which means that the hydrodynamic interaction has little impact on
the energy extraction performance.

Figure 11 shows the calculation results of the interaction factor
�q. The displayed frequency range is p< k0d< 2p, in which the buoys
have a larger heave amplitude and capture width. It can be seen from
Fig. 15 that the interaction factor with different L/a has an obvious
discrepancy, and there is no trend of monotonically changing with

L/a. For L/a¼ 6, the interaction factors are greater than 1 within the
entire frequency range, i.e., hydrodynamic interaction is constructive
to wave energy capture. Therefore, in order to achieve higher wave
energy extraction performance of the WEC array, too large or too
small spacing is disadvantageous, and the buoys need to be installed
at a suitable position based on the local ambient wave and terrain
conditions.

FIG. 13. Average capture width (a), (c), (e), (g), and (i) and effect indicator of the wall reflection (b), (d), (f), (h), and (j) of N buoys for L/a¼ 6 and c/a¼ 5.
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B. A group of buoys

An equidistant linear array consisting of N identical buoys is
investigated in this subsection. The plane layout is shown in Fig. 4.
Figure 12 shows the results of the heave amplitude and capture width

of five buoys with five different incident angles (i.e., b¼ 0, b¼ p/12,
b¼ p/6, b¼ p/4, and b¼ p/3). For comparison, Fig. 12 also shows the
corresponding results for an isolated buoy. Owing to the hydrody-
namic interaction of five buoys in the array, the heave amplitude and

FIG. 13. (Continued.)

FIG. 14. Flow chart of genetic algorithm
program for the layout optimization of the
WEC array.
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capture width of each buoy are obviously different. The energy extrac-
tion performance of the third buoy (i.e., the middle buoy of the array)
is the best with the incident angle of b¼ 0. As the incident angle
increases, the peak capture width of the third buoy gradually decreases,

and the peak capture width of the fifth buoy (the most downstream
buoy) gradually increases. For b¼ p/12, the capture widths of the forth
buoy and fifth buoy both occur peaks, which shows that the hydrody-
namic interaction has a constructive effect on the energy extraction
performance. However, for b¼ p/3, the capture widths of all buoys are
less than 1 within the frequency range of p < k0d< 2.2p, which

FIG. 15. Example of multi-level optimization method.

FIG. 16. Contour plot of the capture width of an isolated WEC for k0a¼ 0.4.

TABLE II. Genetic algorithm parameters for cases 1–6.

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

N (number of WEC) 2 3 4 5 6 7
S1m (grid size) a a a a a a
S2m (grid size) 0.1 a 0.1 a 0.1 a 0.1 a 0.1 a 0.1 a
Nn (number of nodes) 61 61 61 61 61 61
Ng (maximum number of iterations) 200 200 200 200 200 200
Np (population size) 300 300 300 300 300 300
Rs (selection rate) 0.1 0.1 0.1 0.1 0.1 0.1
Rm (mutation rate) 0.2 0.2 0.2 0.2 0.2 0.2

TABLE III. First-level optimization results for cases 1–6.

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Coordinates (a) (�15.0, 0.0),
(�15.0, �24.0)

(�39.0, 0.0),
(�24.0, 36.0),
(�24.0, �36.0)

(�24.0, 18.0),
(�24.0, �51.0),
(�39.0, �18.0),
(�39.0, 51.0)

(�24.0, 0.0),
(�24.0, 69.0),
(�39.0, 33.0),
(�24.0, �69.0),
(�39.0, �33.0)

(�15.0, 10.0),
(�24.0, 34.0),
(�39.0, 67.0),
(�15.0, �11.0),
(�24.0, -38.0),
(�39.0, �68.0)

(�15.0, 0.0),
(�24.0, 81.0),
(�24.0, 27.0),
(�30.0, 51.0),
(�24.0, �81.0),
(�24.0, �27.0),
(�30.0, �51.0)

Pa(kW) 66.017 108.501 145.697 184.909 220.014 238.471
w/(Na) 2.670 2.925 2.946 2.991 2.967 2.755
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indicates that the hydrodynamic interaction among buoys has a destruc-
tive effect on the energy extraction performance of the WEC array.

As is well known, the performance criteria of the WEC array
should depend on the total energy extracted by all buoys or the mean
energy extracted by each buoy. In order to examine the effect of N (the
number of buoys) on the energy extraction performance of the WEC
array, an equidistant linear array consisting of 3, 5, 8, 10, and 20 buoys
is considered. With five different incident angles (i.e., b¼ 0, b¼ p/12,
b¼ p/6, b¼ p/4, and b¼ p/3), the calculated results of the average
capture width w/(Na) and effect indicator of the wall reflection Wwall

are plotted in Fig. 13. As shown in the figure, the appreciable effect N
is mainly within the frequency range of 1.5p < k0d< 2.4p, and the
effect can be negligible for other frequencies. For the incidence angle of
b¼ 0, the influence of N is weak. However, as the incident angle
increases, the impact of N becomes more apparent. For example, the
average capture width of the WEC array with three buoys is 4.9 times
that of the WEC array with twenty buoys when b¼ p/6, k0d ¼1.74p.
Therefore, the influence of N needs to be carefully examined when
designing the WEC array. Compared with the WEC array in an open
wave domain, obvious amplification of energy extraction performance
is induced by a vertical wall over a wider range of frequencies, as
shown in Figs. 13(b), 13(d), 13(f), 13(h), and 13(j). In general, as the
number of cylinders increases, the hydrodynamic interaction among
the buoys becomes more violent, and the corresponding curve of cap-
ture width has a larger fluctuation amplitude. In most cases, a vertical
wall can improve the energy extraction performance of theWEC array,
e.g., the values of Wwall are greater than 1 within the frequency range
of 1.1p < k0d< 2.1p. Therefore, the reflection effect of a vertical wall
can significantly improve the energy extraction performance of the
WEC array with appropriate parameter conditions. However, there are
also destructive effects for some conditions, e.g., for b¼ p/3, the exis-
tence of a vertical wall reduces the energy extraction performance
within the frequency range of k0d< 2.1p.

From the above analysis results, the influence of different param-
eters (e.g., c, L, b, and N) is essential for the energy extraction perfor-
mance of the WEC system. Therefore, various parameters should be
carefully selected based on local ambient wave and terrain conditions
to obtain optimal performance while designing theWEC array.

V. ARRAY OPTIMIZATION UNDER THE ACTION OF
REGULAR WAVES

To the authors’ knowledge, there is a gap in existing optimization
research of cylindrical WEC arrays in front of a vertical wall. This paper

takes the total power Pa or the capture width w as the objective function
of the array optimization process. Only the energy extraction in the
heave direction is considered. The total power and capture width are cal-
culated by Eqs. (42) and (43), respectively. Each buoy in the array has
the same size and PTO characteristics. Each buoy has a radius of a and a
draught of a. The water depth is 8a. The wave amplitude is A, and the
incident angle is set along the positive x axis (b¼ 0). In fact, for a spe-
cific sea area, there is usually a dominant wave direction (e.g., the mean
wind direction) of the ambient incident wave. The arrays are optimized
in the dominant wave direction, i.e., b¼ 0. No matter what the domi-
nant direction of the real sea area concerned is, as long as the same coor-
dinate system is established, the optimization of b¼ 0 will give the
optimal layout for the dominant wave direction. In addition, the dimen-
sionless wavenumber of layout optimization is fixed at k0a¼ 0.4, which
indicates that the peak power production of the full-scale WEC device
(with a radius of 5m) will coincide with the peak of a JONSWAP spec-
trum of mean period 5.9 s (Child and Venugopal, 2010). This paper uses
real tuning and the mechanical damping of each buoy can be obtained
through Eq. (45), that is, k¼ 2.94qx0a

3, and d¼ 0.
In this section, the optimal layout of the cylindrical WEC arrays

near a vertical wall is investigated. With the fixed number of buoys, the
spatial distribution and the incident angle have an important impact on
the energy extraction of the WEC array. Currently, the genetic algorithm

FIG. 17. The variation trend of average capture width with the number of WECs.

TABLE IV. Second-level optimization results for cases 1–6.

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Coordinates (a) (�15.7, 0.0),
(�15.7, �23.9)

(�39.1, 0.0),
(�23.5, 35.9),
(�23.5, �35.9)

(�23.5, 17.8),
(�23.5, �52.1),
(�39.2, -17.8),
(�39.2, 52.1)

(�23.5, 0.0),
(�23.5, 69.8),
(�39.2, 34.2),
(�23.5, �69.8),
(�39.2, �34.2)

(�15.7, 10.6),
(�23.6, 35.9),
(�39.3, 66.8),
(�15.7, �10.6),
(�23.6, �35.9),
(�39.3, �66.8)

(�15.7, 0.0),
(�23.5, 81.0),
(�23.5, 26.7),
(�31.5, 51.6),
(�23.5, �81.0),
(�23.5, �26.7),
(�31.5, �51.6)

Pa (kW) 71.088 111.162 150.385 191.196 231.425 271.559
w/(Na) 2.875 2.997 3.041 3.093 3.120 3.138
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FIG. 18. The optimal layout and corresponding free surface elevation for cases 1–6: (a) case 1, (b) case 2, (c) case 3, (d) case 4, (e) case 5, and (f) case 6.
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has been widely used in the layout optimization of the WEC array (Sharp
and DuPont, 2018; Ioannou and Loukogeorgaki, 2021; and Zeng et al.,
2022b). The genetic algorithm is an optimization method based on a ran-
dom initial population, and it cannot guarantee a global optimal solution.
Therefore, for the optimization space with different grid numbers, an ade-
quate population must be selected to prevent the algorithm from converg-
ing too early. In general, when the total optimization space remains
unchanged, the greater the number of nodes divided within it (i.e., the
smaller the scale of the grids), the more likely it is to obtain the array lay-
out with better energy extraction performance. However, with the number
of nodes growing, the total number of potential layouts dramatically
increases (Sharp and DuPont, 2018). Therefore, during the optimization
process, an appropriate number of nodes must be selected to ensure the
stability of the optimization method.

A multi-level genetic algorithm is proposed for layout optimiza-
tion of the WEC array to improve the energy extraction performance.
This method performs the optimization of the array multiple times
with different grid densities. The grid spacing is the largest in the initial
optimization and gradually decreases in subsequent optimizations.
With high optimization efficiency and stable optimization results,
multi-level genetic algorithms can effectively improve the performance
of optimization results.

A. Genetic algorithm

Genetic algorithm is a stochastic global search and optimization
method inspired by imitating the biological evolution process of nature
(Holland, 1975). The flow chart of the algorithm is shown in Fig. 14.
The implementation process of this algorithm in theWEC array layout
optimization problem is described below.

First, the sea area is meshed with uniform square grids, and buoys
can be arranged on the grid nodes. The grid spacing Sg and the number
of nodes Nn are adjustable parameters. Each node in the grid is
encoded using a binary rule to obtain a two-dimensional matrix A. If
there is a buoy on the node, the corresponding element value is 1; oth-
erwise, it is 0. The matrix A is called a chromosome or individual,

where 0 and 1 are genes. Generate a random primary population P1 is
the first step of a genetic algorithm:

P1 ¼ A1;A2;A3;…;ANp

� �
; (48)

where Ai represents the ith individual in the population, and Np repre-
sents the total number of individuals in the population. It is necessary
to check whether the spacing among each buoy in the array meets the
restriction condition, i.e., Sm > 2a. In other words, there cannot be
overlap among buoys. Overlap checks should also be performed for
subsequent operations.

Then, the theoretical model established in Sec. II of this paper is
used to calculate the heave amplitude of all individuals in the current
population. According to Eq. (42), the total power Pa of the array can
be obtained and ranked.

When the value of the optimal fitness function in the population
remains unchanged for Nc consecutive generations, it denotes the algo-
rithm achieves convergence. If the algorithm achieves convergence or
the total generations reaches the predetermined upper limit Ng, the
algorithm stops and outputs the optimal solution.

If the results do not meet the convergence condition, the current
population is subjected to the operation procedures of selection, cross-
over, and mutation to generate a new generation population. The same
operations are performed on the new population until the convergence
condition is satisfied.

Selection, crossover, and mutation are the basic steps of genetic
algorithms. The process of selection ensures that evolution occurs. The
top-ranked individuals in the population directly copy themselves to
the next generation, which ensures that excellent genes are inherited.
The top-ranked elite individuals also participate in the crossover pro-
cess, which is conducive to the increase in excellent genes in the next
generation of the population. The bottom-ranked individuals in the
population are directly eliminated and cannot participate in the cross-
over operation. During the optimization process, the selection rate Rs
is the same for elitist and elimination, which ensures that the popula-
tion size Np remains unchanged.

FIG. 19. Optimal layout of five buoys in an open water domain: (a) Child and Venugopal (2010) (Fig. 5G1); (b) present study.
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FIG. 20. Contour plots of the average capture width for cases 1–6: (a) case 1, (b) case 2, (c) case 3, (d) case 4, (e) case 5, and (f) case 6.
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The purpose of crossover is to recombinant genes and provide
population diversity. Randomly select a location where the genotypes of
parent 1 and parent 2 are different, and then exchange their genes at this
location. With a crossover operation, the offspring will have completely
different genotypes compared with their parents. The crossover opera-
tion greatly improves the search capabilities of a genetic algorithm.

After the crossover operation is completed, the mutation opera-
tion is performed on the individuals. The number of individuals partic-
ipating in mutation is adjustable through the mutation rate Rm. For
individuals participating in the mutation operation, two locations with
different internal genotypes are randomly selected, and the genotypes
at the two locations are exchanged. The mutation operation further
improves the global search capability of a genetic algorithm and is ben-
eficial to finding the optimal solution.

B. Multi-level optimization

In general, the genetic algorithm proposed in Sec. VA can be
applied to layout optimization of the WEC array with arbitrary grid
density and any number of buoys. However, when array optimization
is performed in a larger sea area, in order to ensure the stability and
efficiency of the calculation results, the number of nodes must be

controlled within an appropriate range; that is, the grid spacing must
be relatively large. Therefore, the conventional direct optimization pro-
cess is limited in improving the energy extraction performance of the
array.

In this paper, a multi-level genetic algorithm for WEC array lay-
out optimization is proposed. The array is optimized multiple times
with different grid densities. The grid spacing is largest in the initial
level optimization and gradually reduced in subsequent level optimiza-
tions. Figure 15 shows a schematic diagram of multi-level optimiza-
tion. The example shown in the figure has two different grid densities.
The first-level optimization is targeted at larger-scale grid nodes; that
is, the layout optimization of the three buoys marked a, b, and c in the
blue grid, as shown in Fig. 15. The genetic algorithm described in Sec.
VA can be used directly for the first-level optimization. Then, based
on the results of the first-level optimization, the grid density and spatial
scope of the second-level optimization are determined. Compared
with the first-level optimization, the grid spacing of the second-level
optimization is smaller, but the total number of grid nodes cannot
increase significantly. In the second-level optimization, the coding of a
genetic algorithm needs to be slightly adjusted to constrain the loca-
tions of different individuals to obtain the optimization results marked
a1, b1, and c1 in the yellow grid, as shown in Fig. 15. In other words,

FIG. 21. The amplitudes of an isolated WEC with different equivalent stiffnesses: (a) surge, (b) heave, (c) pitch.
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the second-level optimization is a process of local optimization within
a limited range around the coordinates of each buoy obtained by the
first-level optimization. Similarly, next-level layout optimization can
be performed on smaller-scale grids.

Next, the specific cases are conducted.

C. Cases of two-level optimization

Based on the multi-level optimization method proposed in Sec.
VB, an implementation program for layout optimization is developed.
The optimal layouts of the WEC arrays with different numbers of
buoys are investigated.

Before studying the optimal layout of the array, the energy extrac-
tion performance of an isolated WEC is examined first. Figure 16
shows the contour plot of capture width w changes with c/a and b. As
the incident angle changes, the standing wave field induced by the
reflection of a vertical wall also changes. It can be seen from Fig. 16
that the maximum value of the capture width appears periodically
with c/a. For b¼ 0, the capture width reaches the maximum value at
c/a¼ 15.7.

Next, the multi-level optimization method is adopted to optimize
the layout of the array.

The first-level optimization is performed on a larger grid spacing,
and the results are the basis for the next-level optimization. As shown
in Table II, six cases are investigated, named cases 1–6, including 2–7
buoys, respectively. The grid spacing of the first-level optimization is
3a, i.e., S1m ¼ 3a. The number of nodes of 61� 61 is selected to ensure
that the deployed sea area is large enough. Specifically, the size of the
optimization space is 180a� 180a. The initial population is randomly
generated during the optimization process. In order to ensure the reli-
ability of the optimization results, each case needs to be simulated mul-
tiple times. The optimal solution that appears repeatedly in multiple
simulations is adopted. Based on the results of the first-level optimiza-
tion, the second-level optimization is performed for each case. The
number of nodes of the second-level optimization is 61� 61, and the
coordinates of each buoy obtained by the first-level optimization are
used as the center points. The program needs to be adjusted slightly.

Similar to the first-level optimization, the second-level optimization
also needs to be simulated multiple times for each case.

The first-level optimization results and the second-level optimiza-
tion results for each case are shown in Tables III and IV. The total
energy capture power Pa and average capture width w/(Na) of an array
are also given.

For convenience of description, the optimization parameters of
the first-level optimization and the second-level optimization only dif-
fer on the grid spacing, but it does not affect the applicability of the
multi-level optimization method. According to the method, the opti-
mal solution, which appears consistently across multiple simulations,
can usually be obtained with fewer than five simulation attempts. Of
course, as the number of buoys increases, the number of iterations and
calculation time required for each simulation can also increase accord-
ingly. In case 6, which has the maximum number of buoys in this
paper, the results of five simulations all reach convergence before 60
iterations, and the results obtained by the three simulations are consis-
tent and have the best energy extraction performance. In the simula-
tion of case 6, the calculation time for one iteration (population size Np

is 300) is about 6min. The computing system uses Intel(R) Xeon(R)
Gold 6130 CPU @ 2.1GHz with 64 cores and 128 threads, and the
RAM is 176GB. With five identical buoys, case 4 is selected to test the
optimization efficiency of the traditional genetic algorithm in the same
sea area. The sea area is 180a� 180a and the grid spacing is 0.1a, i.e.,

TABLE VI. Amplitudes of the optimal WEC array consisting of seven buoys.

�dc ¼ 1 �dc ¼ 2 �dc ¼ 5 �dc ¼ 1
jfð1Þ1 j=A 0.065 0.014 0.004 0

jfð3Þ1 j=A 0.170 0.041 0.012 0

jfð5Þ1 j=A 0.077 0.019 0.006 0

jfð7Þ1 j=A 0.125 0.027 0.008 0

jfð1Þ3 j=A 1.880 1.866 1.862 1.860

jfð3Þ3 j=A 1.867 1.860 1.858 1.857

jfð5Þ3 j=A 1.824 1.825 1.826 1.826

jfð7Þ3 j=A 1.861 1.858 1.857 1.857

jfð1Þ5 ja=A 0.007 0.002 0 0

jfð3Þ5 ja=A 0.018 0.006 0.002 0

jfð5Þ5 ja=A 0.008 0.003 0.001 0

jfð7Þ5 ja=A 0.013 0.004 0.001 0FIG. 22. The influence of different equivalent stiffnesses on the energy extraction
performance for six optimal layouts.

TABLE V. The average capture widths w/(Na) of six optimal layouts with different
equivalent stiffnesses.

�dc ¼ 1 �dc ¼ 2 �dc ¼ 5 �dc ¼ 1
N¼ 1 2.646 2.644 2.643 2.643
N¼ 2 (case 1) 2.882 2.877 2.875 2.875
N¼ 3 (case 2) 3.013 3.002 2.998 2.997
N¼ 4 (case 3) 3.050 3.044 3.042 3.041
N¼ 5 (case 4) 3.103 3.096 3.094 3.093
N¼ 6 (case 5) 3.136 3.126 3.122 3.120
N¼ 7 (case 6) 3.159 3.144 3.140 3.138
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the number of nodes is 1801� 1801. The population size, maximum
number of iterations, selection rate, and mutation rate are the same as
in Table II. Case 4 is simulated 30 times using the traditional genetic
algorithm, and most of the calculation results reach convergence
before 160 iterations. However, the results obtained in each simulation
are different, and the total energy extraction of the optimal array in 30
simulations is smaller than the result of case 4 obtained by two-level

optimization, as shown in Table IV. From the perspective of arrange-
ment geometry, the growth in the number of nodes increases the total
number of global potential arrangements, which decreases the optimi-
zation efficiency and reduces convergence speed. Therefore, choosing
the appropriate number of nodes is crucial, which is also the inspira-
tion for the multi-level optimization method proposed in this paper.
While ensuring optimization efficiency, the multi-level optimization

FIG. 23. Amplitude responses of each DOF for the array consisting of five buoys: (a), (c), (e), (g), and (i) b¼ 0; (b), (d), (f), (h), and (j) b¼p/12.
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method can quickly obtain an optimal array layout with better energy
extraction performance.

Figure 17 shows the average capture width of the first-level opti-
mization and the second-level optimization for cases 1–6. It is
observed from the figure that the second-level optimization can signifi-
cantly improve the energy capture performance of the WEC array for
each case. In case 6, the energy extraction performance of the second-
level optimization is 13.9% higher than that of the first-level optimiza-
tion. In the first-level optimization, the average capture width shows a
trend of first increasing and then decreasing as the number of buoys
increases and reaches the maximum value in case 4 (N¼ 5). It shows
that when the grid spacing is unchanged in optimization, only per-
forming the first-level optimization may not necessarily yield the array
layout with optimal energy extraction performance. However, the
multi-level optimization method can improve this situation. As shown
in Fig. 17, as the number of WECs increases, the average capture width
of the second-level optimization gradually increases, and the increase
trend gradually slows down. As the number of buoys increases, the
spacing among buoys also increases, which weakens the hydrodynamic
interaction of the WEC array and slows down the increasing trend of
the average capture width. By further reducing the grid size and per-
forming next-level optimization, the energy extraction performance of

the WEC array can be improved. However, as the grid spacing and
optimization space gradually decrease, the increase in the total power
of the WEC array gradually decreases.

In order to more intuitively display the relative positions of buoys
in the array, Fig. 18 shows the optimal layout and the free surface ele-
vation of six cases. The plots use the same color scale to facilitate com-
parison. It is observed from Fig. 18 that the positions of the buoys in
the optimal layout are all distributed near the crest of the standing
wave field. Except for case 1, a linear array, the buoys in cases 2–6 are
all staggered. At the same time, all optimal array layouts possess sym-
metry. Among them, the optimal array layout of case 3 is centrally
symmetrical, and the symmetry center point is (31.35, 0). The other
cases are symmetrical about the x-axis.

With a total power of 191.196 kW, the average capture width of
case 4 is 3.093. To compare with published results, the multi-level opti-
mization method is utilized to investigate the optimal layout of an
array containing five buoys in an open water domain. The optimiza-
tion parameters are consistent with Table II. The coordinates of the
optimal layout obtained by two-level optimization are (0.0, 0.0), (�9.1,
12.2), (�9.1, �12.2), (�6.0, 12.5), (�6.0, �12.5). The total power of
the optimal layout is 49.646kW. Figure 19(b) visually shows the rela-
tive position of each buoy in the optimal layout and gives the contour

FIG. 23. (Continued.)
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plot of the free surface elevation. As shown in Fig. 19(a), the total
power of the optimal layout of a WEC array consisting of five buoys
given by Child and Venugopal (2010) (Fig. 5G1) is 49.345 kW.
Therefore, it is obvious that the optimal array obtained by the multi-
level optimization method has higher energy extraction
performance.

Figure 20 shows the contour plots of the average capture width
with the dimensionless wave number k0a and incident angle b for
cases 1–6. For convenience comparison, the figures utilize the same
color scale. It is observed from Fig. 20 that the contour plots of the
average capture width are symmetrical about b¼ 0 except for case 3
[Fig. 20(c)]. Other optimal layouts are symmetrical about b¼ 0 except

FIG. 24. Amplitude responses of each DOF for the array consisting of five buoys: (a), (c), (e), (g), (i) b¼ p/6; (b), (d), (f), (h), and (j) b¼p/4.
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for case 3, so the symmetry of the calculation results shown in Fig. 20
is as expected. For k0a< 0.2, the calculation results of average capture
width are less than 1 for all cases. Larger values of the average capture
width for all cases occur periodically with increasing dimensionless
wavenumber k0a. As the absolute value of the incident angle increases,
the wave frequency corresponding to the maximum value of capture
width gradually increases. For k0a¼ 0.4, the maximum value of aver-
age capture width for each case occurs at b¼ 0.

In this section, a multi-level optimization method based on a
genetic algorithm is proposed to investigate the optimal layout of the
six WEC arrays composed of 2–7 buoys. Compared with the tradi-
tional genetic algorithm, the multi-level optimization method can
effectively improve the optimization efficiency and obtain an array lay-
out with better energy extraction performance. By adjusting the con-
straints and objective function, the multi-level optimization method
can optimize more parameters, such as the geometric size of the buoy,
the number of buoys, the irregular waves, the real wave scenarios, and
the multi-degree-of-freedommodel.

VI. RESEARCH ON FIVE DEGREES OF FREEDOM
MODEL

The hydrodynamic analysis of Secs. IV and V utilize the single
degree of freedom (heave) model, i.e., the buoys in the WEC array

only moves in the heave mode. This section investigates the effect of
multi-degree-of-freedom motion on the hydrodynamic performance.
Each buoy has five motion modes, i.e., surge, heave, heave, roll, and
pitch. For the convenience of description, the four degrees of freedom
(surge, sway, roll, and pitch) are called other DOFs. The geometric size
of buoys is consistent with Sec. IV, i.e., each cylinder has a radius of a
and a draught of a. The water depth is 8a. The height of buoys above
the free surface is 0.5a. The center of mass of buoy j is at (xj, yj, 0.0).
The mass, moment of inertia, and hydrostatic recovery stiffness of
each buoy can be solved by Eqs. (39) and (40). For comparison, the
5DOF model extracts energy only in the heave mode, and the PTO
characteristics are consistent with the 1DOF model, i.e., the optimal
damping calculated by Eq. (45) and d3¼ 0. The spring constraints of
the buoys on other DOFs are modeled as equivalent stiffness. The
spring constraints of all buoys in the array are the same and do not
couple with each other. Let �dc ¼ d1;2=qgpa2 ¼ d4;5=qgpa4, represents
the dimensionless equivalent stiffness of other degrees of freedom.

A. An isolated buoy

Figure 21 shows the amplitudes of surge, heave, and pitch for an
isolated buoy. The wavenumber is fixed at k0a¼ 0.4, b¼ 0. The PTO
damping of each buoy is k¼ 2.94qx0a

3. As the equivalent stiffness of

FIG. 24. (Continued.)
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other DOFs increases, the amplitudes of the surge amplitude and the
pitch amplitude gradually decrease, as shown in Figs. 21(a) and 21(c).
The heave amplitudes are very close with different equivalent stiffness
conditions. However, there are distinct differences under certain con-
ditions (e.g., for c/a¼ 1.5, the amplitude of �dc ¼ 1 is 1.14 times of
�dc ¼ 1; for c/a¼ 3.8, the amplitude of �dc ¼ 1 is 3.87 times of
�dc ¼ 1). For �dc ¼ 2, the heave amplitude of 5DOF WEC is almost

consistent with the 1DOF WEC (i.e., �dc ¼ 1). For k0a¼ 0.4, the
wavelength of a standing wave field is about 15.7a. It is interesting that
the peaks (valleys) of the surge amplitude and the pitch amplitude
appear at the same values of c/a, while the peaks (valleys) of the heave
amplitude are opposite. It means that the heave amplitude reaches the
maximum near the crest of the standing wave field, and the surge
amplitude (pitch amplitude) reaches the maximum near the nodes of

FIG. 25. Amplitude responses of each DOF for the array consisting of five buoys: (a), (c), (e), (g), (i) b¼p/3; (b), (d), (f), (h), (j) b¼p/2.
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the standing wave field. Therefore, if the buoy extracts energy on mul-
tiple degrees of freedom (e.g., surge, sway, heave, roll, and pitch), the
position of the buoy and PTO characteristics (spring djp and damping
kjp) of each DOF are comprehensively considered to achieve optimal
energy extraction performance.

B. Six optimal layouts

In this subsection, the impact of other DOFs on the energy
extraction performance of the six optimal layouts is investigated. The
six optimal layouts are given in Sec. VC. The wavenumber is fixed at
k0a¼ 0.4, b¼ 0. For comparison, the results of an isolated WEC also
are plotted in Fig. 22. The spacing between the center of an isolated
WEC and a vertical wall is c¼ 15.7a. Figure 22 shows the average cap-
ture width of six optimal layouts with different equivalent stiffness
conditions. Table V lists the specific values for Fig. 22. The case of
�dc ¼ 1 is equivalent to the 1DOF model, and the calculation results
of �dc ¼ 1 are consistent with the results obtained by the second-level
optimization in Fig. 17. It is observed from Fig. 22 that as the equiva-
lent stiffness reduces, the average capture width of the WEC array
increases. Meanwhile, as the number of floats increases, the impact of
other degrees of freedom on the energy extraction performance of the
WEC array gradually increases. As shown in Fig. 22, the multiple

degrees of freedom are beneficial to improving the energy extraction
performance of the WEC array. It indicates that the oscillations of
other DOFs create a hydrodynamic interaction that is beneficial to
the heave motion. For the six cases based on the 1DOF model, the
buoys in the optimal layouts are basically near the crest of the stand-
ing wave field, as shown in Fig. 18. It is observed from Fig. 21 that
the buoys mainly oscillate in heave mode instead of other DOFs
when the buoys are near the crest of the standing wave field.
Therefore, the impact of other DOFs on array performance is rela-
tively small.

For different equivalent stiffness conditions, Table VI gives the
amplitude responses of the WEC array composed of seven buoys. The
coordinates of buoys 1–7 are (�15.7, 0.0), (�23.5, 81.0), (�23.5, 26.7),
(�31.5, 51.6), (�23.5, �81.0), (�23.5, �26.7), and (�31.5, �51.6),
respectively. Since the incident angle is b¼ 0, and the array is symmet-
rical about the x axis, the amplitudes of buoys 2–4 are consistent with
buoys 5–7, respectively. It is observed from Table VI that the heave
amplitudes of the 5DOF model are all larger than that of the 1DOF
model (�dc ¼ 1) for buoys 1, 3, 4, 6, and 7. According to Eqs. (41) and
(43), the capture width w of the array is proportional to the square of
the heave amplitudes. Therefore, the energy extraction performance of
the 5DOF model is better than that of the 1DOF model for the optimal
WEC array consisting of seven buoys.

FIG. 25. (Continued.)
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C. Five buoys
In this subsection, for an equidistant linear array consisting of five

identical buoys, the influence of other DOFs on the hydrodynamic per-
formance with different incident angles (b¼ 0, b¼ p/12, b¼ p/6,
b¼ p/4, b¼ p/3, b¼ p/2) is investigated. The specific arrangement is

shown in Fig. 4, L/a¼ 6, and c/a¼ 5. As shown in Figs. 23–25, the varia-
tion curves of the pitch, heave, heave, roll, and pitch amplitudes with the
dimensionless wavenumber are plotted. The equivalent stiffness of each
buoy is �dc ¼ 0. For comparison, the dimensionless amplitudes of an iso-
lated buoy near a vertical wall are also plotted (green dotted line).

FIG. 26. Amplitude responses of each DOF for the middle buoy of the 5-WEC array with different equivalent stiffnesses: (a), (c), (e), (g), and (i) b¼ 0; (b), (d), (f), (h), and (j)
b¼p/12.
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For the incident angle b¼ 0, due to the symmetry of the array
layout, the amplitude responses of buoy 1 (2) and buoy 5 (4) are the
same, as shown in Figs. 23(a), 23(c), 23(e), 23(g), and 23(i). It is
observed from Figs. 23(c) and 23(g) that the sway and roll amplitudes
of an isolated buoy and the middle buoy (third buoy) are zero. These
results are consistent with expectations. Due to the hydrodynamic
interaction among the buoys, the sway and roll amplitudes of buoy 1
(5) and buoy 2 (4) are usually not zero. For the incident angle of b¼ 0,
the variation curves of sway and roll amplitudes with dimensionless
wavenumber are very similar, but the magnitudes of the dimensionless
amplitudes have differences, as shown in Figs. 23(c) and 23(g). For
b¼ p/2, the variation curves of the surge and pitch amplitudes with
the dimensionless wavenumber also have similar rules, as shown in
Figs. 25(b) and 25(j). In other words, for b¼ 0 (b¼ p/2), the hydrody-
namic force generated by the incident wave potential on each buoy
does not contribute to the amplitudes of sway and roll (surge and
pitch). The amplitudes of sway and roll (pitch and pitch) for the case
of b¼ 0 (b¼ p/2) are completely generated by the hydrodynamic
interaction of the wave diffraction and radiation.

With different wave incident angles, the heave amplitude of each
buoy in the array has an obvious peak near the dimensionless wave-
number of k0a¼ 0.636, as shown in Figs. 23(e), 23(f), 24(e), 24(f),

25(e), and 25(f). Such a peak should be attributed to the resonance
motion of the buoys. The detailed explanations are given as follows.
For b¼ 0, the wavenumber corresponding to the heave amplitude
peak of an isolated buoy is k0a¼ 0.636, as shown in the green dotted
line in Fig. 23(e). According to the dispersion relationship, the wave
frequency of k0a¼ 0.636 is x0 ¼ 2:256

ffiffiffiffiffiffiffiffi
g=d

p
. For an isolated

buoy, computations show that added mass owing to the forced

heave oscillation is að11Þ33 ¼ 1:770qa3. As noted by Falnes (2002), the
natural frequency of an isolated buoy in heave mode is

xn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkð1Þ3 þ dð1Þ3 Þ=ðMð1Þ

3 þ að11Þ33 Þ
q

¼ 2:262
ffiffiffiffiffiffiffiffi
g=d

p
. As is well

known, for systems with damping (mechanical damping of the PTO
system and radiation damping are not included in the calculation of
natural frequencyxn), resonance occurs when the excitation frequency
is close to and slightly smaller than the natural frequency. Obviously,
due to the fact that wave excitation frequency x0 is almost equal to
and slightly smaller than the natural frequency xn of heave oscillation
of buoy, the peaks in Figs. 23(e), 23(f), 24(e), 24(f), 25(e), and 25(f) can
be attributed to the resonance motions of the buoys in the heave direc-
tion. Consequently, it can be concluded that the heave amplitude of an
isolated buoy is in resonance at k0a¼ 0.636. As shown in Fig. 23(e),
for each buoy in the array, the magnitudes and the corresponding

FIG. 26. (Continued.)
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frequencies of the heave amplitude peak are different from an isolated
buoy near the dimensionless wavenumber of k0a¼ 0.636, which
reflects the influence of hydrodynamic interaction among the buoys.

For cases with different incident angles of the ambient wave, the
variation in the amplitudes with k0a is complex. As shown in Figs. 23
(a) and 23(i), for b¼ 0, the surge and pitch amplitudes of each buoy

are very close to that of an isolated buoy within the wavenumber range
of 0.1< k0a< 0.5 and 0.8< k0a< 1.2. It shows that the hydrodynamic
interaction among buoys has little influence on the amplitudes of surge
and pitch at these frequencies. As shown in Fig. 25(d), for b¼ p/2, the
sway amplitude of an isolated buoy decreases monotonically as the
dimensionless wavenumber increases. Due to the hydrodynamic

FIG. 27. Amplitude responses of each DOF for the middle buoy of the 5-WEC array with different equivalent stiffnesses: (a), (c), (e), (g), and (i) b¼p/6; (b), (d), (f), (h), and (j)
b¼p/4.
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interaction among the buoys, the sway amplitude of each buoy fluctu-
ates around the amplitude–frequency response curve of an isolated
buoy as the wave number increases. For b¼ p/2, the direction of the
ambient incident wave is parallel to the equidistant linear array con-
sisting of five buoys, and buoy 1 is at the forefront. Figures 25(d) and
25(h) shows that the sway and roll amplitudes of buoy 1 are higher
than those of other buoys in the WEC array within the wavenumber
range of 0.1< k0a< 1.8. However, the sway and roll amplitudes of
buoy 5, located at the tail, are smaller than those of an isolated buoy
within the entire dimensionless wavenumber range. It indicates that
the hydrodynamic interaction creates a destructive impact on the per-
formance of buoy 5.

For b � p/4, the variation trend of each buoy’s amplitudes with
dimensionless wavenumber is close to that of an isolated buoy within
the low-frequency region (k0a< 0.5 in this example), as shown in Figs.
23 and 24. It shows that the hydrodynamic interaction among the cyl-
inders has little effect on the heave amplitude at these frequencies. As
the incident angle b increases, there is a drastic hydrodynamic interac-
tion in the low-frequency region, e.g., the pitch amplitude of the fifth
buoy is 13.6% smaller than that of the first buoy for k0a¼ 0.29 and
b¼ p/3, as shown in Fig. 25(i); the heave amplitude of fifth buoy is

9.5% smaller than that of first buoy for k0a¼ 0.25 and b¼ p/3, as
shown in Fig. 25(e).

When the wavelength is short (k0a> 1.0 in this example), the
heave amplitude of each buoy is less than 0.5, as shown in Figs. 23(e),
23(f), 24(e), 24(f), 25(e), and 25(f). It shows that the energy extraction
performance of the WEC array, which only extracts energy in the
heave mode, is poor for the wave fields with the high-frequency region
(k0a> 1.0). Different from the heave mode, the dimensionless ampli-
tudes of other DOFs still have large amplitudes within the high-
frequency region (k0a> 1.0), e.g., for k0a¼ 1.41 and b¼ 0, the sway
and roll amplitudes of buoy 1 (buoy 5) reach the maximum, as shown
in Figs. 23(c) and 25(g); for k0a¼ 1.72, b¼ p/2, the surge and pitch
amplitudes of buoy 1 reach the maximum, as shown in Figs. 25(b) and
25(j).

The hydrodynamic performance of the cases with five equivalent
stiffnesses (�dc ¼ 0, �dc ¼ 1, �dc ¼ 2, �dc ¼ 5, and �dc ¼ 1) is investi-
gated. As shown in Figs. 26–28, the variation curves of surge, sway,
heave, roll, and pitch amplitudes with the dimensionless wavenumber
k0a for different incident angles are calculated. For simplicity, only the
calculation results of the middle buoy (the third buoy) are plotted.
Figure 29 shows the average capture width of the equidistant linear

FIG. 27. (Continued.)
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WEC array consisting of five buoys near a vertical wall. The case of
�dc ¼ 1 is equivalent to the 1DOF model. Since the equidistant linear
array is symmetrical about the x-axis, the sway and roll amplitudes are
zero for the case of b¼ 0, as shown in Figs. 26(c) and 26(g).

As the equivalent constraint stiffness increases, the dimensionless
amplitudes of other DOFs gradually decrease, as shown in Figs. 26(a),

26(b), 26(d), 26(h)–26(j), 27(a)–27(d), 27(g)–27(j), 28(a)–28(d), and
28(g)–28(j). The introduction of other DOFs makes the hydrodynamic
interaction among the buoys and a vertical wall more complex. For the
5DOF model, the oscillation of each mode affects the heave amplitude
of the buoys through hydrodynamic interaction and influences the
energy extraction performance of the WEC array. As the equivalent

FIG. 28. Amplitude responses of each DOF for the middle buoy of the 5-WEC array with different equivalent stiffnesses: (a), (c), (e), (g), and (i) b¼p/3; (b), (d), (f), (h), and (j)
b¼p/2.
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constraint stiffness increases, the dimensionless amplitudes of other
DOFs gradually decrease, and the impact of the introduction of other
DOFs on heave amplitude gradually decreases.

For b � p/12, the heave amplitudes and average capture widths
of the 5DOF model and the 1DOF model (�dc ¼ 1) are very close
within the entire wavenumber range, as shown in Figs. 26(e) and 26(f),
and 29(a) and 29(b). It shows that the hydrodynamic interaction gen-
erated by the oscillation of other DOFs has less influence on the energy
extraction performance of the array that only extracts energy in the
heave direction. Therefore, it is reasonable to utilize the 1DOF model
for hydrodynamic analysis of the WEC array near a vertical wall.
However, the impact of other DOFs on the hydrodynamic perfor-
mance is strong for specific frequencies and incident angles, and the
influence gradually decreases as the equivalent stiffness increases; e.g.,
for b¼ p/3 and 0.65< k0a< 1.02, there is a difference of
�62.0%–34.0% between the heave amplitudes of �dc ¼ 0 and �dc ¼ 1,
as shown in Fig. 28(e); for b¼ p/6, k0a¼ 0.62, the average capture
width of �dc ¼ 0 is 27.5% lower than that of �dc ¼ 1, as shown in
Fig. 29(e). For k0a> 1.0, the heave amplitudes and average capture
widths are relatively small, as shown in Figs. 26(e), 27(f), 27(e), 27(f),
28(e), 28(f), 29. It shows that the energy capture performance of the

WEC array, which only extracts energy in the heave mode, is terrible
for either the 5DOF model or the 1DOF model within the high-
frequency region (k0a> 1.0).

In general, when the buoys are at the crest of the standing wave,
the heave amplitude has a large amplitude, while the amplitudes of
other DOFs are relatively small. The spatial position of the standing
wave crest changes continuously with incident angle and frequency.
Therefore, the hydrodynamic performance closely relates to the
dimensionless wavenumber and incident angle of the ambient wave.
Additionally, interesting is that for b � p/12, there is no need to con-
sider the impact of other DOFs on the energy extraction in heave
mode. However, as the incident angle increases, the influence of other
DOFs on hydrodynamic performance gradually increases within cer-
tain frequency ranges, and the impact gradually decreases with the
increase in the equivalent stiffness. Within the high-frequency region
(k0a> 1.0), the heave amplitude becomes significantly smaller, but the
amplitudes of other DOFs still have considerable magnitudes.
Therefore, for the sea area with high-frequency incident waves
(k0a> 1.0), setting up a PTO system on other DOFs (surge, sway, roll,
and pitch) of each buoy to extract energy is a feasible solution to
improve the performance of the WEC array.

FIG. 28. (Continued.)
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VII. CONCLUSION

This paper mainly investigates the hydrodynamic analysis and
layout optimization of the WEC array in front of a fully reflecting ver-
tical wall. All buoys in the array are modeled as truncated floating cyl-
inders that can oscillate with five degrees of freedom, i.e., surge, sway,
heave, roll, and pitch. Based on the linear water wave theory, an

analytical solution is developed for the hydrodynamic problem. The
correctness of the analytical solution is verified by comparing it with
existing research results.

Based on the obtained hydrodynamic analysis model, specific
parameter studies are conducted. For two identical buoys with a suffi-
ciently large spacing (e.g., L/a¼ 12), the hydrodynamic interaction has

FIG. 29. Average capture widths for the 5-WEC array with different equivalent stiffnesses: (a) b¼ 0; (b) b¼ p/12; (c) b¼ p/6; (d) b¼ p/4; (e) b¼p/3; (f) b¼p/2.
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little impact on the energy extraction performance. The results suggest
that the reflection effect and the hydrodynamic interaction among
buoys on the hydrodynamic performance become more complex as
the number of buoys increases. The reflection effect of a vertical wall
can significantly improve the energy extraction performance of the
WEC array. For some buoys, the hydrodynamic interaction has a con-
structive effect on the energy capture performance. However, the
hydrodynamic interaction may also impose destructive effects on the
part of buoys for some conditions.

A multi-level optimization method based on a genetic algorithm
is developed. Based on the two-level optimization with two different
grid spacings, this paper investigates the optimal layout of the six
WEC arrays, composed of 2–7 buoys, respectively, and plots the corre-
sponding contour plots of free surface elevation. These results show
that the average capture width gradually increases as the number of
buoys increases, but the increase rate gradually decreases. Compared
with the optimal layout of published literature in an open water
domain, this paper obtains an optimized WEC array with higher
energy extraction performance by using the multi-level optimization
method. In addition, the performance of these optimal arrays with dif-
ferent incident angles and dimensionless wavenumbers is also
conducted.

The impact of other DOFs, besides the heave mode, on the
hydrodynamic performance of the WEC array near a vertical wall
is investigated. For the six optimal arrays, the average capture
widths of the WEC arrays increase as the equivalent stiffnesses of
other DOFs decrease. Nevertheless, the energy extraction perfor-
mance improves little because buoys are close to the crest of the
standing wave field and mainly oscillate in heave mode. The
dimensionless amplitudes of other DOFs gradually decrease as the
equivalent constraint stiffness increases. For b � p/12, there is no
need to consider the impact of other DOFs on the energy extrac-
tion in heave mode. As the incident angle increases, the influence
of other DOFs on hydrodynamic performance gradually increases
within certain frequency ranges, and the impact gradually
decreases with the increase in the equivalent stiffness. For
k0a> 1.0, the energy capture performance of the WEC array,
which only extracts energy in the heave mode, is terrible for either
the 5DOF model or the 1DOF model. However, the amplitudes of
other DOFs still have considerable magnitudes within the high-
frequency region. Therefore, for the sea area with high-frequency
incident waves (k0a> 1.0), setting up a PTO system on other
DOFs (surge, sway, roll, and pitch) of each buoy to extract energy
is a feasible solution to improve the performance of the WEC
array.

This paper studies the hydrodynamic interactions between
regular waves and cylindrical arrays in front of a vertical wall,
which can be extended to the case of irregular waves. This exten-
sion goes beyond the scope of this paper and will be carried out in
future work.
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APPENDIX A: CALCULATIONOFUNKNOWNCOEFFICIENTS

The elements of diffraction transfer matrix BE
j and BC

j for an
isolated cylinder are as follows:

BE
j 0; 0;mð Þ ¼ � J 0mðk0ajÞ

H0
mðk0ajÞ

þ Dn
mqcoshk0d

H0
mðk0ajÞN1=2

0 eimðp=2�bÞ

ðn ¼ 0; q ¼ 0Þ; (A1)

BE
j q; 0;mð Þ ¼

Dn
mq

K 0
mðkqajÞN1=2

q eimðp=2�bÞ
ðn ¼ 0; q � 1Þ; (A2)

BE
j ð0; n;mÞ ¼ Dn

m0coshk0d

H0
mðk0ajÞN1=2

0

ðn � 1; q ¼ 0Þ; (A3)

BE
j ðq; n;mÞ ¼

Dn
mq

K 0
mðkqajÞN1=2

q

ðn � 1; q � 1; q 6¼ nÞ;

� I0mðkqajÞ
K 0
mðkqajÞ

þ Dn
mq

K 0
mðkqajÞN1=2

q

ðn � 1; q � 1; q ¼ nÞ;

8>>>>>>>>><
>>>>>>>>>:

(A4)

BC
j ð0; 0;mÞ ¼ Cn

m0

2ajjmjim
ðn ¼ 0; p ¼ 0Þ; (A5)

BC
j ðp; 0;mÞ ¼ Cn

mp

Im ppaj=ðd � hÞ	 

im

� cos ppðz þ dÞ
d � h

� �

ðn ¼ 0; p � 1Þ; (A6)

BC
j ð0; n;mÞ ¼ Cn

m0

2aj jmj ðn � 1; p ¼ 0Þ; (A7)

BC
j ðp; n;mÞ ¼ Cn

mp

Im ppaj=ðd � hÞ	 
 � cos ppðz þ dÞ
d � h

� �

ðn � 1; p � 1Þ; (A8)

where Cn
mp and Dn

mq are obtained by solving
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Cn
mp þ

X1
q¼0

FmpqD
n
mq ¼ Rn

mp;

Dn
mq �

X1
p¼0

GmqpC
n
mp ¼ 0;

8>>>>><
>>>>>:

(A9)

with

Fmpq ¼
� 2Hmðk0ajÞk0ðd � hÞð�1Þpsinhk0ðd � hÞ

H0
mðk0ajÞ � N1=2

0 � k02ðd � hÞ2 þ p2p2
 � ðq ¼ 0Þ;

� 2KmðkqajÞkqðd � hÞð�1Þp sin kqðd � hÞ
K 0
mðkqajÞ � N1=2

q � kq2ðd � hÞ2 � p2p2
h i ðq � 1Þ;

8>>>>>><
>>>>>>:

(A10)

Gmqp ¼

jmj � sin kqðd � hÞ
2aj � d � kq2N1=2

q

ðp ¼ 0Þ;

I0m
ppaj
d � h

� �
� ppðd � hÞð�1Þp � sin kqðd � hÞ

Im
ppaj
d � h

� �
� d � N1=2

q � kq2ðd � hÞ2 � p2p2
h i ðp � 1Þ;

8>>>>>>>>><
>>>>>>>>>:

(A11)

Rn
mp ¼

2im Jmðk0ajÞ �
J 0mðk0ajÞ
H0

mðk0ajÞ
Hmðk0ajÞ

" #

� ð�1Þp � k0ðd � hÞsinhk0ðd � hÞ
coshk0d � k02ðd � hÞ2 þ p2p2

 � ðn ¼ 0Þ;

2 ImðknajÞ � I0mðknajÞ
K 0
mðknajÞ

KmðknajÞ
" #

� ð�1Þpknðd � hÞ sin knðd � hÞ
kn2ðd � hÞ2 � p2p2

ðn � 1Þ:

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

(A12)

Similar to (A9), CR
s
pm and DR

s
nm can be solved from the follow-

ing equations:

CR
s
pm þ

X1
q¼0

FmpqDR
s
qm ¼ RR

s
pm;

DR
s
qm �

X1
p¼0

GmqpCR
s
pm ¼ SR

s
qm

8>>>>><
>>>>>:

(A13)

with

RR
s
pm ¼ � 2

d � h

ð�h

�d
kmsKs aj; zð Þcos pp z þ dð Þ

d � h

� �
dz; (A14)

SR
s
qm ¼ kms

kqd

ð�h

�d

@Ks aj; zð Þ
@r

Zq zð Þdz þ kms

kqd

ð0
�h

fs zð ÞZq zð Þdz; (A15)

where

fs zð Þ ¼

1 s ¼ 1; 2ð Þ;
0 s ¼ 3ð Þ;
� z � �zð Þ s ¼ 4ð Þ;
z � �zð Þ s ¼ 5ð Þ;

8>>>><
>>>>:

(A16)

Ks ¼

0 s ¼ 1; 2ð Þ;
1

2 d � hð Þ z þ dð Þ2 � r2j
2

� �
s ¼ 3ð Þ;

rj
2 d � hð Þ z þ dð Þ2 � r2j

4

� �
s ¼ 4ð Þ;

� rj
2 d � hð Þ z þ dð Þ2 � r2j

4

� �
s ¼ 5ð Þ;

8>>>>>>>>>>>><
>>>>>>>>>>>>:

(A17)

kms ¼

m ¼ 1 :

k11 ¼ k15 ¼ 1
2
;

k13 ¼ 0;

k12 ¼ k14 ¼ 1
2i
;

; m ¼ 0 :

k01 ¼ k05 ¼ 0;

k03 ¼ 1;

k02 ¼ k04 ¼ 0;

8>><
>>:

8>>>><
>>>>:

m ¼ �1 :

k�11 ¼ k�15 ¼ 1
2
;

k�13 ¼ 0;

k�12 ¼ k�14 ¼ � 1
2i
;

; m ¼ others : kms ¼ 0:

8>>>><
>>>>:

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

(A18)

APPENDIX B: SPECIFIC FORMS OF THE
HYDRODYNAMIC FORCE

The specific forms of the hydrodynamic force of cylinder j are
as follows:

Surge:

F jð Þ
RD1 ¼ ix0q

ð2p
0

ð0
�hj

uðjÞ
RD�Ejr¼aj �cos hj

	 

ajdhjdz

¼ ix0q
ð2p
0

ð0
�hj

ix0

X5
s¼1

fðjÞs u
jjð Þ
RD�Es þ

XN
k¼1;k 6¼j

f kð Þ
s u jkð Þ

RD�Es

0
@

1
A����

r¼aj

� cos hjajdhjdz

¼
X5
s¼1

fðjÞs �x0
2q
ð2p
0

ð0
�hj

u
jjð Þ
RD�Esjr¼aj cos hjajdhjdz

0
B@

1
CA

2
64

þ
XN

k¼1;k 6¼j

fðkÞs �x0
2q
ð2p
0

ð0
�hj

u jkð Þ
RD�Esjr¼aj cos hjajdhjdz

0
B@

1
CA
3
75

¼
X5
s¼1

fðjÞs F jjð Þ
RD1s þ

XN
k¼1;k 6¼j

fðkÞs F jkð Þ
RD1s

0
@

1
A ¼

X5
s¼1

XN
i¼1

F jið Þ
RD1sf

i
s;

(B1)
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Sway:

F jð Þ
RD2 ¼ ix0q

ð2p
0

ð0
�hj

uðjÞ
RD�Ejr¼aj �sin hj

	 

ajdhjdz

¼ ix0q
ð2p
0

ð0
�hj

ix0

X5
s¼1

fðjÞs u
jjð Þ
RD�Es þ

XN
k¼1;k 6¼j

f kð Þ
s u jkð Þ

RD�Es

0
@

1
A����

r¼aj

sin hjajdhjdz

¼
X5
s¼1

fðjÞs �x0
2q
ð2p
0

ð0
�hj

u
jjð Þ
RD�Esjr¼aj sin hjajdhjdz

0
B@

1
CAþ

XN
k¼1;k 6¼j

fðkÞs �x0
2q
ð2p
0

ð0
�hj

u jkð Þ
RD�Esjr¼aj sin hjajdhjdz

0
B@

1
CA

2
64

3
75

¼
X5
s¼1

fðjÞs F
jjð Þ

RD2s þ
XN

k¼1;k 6¼j

fðkÞs F jkð Þ
RD2s

0
@

1
A ¼

X5
s¼1

XN
i¼1

F
jið Þ

RD2sf
i
s; (B2)

Heave:

F jð Þ
RD3 ¼ ix0q

ð2p
0

ðaj
0

uðjÞ
RD�C jz¼�hj rjdrjdhj

¼ �ix0q
ð2p
0

ðaj
0

ix0

X5
s¼1

fðjÞs uðjjÞ
RD�Cs þ

XN
k¼1;k 6¼j

f kð Þ
s uðjkÞ

RD�Cs

0
@

1
A����

z¼�hj

rjdrjdhj

¼
X5
s¼1

fðjÞs x0
2q
ð2p
0

ðaj
0

uðjjÞ
RD�Csjz¼�hj rjdrjdhj

0
B@

1
CAþ

XN
k¼1;k 6¼j

fðkÞs x0
2q
ð2p
0

ðaj
0

uðjkÞ
RD�Csjz¼�hj rjdrjdhj

0
B@

1
CA

2
64

3
75

¼
X5
s¼1

fðjÞs F
jjð Þ

RD3s þ
XN

k¼1;k 6¼j

fðkÞs F jkð Þ
RD3s

0
@

1
A ¼

X5
s¼1

XN
i¼1

F
jið Þ

RD3sf
i
s; (B3)

Roll:

F jð Þ
RD4 ¼ ix0q

ð2p
0

ðaj
0

uj
RD�C jz¼�hj rj

2 sin hjdrjdhj þ
ð2p
0

ð0
�h

uj
RD�Ejr¼aj z � �zjð Þaj sin hjdhjdz

0
B@

1
CA

¼ �ix0q
ð2p
0

ðaj
0

ix0

X5
s¼1

fðjÞs uðjjÞ
RD�Cs þ

XN
k¼1;k 6¼j

f kð Þ
s uðjkÞ

RD�Cs

0
@

1
A
�����
z¼�hj

rj
2 sin hjdrjdhj

2
64

þ
ð2p
0

ð0
�hj

ix0

X5
s¼1

fðjÞs u
jjð Þ
RD�Es þ

XN
k¼1;k6¼j

f kð Þ
s u jkð Þ

RD�Es

0
@

1
A
�����
r¼aj

z � �z jð Þaj sin hjdhjdz

3
75

¼
X5
s¼1

fðjÞs x0
2q
ð2p
0

ðaj
0

uðjjÞ
RD�Csjz¼�hj

rj
2 sin hjdrjdhj þ x0

2q
ð2p
0

ð0
�hj

u
jjð Þ
RD�Esjr¼aj z � �z jð Þaj sin hjdhjdz

0
B@

1
CA

2
64

þ
XN

k¼1;k 6¼j

f kð Þ
s x0

2q
ð2p
0

ðaj
0

uðjkÞ
RD�Csjz¼�hj

rj
2 sin hjdrjdhj þ x0

2q
ð2p
0

ð0
�hj

u jkð Þ
RD�Esjr¼aj z � �z jð Þaj sin hjdhjdz

0
B@

1
CA
3
75

¼
X5
s¼1

fðjÞs F
jjð Þ

RD4s þ
XN

k¼1;k 6¼j

fðkÞs F jkð Þ
RD4s

0
@

1
A ¼

X5
s¼1

XN
i¼1

F
jið Þ

RD4sf
i
s; (B4)
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Pitch:

F jð Þ
RD5 ¼ ix0q �

ð2p
0

ðaj
0

uj
RD�C jz¼�hj rj

2 cos hjdrjdhj �
ð2p
0

ð0
�hj

uj
RD�Ejr¼aj z � �zjð Þaj cos hjdhjdz

0
B@

1
CA

¼ ix0q
ð2p
0

ðaj
0

ix0

X5
s¼1

fðjÞs uðjjÞ
RD�Cs þ

XN
k¼1;k 6¼j

f kð Þ
s uðjkÞ

RD�Cs

0
@

1
A
�����
z¼�hj

rj
2 cos hjdrjdhj

2
64

þ
ð2p
0

ð0
�hj

ix0

X5
s¼1

fðjÞs u
jjð Þ
RD�Es þ

XN
k¼1;k 6¼j

f kð Þ
s u jkð Þ

RD�Es

0
@

1
A
�����
r¼aj

z � �z jð Þaj cos hjdhjdz

3
75

¼
X5
s¼1

fðjÞs �x0
2q
ð2p
0

ðaj
0

uðjjÞ
RD�Csjz¼�hj

rj
2 cos hjdrjdhj � x0

2q
ð2p
0

ð0
�hj

u
jjð Þ
RD�Esjr¼aj z � �zjð Þaj cos hjdhjdz

0
B@

1
CA

2
64

þ
XN

k¼1;k 6¼j

f kð Þ
s �x0

2q
ð2p
0

ðaj
0

uðjkÞ
RD�Csjz¼�hj

rj
2 cos hjdrjdhj � x0

2q
ð2p
0

ð0
�hj

u jkð Þ
RD�Esjr¼aj z � �z jð Þaj cos hjdhjdz

0
B@

1
CA
3
75

¼
X5
s¼1

fðjÞs F
jjð Þ

RD5s þ
XN

k¼1;k 6¼j

fðkÞs F jkð Þ
RD5s

0
@

1
A ¼

X5
s¼1

XN
i¼1

F
jið Þ

RD5sf
i
s: (B5)
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